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Summary. The notion of the characteristic of rings and its basic properties
are formalized [14], [39], [20]. Classification of prime fields in terms of isomor-
phisms with appropriate fields (Q or Z/p) are presented. To facilitate reasonings
within the field of rational numbers, values of numerators and denominators of
basic operations over rationals are computed.
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1. PRELIMINARIES

Now we state the propositions:

(1) Let us consider a function f, a set A, and objects a, b. If a, b € A, then
(f I'A)(a,b) = f(a,b).

(2) +c IR=+g.
PROOF: Set ¢ = +¢ [ R. For every object z such that z € dom ¢ holds
c(z) = +r(z) by [, (49)]. O

(3) ¢ IR=
PROOF: Set d = -¢ [ R. For every object z such that z € domd holds
d(z) = r(z) by [7, (49)]. O
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4) 4ol Z=+z.
PROOF: Set ¢ = +q | Z. For every object z such that z € domc holds
C(Z) = (+z)(z) by [7, (49)]. O

(5) @lZ=z
PROOF Set d = - | Z. For every object z such that z € domd holds
d(z) = -z(2) by [1, (49)]. O

2. PROPERTIES OF FRACTIONS

From now on p, g denote rational numbers, g, m, mi, ma, n, ni, no denote
natural numbers, and ¢, j denote integers.
Now we state the propositions:

(6) Ifn|4, then idivn = L.

(7) idiv(ged(i,n)) = Wm The theorem is a consequence of (6).
(8) ndiv(ged(n,i)) = d(n 77+ The theorem is a consequence of (6).
(9) Ifg|iand g|m, then £ = TZn(gingg.

m mdiv(ged(i,m))
If0<mand m-i|m,theni=1ori=—1.
12

13

Let us assume that m # 0. Now we state the propositions:

If 0 <mand m-n | m, then n = 1.

)
)
)
)
(10) L = _div(ged(im) e theorem is a consequence of (9).
(11)
(12)
(13)

If m | 4, then ¢divm | i. The theorem is a consequence of (6).

(14) ged(idiv(ged(i,m)), mdiv(ged(i,m))) = 1. The theorem is a consequen-
ce of (6) and (11).
(15) (i) den(t) = mdiv(ged(i,m)), and
(i) num(L) = idiv(ged(i, m)).
The theorem is a consequence of (10) and (14).
(16) (i) den(t) = (i) and
(i) num(L) = m.
The theorem is a consequence of (15), (8), and (7).
(17) (i) den(—(:%)) = mdiv(ged(—i,m)), and

m

(ii) num(—(£)) = —idiv(ged(—i,m)).

m
The theorem is a consequence of (15).

(18) (i) den(—(%)) = sy and

(i) num(—(L)) = m
The theorem is a consequence of (17), (8), and (7).
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(19) (i) den(™)~! = mdiv(ged(m,i)), and
(ii) num(%)~! = idiv(ged(m, i)).
The theorem is a consequence of (15).

(20) (i) den(®)~t = sed(rn and

(ii) num(%)_1 = m.
The theorem is a consequence of (19), (8), and (7).
Let us assume that m # 0 and n # 0. Now we state the propositions:

(21) (i) den((L£) + (L)) =m - ndiv(ged(i-n+ j-m,m-n)), and

(i) num(() + (%)) =i-n+j-mdiv(ged(i-n+j-m,m-n)).
The theorem is a consequence of (15).
(22) () den((:)+ (£)) = sy, and
. 7 7 _ i-n+j-m
(11) num((ﬁ) + (ﬁ)) — ged(i-nt+j-mmn)°

The theorem is a consequence of (21), (8), and (7).
(23) (i) den((L)— (L)) = m - ndiv(ged(i-n — j - m,m-n)), and

(i) num((L) — (%)) =i-n—j-mdiv(ged(i-n—j-m,m-n)).
The theorem is a consequence of (15).
(20 () den(£) — (1)) = so2— and

(i) num((£) = (1)) = gt
The theorem is a consequence of (23), (8), and (7).
(25) (i) den((L)- (L)) = m - ndiv(ged(i - j,m - n)), and

(if) mum((5) - (£)) =i - jdiv(ged(i - j,m - n)).
The theorem is a consequence of (15).

(26) (1) den((%) - (4)) = goqltny. and

(it) num((;5) - () = wagimm-
The theorem is a consequence of (25), (8), and (7).

(27) (i) den(((%))) =m - ndiv(ged(i - j,m - n)), and

(i) num(\8) = i - jdiv(ged(i - j.m - n)).
J

The theorem is a consequence of (15).

(28) (1) den(((%)) = W’ and

The theorem is a consequence of (27), (8), and (7).

Now we state the propositions:
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(29) denp = denpdiv(ged(num p, denp)). The theorem is a consequence of
(15).
(30) nump = num pdiv(ged(nump, den p)). The theorem is a consequence of
(15).
Let us assume that m = den p and ¢ = num p. Now we state the propositions:
(31) (i) den(—p) = mdiv(ged(—i,m)), and

(ii) num(—p) = —idiv(ged(—i,m)).
The theorem is a consequence of (17).

(32) (i) den(—p) = sedormy» and

—1

(ii) num(—p) = A
The theorem is a consequence of (31), (8), and (7).
Let us assume that m = denp and n = nump and n # 0. Now we state the
propositions:
(33) (i) denp~! = ndiv(ged(n, m)), and

(i) nump~! = mdiv(ged(n, m)).
The theorem is a consequence of (19).
(34) (i) denp~! = m, and
(i) nump~! = 7gcdz,m)'

The theorem is a consequence of (33), (8), and (7).
Let us assume that m = denp and n = denq and 7 = nump and j = num q.
Now we state the propositions:
(35) (1) den(p+q) =m-ndiv(ged(i-n+j-m,m-n)), and

(i) num(p+q) =i-n+j-mdiv(ged(i-n+j-m,m-n)).
The theorem is a consequence of (21).
(36) (i) den(p+q) = m, and

(i) num(p +q) = geain

The theorem is a consequence of (35), (8), and (7).
(37) (i) den(p — q) = m - ndiv(ged(i-n — j-m,m-n)), and

(ii) num(p —¢q) =i-n —j-mdiv(ged(i-n —j-m,m-n)).
The theorem is a consequence of (23).
(38) (i) den(p — q) = grmnsmmmy and

= ged(i-n—j-m,m-n)

(ii) num(p —q) = m

The theorem is a consequence of (37), (8), and (7).
(39) (i) den(p-q) =m -ndiv(ged(i-j,m-n)), and
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(ii) num(p-q) =i - jdiv(ged(i- j,m-n)).
The theorem is a consequence of (25).

(40) (i) den(p-q) = W’ and

(ii) num(p-q) = m
The theorem is a consequence of (39), (8), and (7).
Let us assume that m; = denp and mo = denq and ny = nump and
ne = numq and ns # 0. Now we state the propositions:
(41) (i) den() =m;y - npdiv(ged(ng - mo,my - n2)), and

(ii) num(%) = ny - ma div(ged(ny - m2,m1 - n2)).

The theorem is a consequence of (27).
(42) (i) den(®) = Sedlmms gy and

— ged(ny-me,mi-ng
: Py _ ni-ms
(ii) num(q) = Tl )

The theorem is a consequence of (41), (8), and (7).

3. PRELIMINARIES ABOUT RINGS AND FIELDS

In the sequel R denotes a ring and F' denotes a field.

Let us note that there exists an element of Z® which is positive and there
exists an element of Z® which is negative.

Let a, b be elements of Fg and z, y be rational numbers. We identify = +y
with a + b. We identify x - y with a - b. Let a be an element of Fg and x be
a rational number. We identify —z with —a. Let a be a non zero element of
Fg. We identify 7! with a~!. Let a, b be elements of Fg and z, y be rational
numbers. We identify x —y with a —b. Let a be an element of Fg and b be a non
zero element of Fg. We identify % with 7. Let F' be a field. Let us observe that
(1F)~! reduces to 1p.

Let R, S be rings. We say that R includes an isomorphic copy of S if and
only if

(Def. 1) there exists a strict subring 7" of R such that 7" and S are isomorphic.

We introduce the notation R includes S as a synonym of R includes an
isomorphic copy of S.

Let us observe that the predicate R and S are isomorphic is reflexive.

Now we state the propositions:

(43) Let us consider a field E. Then every subfield of E is a subring of E.

(44) Let us consider rings R, S, T. If R and S are isomorphic and S and T’
are isomorphic, then R and T are isomorphic.
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(45) Let us consider a field F', and a subring R of F'. Then R is a subfield of
F if and only if R is a field.

(46) Let us consider a field F, and a strict subfield F' of E. Then E includes
F.

(47) 7R is a subring of Fg.

(48) Ry is a subfield of Cy.

Let R be an integral domain. Observe that there exists an integral doma-
in which is R-homomorphic and there exists a commutative ring which is R-
homomorphic and there exists a ring which is R-homomorphic.
Let R be a field. Let us note that there exists an integral domain which is
R-homomorphic.
Let F be a field, R be an F-homomorphic ring, and f be a homomorphism
from F' to R. Note that Im f is almost left invertible.
Let F be an integral domain, E be an F-homomorphic integral domain, and
f be a homomorphism from F' to E. Note that Im f is non degenerated.
Let us consider a ring R, an R-homomorphic ring E, a subring K of R,
a function f from R into E, and a function g from K into E. Now we state the
propositions:
(49) If g = f[(the carrier of K) and f is additive, then g is additive. The
theorem is a consequence of (1).
(50) If g = f[(the carrier of K) and f is multiplicative, then ¢ is multiplica-
tive. The theorem is a consequence of (1).
(51) If g = f[(the carrier of K) and f is unity-preserving, then ¢ is unity-
preserving.
Now we state the propositions:
(52) Let us consider a ring R, an R-homomorphic ring F, and a subring K

of R. Then E is K-homomorphic. The theorem is a consequence of (49),
(50), and (51).
(53) Let us consider a ring R, an R-homomorphic ring F, a subring K of
R, a K-homomorphic ring E;, and a homomorphism f from R to E. If
FE = FEq, then f[K is a homomorphism from K to F;. The theorem is
a consequence of (49), (50), and (51).
Let us consider a field F', an F-homomorphic field F, a subfield K of F,
a function f from F into F, and a function ¢ from K into E. Now we state the
propositions:
(54) 1If g = f[(the carrier of K) and f is additive, then g is additive. The
theorem is a consequence of (1).
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(55) If g = fI(the carrier of K) and f is multiplicative, then g is multiplica-
tive. The theorem is a consequence of (1).

(56) If g = f[(the carrier of K) and f is unity-preserving, then ¢ is unity-
preserving.

Now we state the propositions:

(57) Let us consider a field F', an F-homomorphic field F, and a subfield K
of F. Then F is K-homomorphic. The theorem is a consequence of (54),
(55), and (56).
(58) Let us consider a field F'; an F-homomorphic field E, a subfield K of
F, a K-homomorphic field E1, and a homomorphism f from F to E. If
FE = Ei, then f[K is a homomorphism from K to Ej. The theorem is
a consequence of (54), (55), and (56).
Let n be a natural number. We introduce the notation 7 /n as a synonym
of ZR.
One can verify that Z /n is finite.

Let n be a non trivial natural number. One can check that Z /n is non
degenerated.

Let n be a positive natural number. Note that Z /n is Abelian, add-associative,
right zeroed, and right complementable and Z /n is associative, well unital, di-
stributive, and commutative.

Let p be a prime number. Observe that 7 /p is almost left invertible.

4. EMBEDDING THE INTEGERS IN RINGS

Let R be an add-associative, right zeroed, right complementable, non empty
double loop structure, a be an element of R, and i be an integer. The functor
ixa yielding an element of R is defined by

(Def. 2) there exists a natural number n such that i =n and it =n-aori= —n
and it = —n-a.

Let us consider an add-associative, right zeroed, right complementable,
non empty double loop structure R and an element a of R. Now we state the
propositions:

(59) Oxa= OR.
(60) 1xa=a.
(61) (—1)*a = —a.

Now we state the propositions:
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(62) Let us consider an add-associative, right zeroed, right complementable,
Abelian, non empty double loop structure R, an element a of R, and
integers i, j. Then (i + j)*a =ixa+ jxa.

PROOF: Define Plinteger| = for every integer k such that k& = $; holds
(i+k)*a = ixa+ k*a. For every integer u such that P[u] holds P[u — 1]
and Plu + 1] by [36], (8)]. For every integer i, P[i] from [34, Sch. 4]. O

(63) Let us consider an add-associative, right zeroed, right complementable,
Abelian, non empty double loop structure R, an element a of R, and
an integer i. Then (—i)*a = —i*a.

PROOF: Define Plinteger| = for every integer k such that k& = $; holds
(—k)xa = —k*a. For every integer u such that P[u] holds Plu — 1] and
Plu+ 1] by [36], (33), (30)]. For every integer ¢, P[i| from [34, Sch. 4]. O
Let us consider an add-associative, right zeroed, right complementable,
Abelian, non empty double loop structure R, an element a of R, and integers
1, 7. Now we state the propositions:

(64) (i—j)*a=ixa—j*a. The theorem is a consequence of (62) and (63).

(65) i-jxa=1ix(jxa).

PROOF: Define Plinteger| = for every integer k such that & = $; holds
k-jxa = kx(j*a). For every integer u such that P[u] holds P[u — 1] and
Plu + 1]. For every integer i, P[i| from [34, Sch. 4]. O

(66) ix(j*a)=jx(i*xa). The theorem is a consequence of (65).

Now we state the propositions:

(67) Let us consider an add-associative, right zeroed, right complementable,

Abelian, left unital, distributive, non empty double loop structure R,
and integers i, j. Then i-jx1p = (ix1g) - (j*1R).
PROOF: Define Plinteger| = for every integer k such that & = $; holds
k-jxlp = (kx1g) - (j*1g). For every integer u such that P[u] holds
Plu—1] and Plu+1] by (64), [18, (9)], (60), (62). For every integer i, P|i]
from [34, Sch. 4]. O

(68) Let us consider a ring R, an R-homomorphic ring S, a homomorphism f
from R to S, an element a of R, and an integer i. Then f(ixa) =ix f(a).
PROOF: Define Plinteger] = for every integer j such that 7 = $; holds
f(jxa) = jx f(a). For every integer i such that P[i] holds P[i — 1] and
Pli + 1] by (62), (60), [36, (8)], (61). For every integer ¢, P[i] from [34]
Sch. 4]. O
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5. MONO- AND ISOMORPHISMS OF RINGS

Let R, S be rings. We say that S is R-monomorphic if and only if
(Def. 3) there exists a function f from R into S such that f is monomorphic.

Let R be a ring. Note that there exists a ring which is R-monomorphic.

Let R be a commutative ring. One can check that there exists a commutative
ring which is R-monomorphic and there exists a ring which is R-monomorphic.

Let R be an integral domain. One can verify that there exists an integral
domain which is R-monomorphic and there exists a commutative ring which is
R-monomorphic and there exists a ring which is R-monomorphic.

Let R be a field. Let us observe that there exists a field which is R-monomorphic
and there exists an integral domain which is R-monomorphic and there exists
a commutative ring which is R-monomorphic and there exists a ring which is
R-monomorphic.

Let R be aring and S be an R-monomorphic ring. Let us note that there exi-
sts a function from R into S which is additive, multiplicative, unity-preserving,
and monomorphic.

A monomorphism of R and S is an additive, multiplicative, unity-preserving,
monomorphic function from R into S. One can check that every S-monomorphic
ring is R-monomorphic and every R-monomorphic ring is R-homomorphic.

Let S be an R-monomorphic ring and f be a monomorphism of R and S.
Let us note that (f~1)~! reduces to f.

Now we state the propositions:

(69) Let us consider a ring R, an R-homomorphic ring S, an S-homomorphic
ring T', a homomorphism f from R to S, and a homomorphism ¢ from S
to T'. Then ker f C kerg - f.

(70) Let us consider a ring R, an R-homomorphic ring S, an S-monomorphic
ring 7', a homomorphism f from R to S, and a monomorphism g of S and
T. Then ker f = ker g - f. The theorem is a consequence of (69).

(71) Let us consider aring R, and a subring S of R. Then R is S-monomorphic.

(72) Let us consider rings R, S. Then S is an R-monomorphic ring if and
only if S includes R. The theorem is a consequence of (44).

Let R, S be rings. We say that S is R-isomorphic if and only if
(Def. 4) there exists a function f from R into S such that f is isomorphism.

Let R be a ring. Let us note that there exists a ring which is R-isomorphic.

Let R be a commutative ring. Note that there exists a commutative ring
which is R-isomorphic and there exists a ring which is R-isomorphic.

Let R be an integral domain. One can check that there exists an integral
domain which is R-isomorphic and there exists a commutative ring which is
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R-isomorphic and there exists a ring which is R-isomorphic.

Let R be a field. One can verify that there exists a field which is R-isomorphic
and there exists an integral domain which is R-isomorphic and there exists
a commutative ring which is R-isomorphic and there exists a ring which is R-
isomorphic.

Let R be a ring and S be an R-isomorphic ring. Observe that there exists
a function from R into .S which is additive, multiplicative, unity-preserving, and
isomorphism.

An isomorphism between R and S is an additive, multiplicative, unity-
preserving, isomorphism function from R into S. Let f be an isomorphism
between R and S. Let us note that the functor f~! yields a function from S
into R. One can check that there exists a function from S into R which is
additive, multiplicative, unity-preserving, and isomorphism.

An isomorphism between S and R is an additive, multiplicative, unity-
preserving, isomorphism function from S into R. One can check that every S-
isomorphic ring is R-isomorphic and every R-isomorphic ring is R-monomorphic.

Now we state the propositions:

(73) Let us consider a ring R, an R-isomorphic ring S, and an isomorphism
f between R and S. Then f~! is an isomorphism between S and R.

(74) Let us consider a ring R, and an R-isomorphic ring S. Then R is S-
isomorphic. The theorem is a consequence of (73).

Let R be a commutative ring. Let us note that every R-isomorphic ring
is commutative. Let R be an integral domain. One can check that every R-
isomorphic ring is non degenerated and integral domain-like.

Let F be a field. One can verify that every F-isomorphic ring is almost left
invertible.

(75) Let us consider fields F, F. Then E includes F' if and only if there exists
a strict subfield K of F such that K and F' are isomorphic.

6. CHARACTERISTIC OF RINGS

Let R be a ring. The functor char(R) yielding a natural number is defined
by
(Def. 5) it*1r = Ogr and it # 0 and for every positive natural number m such
that m < it holds m*1r # Or or it = 0 and for every positive natural
number m, m*1g # Og.
Let n be a natural number. We say that R has characteristic n if and only if

(Def. 6) char(R) = n.
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Now we state the propositions:
(76) char(ZR) = 0.
(77) Let us consider a positive natural number n. Then char(Z /n) = n. The
theorem is a consequence of (60) and (59).
Observe that Z® has characteristic 0.
Let n be a positive natural number. Note that 7 /n has characteristic n.
Let n be a natural number. One can check that there exists a commutative
ring which has characteristic n.
Let n be a positive natural number and R be a ring with characteristic n.
Let us note that char(R) is positive.
Let R be a ring. The functor charSet R yielding a subset of N is defined by
the term
(Def. 7)  {n, where n is a positive natural number : nx 1z = Ogr}.
Let n be a positive natural number and R be a ring with characteristic n.
Note that charSet R is non empty.
Now we state the propositions:
(78) Let us consider a ring R. Then char(R) = 0 if and only if charSet R = ().
(79) Let us consider a positive natural number n, and a ring R with charac-
teristic n. Then char(R) = min charSet R.
(80) Let us consider a ring R. Then char(R) = min* charSet R. The theorem
is a consequence of (78) and (79).
(81) Let us consider a prime number p, a ring R with characteristic p, and
a positive natural number n. Then n is an element of charSet R if and only
if p | n. The theorem is a consequence of (67), (62), and (79).
Let R be a ring. The functor canHomZ(R) yielding a function from Z® into
R is defined by
(Def. 8) for every element z of ZR, it(x) = 2 x1g.
Observe that canHomZ(R) is additive, multiplicative, and unity-preserving
and every ring is (Z®)-homomorphic.
Now we state the propositions:
(82) Let us consider a ring R, and a non negative element n of Z%. Then
char(R) = n if and only if ker canHomZ(R) = {n}-ideal. The theorem is
a consequence of (64), (63), and (80).
(83) Let us consider a ring R. Then char(R) = 0 if and only if canHomZ(R)
is monomorphic. The theorem is a consequence of (82).
Let R be a ring with characteristic 0. Observe that canHomZ(R) is monomor-
phic and there exists a function from Z® into R which is additive, multiplicative,
unity-preserving, and monomorphic.
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Now we state the propositions:

(84) Let us consider a ring R, and a homomorphism f from ZR to R. Then
f = canHomZ(R).
PROOF: Define Plinteger] = for every integer j such that ;7 = $; holds
f(j) = j*1g. For every integer u such that P[u] holds P[u — 1] and
Plu + 1] by [16, (8)], (60), (64), (62). For every integer i, P[i] from [34]
Sch. 4]. O

(85) Let us consider a homomorphism f from Z® to Z®. Then f = idyr. The
theorem is a consequence of (84).

(86) Let us consider an integral domain R. Then
(i) char(R) =0, or
(ii) char(R) is prime.
The theorem is a consequence of (60) and (67).
(87) Let us consider a ring R, and an R-homomorphic ring S. Then char(S) |
char(R). The theorem is a consequence of (84), (69), and (82).
(88) Let us consider a ring R, and an R-monomorphic ring S. Then char(S) =
char(R). The theorem is a consequence of (84), (70), and (82).
(89) Let us consider a ring R, and a subring S of R. Then char(S) = char(R).
The theorem is a consequence of (71) and (88).

Let n be a natural number and R be a ring with characteristic n. One can
verify that every ring which is R-monomorphic has also characteristic n and
every subring of R has characteristic n and Cg has characteristic 0 and Ry has
characteristic 0 and Fg has characteristic 0 and there exists a field which has
characteristic 0.

Let p be a prime number. Let us note that there exists a field which has
characteristic p. Let R be an integral domain with characteristic p. One can
verify that char(R) is prime.

Let F' be a field with characteristic 0. Note that every subfield of F' has
characteristic 0. Let p be a prime number and F' be a field with characteristic p.
Note that every subfield of F' has characteristic p.

7. PRIME FIELDS

Let F be a field. The functor carrier NF' yielding a subset of F' is defined by
the term

(Def. 9) {z, where x is an element of F : for every subfield K of F, x € K}.

The functor PrimeField F' yielding a strict double loop structure is defined
by
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(Def. 10) the carrier of it = carrier NF and the addition of it = (the addition
of F) | carrierNF and the multiplication of i = (the multiplication of
F) | carrier NF' and the one of it = 1y and the zero of it = Op.

One can verify that PrimeField F' is non degenerated and PrimeField F' is
Abelian, add-associative, right zeroed, and right complementable and PrimeField
F'is commutative and PrimeField F' is associative, well unital, distributive, and
almost left invertible.

Let us note that the functor PrimeField F' yields a strict subfield of F'. Now
we state the propositions:

(90) Let us consider a field F', and a strict subfield E of PrimeField F'. Then
FE = PrimeField F'.

(91) Let us consider a field F', and a subfield E of F. Then PrimeField F' is
a subfield of E.

Let us consider fields F', K. Now we state the propositions:

(92) K = PrimeField F' if and only if K is a strict subfield of F' and for every
strict subfield £ of K, E = K. The theorem is a consequence of (91) and
(90).

(93) K = PrimeField F' if and only if K is a strict subfield of F' and for every
subfield F of F, K is a subfield of E. The theorem is a consequence of
(91).

Now we state the propositions:

(94) Let us consider a field E, and a subfield F' of E. Then PrimeField F' =
PrimeField E. The theorem is a consequence of (93) and (92).

(95) Let us consider a field F. Then PrimeField PrimeField F' = PrimeField F'.

Let F be a field. Let us observe that PrimeField F' is prime.
Now we state the propositions:

(96) Let us consider a field F'. Then F'is prime if and only if /' = PrimeField F'.

(97) Let us consider a field F' with characteristic 0, and non zero integers i,
j. Suppose j | i. Then (idivj)x1p = (ix1p)- (jx1p)"L.
PRrOOF: Consider k£ being an integer such that ¢ = j - k. jx1p # Op by
[34, (3)], (63), [36, (17)]. ix1p # 0F by [34, (3)], (63), [36, (17)]. O
Let = be an element of Fgp. Note that the functor denz yields a positive
element of Z®. One can check that the functor num z yields an element of ZR.
Let F be a field. The functor canHomQ(F') yielding a function from Fg into F
is defined by

(Def. 11) for every element z of Fg, it(x) = (cantomZ(F)) (num )

(canHomZ(F))(denx) *
Observe that canHom@Q(F) is unity-preserving.
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Let F be a field with characteristic 0. One can check that canHomQ(F)
is additive and multiplicative and every field with characteristic 0 is (Fg)-
monomorphic.

Now we state the proposition:

(98) Let us consider a field F. Then canHomZ(F') = canHomQ(F)|Z.
Let us observe that there exists a field which is (Fg)-homomorphic and has

characteristic 0.
Now we state the proposition:

(99) Let us consider an (Fg)-homomorphic field F' with characteristic 0, and
a homomorphism f from Fg to F'. Then f = canHomQ(F).
PROOF: Set g = canHomQ(F'). Define Plinteger| = for every element j of
Fg such that j = $; holds f(j) = g(j). For every integer i, Pi] from [34,
Sch. 4]. For every integer ¢ and for every element j of Fg such that j =1
holds f(j) = (canHomZ(F'))(i) by (98), [7, (49)]. O

One can verify that Fg is (Fg)-homomorphic.

Let F' be a field with characteristic 0. One can verify that PrimeField F' is
(Fg)-homomorphic.

Now we state the proposition:

(100) Let us consider a homomorphism f from Fg to Fg. Then f = idg,. The
theorem is a consequence of (99).

Let F be a field, S be an F-homomorphic field, and f be a homomorphism
from F' to S. One can verify that the functor Im f yields a strict subfield of S.
Let F be a field with characteristic 0. Let us note that canHomQ(PrimeField F')
is onto.

Now we state the propositions:

(101) Let us consider a field F' with characteristic 0. Then Fg and PrimeField F
are isomorphic.

(102) PrimeField Fy = Fy.

(103) Let us consider a field F' with characteristic 0. Then F' includes Fg.

(104) Let us consider a field F' with characteristic 0, and a field E. If F includes
E, then E includes Fg. The theorem is a consequence of (72) and (88).

(105) Let us consider a prime number p, a ring R with characteristic p, and
an integer i. Then ix 1z = (i mod p)* 1. The theorem is a consequence
of (67) and (62).

Let p be a prime number and F be a field. The functor canHomZ /p(F)
yielding a function from 7 /p into F is defined by the term

(Def. 12) canHomZ(F)[(the carrier of 7 /p).

Note that canHomZ /p(F’) is unity-preserving.
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Let F be a field with characteristic p. One can verify that canHomZ /p(F)
is additive and multiplicative and every field with characteristic p is (Z /p)-
monomorphic and there exists a field which is (Z /p)-homomorphic and has
characteristic p and 7 /p is (Z /p)-homomorphic.

Now we state the propositions:

(106) Let us consider a prime number p, a (Z /p)-homomorphic field F' with

characteristic p, and a homomorphism f from 7 /p to F. Then f =
canHomZ /p(F).
PRrROOF: Set g = canHomZ /p(F'). Reconsider p; = p — 1 as an element
of N. Define P[natural number| = for every element j of Z /p such that
j = $1 holds f(j) = g(j). For every element k of N such that 0 < k < p;
holds if P[k], then P[k + 1] by [3, (13), (44)], [29, (14), (7)]. For every
element &k of N such that 0 < k& < p; holds P[k] from [34, Sch. 7]. O

(107) Let us consider a prime number p, and a homomorphism f from 7 /p to
Z /p- Then f =idy ,. The theorem is a consequence of (106).

Let p be a prime number and F be a field with characteristic p. Observe that
PrimeField F' is (Z /p)-homomorphic and canHomZ /p(PrimeField F') is onto.
Now we state the propositions:
(108) Let us consider a prime number p, and a field F' with characteristic p.
Then 7 /p and PrimeField F' are isomorphic.
(109) Let us consider a prime number p, and a strict subfield F' of Z /p. Then
F=17/p.
(110) Let us consider a prime number p. Then PrimeFieldZ /p = Z /p.

(111) Let us consider a prime number p, and a field F' with characteristic p.
Then F' includes Z /p.

(112) Let us consider a prime number p, a field F' with characteristic p, and
a field E. If F includes E, then E includes Z /p. The theorem is a conse-
quence of (72) and (88).

Let p be a prime number. One can check that 7 /p is prime.
Now we state the propositions:

(113) Let us consider a field F'. Then char(F') = 0 if and only if PrimeField F
and Fg are isomorphic. The theorem is a consequence of (101), (43), and
(89).

(114) Let us consider a prime number p, and a field F. Then char(F) = p if
and only if PrimeField F' and Z /p are isomorphic. The theorem is a con-
sequence of (108), (43), and (89).

(115) Let us consider a strict field F'. Then F' is prime if and only if F' and
Fg are isomorphic or there exists a prime number p such that F and Z /p
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are isomorphic. The theorem is a consequence of (86), (101), (108), (44),
(57), and (58).
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