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Summary. In this article, we shall extend the result of [17] to discuss
second-order partial differentiation of real ternary functions (refer to [7] and [14]
for partial differentiation).
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The notation and terminology used here have been introduced in the following
papers: [6], [11], [12], [1], [2], [3], [4], [5], [7], [16], [17], [13], [8], [15], [10], and
[9].

1. SECOND-ORDER PARTIAL DERIVATIVES

For simplicity, we use the following convention: x, xg, ¥, yo, 2, 20, 7 denote
real numbers, u, uy denote elements of R3, f, fi, f» denote partial functions
from R3 to R, R denotes a rest, and L denotes a linear function.

Let f be a partial function from R? to R and let u be an element of R3. We
say that f is partial differentiable on 1st-1st coordinate in u if and only if the
condition (Def. 1) is satisfied.

(Def. 1) There exist real numbers g, yo, 2o such that
(i)  u = (o, Yo, 20), and
(ii) there exists a neighbourhood N of zp such that N C
dom SVF1(1,pdiff1(f,1),u) and there exist L, R such that for
every x such that x € N holds (SVFI1(1,pdiffl(f,1),u))(x) —
(SVF1(1, pdiffi(f,1),u))(xo) = L(z — zo) + R(z — x0).
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We say that f is partial differentiable on 1st-2nd coordinate in w if and only if
the condition (Def. 2) is satisfied.
(Def. 2) There exist real numbers xg, yo, 2o such that
(i)  w={(zo0, Y0, 20), and
(ii) there exists a neighbourhood N of yg such that N C
dom SVF1(2, pdiffl(f,1),u) and there exist L, R such that for
every y such that y € N holds (SVF1(2,pdiffi(f,1),u))(y) —
(SVF1(2, pdiff1(f,1),u))(y0) = L(y — yo) + R(y — yo)
We say that f is partial differentiable on 1st-3rd coordinate in u if and only if
the condition (Def. 3) is satisfied.
(Def. 3) There exist real numbers xg, 3o, 2o such that
(i)  u= (20,0, 20), and
(ii) there exists a mneighbourhood N of 2y such that N C
dom SVF1(3, pdiff1(f,1),u) and there exist L, R such that for
every z such that z € N holds (SVF1(3,pdiffli(f,1),u))(z) —
(SVF1(3, pdiff1(f,1),u))(20) = L(z — z0) + R(z — 20).
We say that f is partial differentiable on 2nd-1st coordinate in w if and only if
the condition (Def. 4) is satisfied.
(Def. 4) There exist real numbers xg, 3o, 2o such that
(i)  uw = (o, Y0, 20), and
(ii) there exists a mneighbourhood N of zp such that N C
dom SVF1(1, pdiffi(f,2),u) and there exist L, R such that for
every x such that * € N holds (SVFI1(1,pdiffl(f,2),u))(x) —
(SVF1(1, pdiff1(f,2),u))(zo) = L(z — x0) + R(x — x0).
We say that f is partial differentiable on 2nd-2nd coordinate in « if and only if
the condition (Def. 5) is satisfied.
(Def. 5) There exist real numbers xg, 3o, 2o such that
(i)  w={(zo, Y0, 20), and
(ii) there exists a mneighbourhood N of yg such that N C
dom SVF1(2, pdiff1(f,2),u) and there exist L, R such that for
every y such that y € N holds (SVF1(2,pdiffi(f,2),u))(y) —
(SVF1(2, pdiff1(f,2),u))(y0) = L(y — yo) + R(y — yo)-
We say that f is partial differentiable on 2nd-3rd coordinate in u if and only if
the condition (Def. 6) is satisfied.
(Def. 6) There exist real numbers xg, yo, 2o such that
(i)  w={(zo0,v0, 20), and
(ii) there exists a neighbourhood N of 2y such that N C
dom SVF1(3, pdiff1(f,2),u) and there exist L, R such that for

every z such that z € N holds (SVF1(3,pdiffl(f,2),u))(z) —
(SVF1(3, pdiff1(f,2),u))(20) = L(z — 2z0) + R(z — 20).
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We say that f is partial differentiable on 3rd-1st coordinate in w if and only if
the condition (Def. 7) is satisfied.
(Def. 7) There exist real numbers xg, yo, 2o such that
(i) u=(z0,¥0,20), and
(ii) there exists a mneighbourhood N of zp such that N C
dom SVF1(1, pdiff1(f,3),u) and there exist L, R such that for
every z such that € N holds (SVFI1(1,pdiffi(f,3),u))(z) —
(SVF1(1, pdiff1(f, 3),u))(xo) = L(z — z0) + R(z — x0).
We say that f is partial differentiable on 3rd-2nd coordinate in u if and only if
the condition (Def. 8) is satisfied.
(Def. 8) There exist real numbers xg, 3o, zo such that
(i) u=(xo,0,20), and
(ii) there exists a mneighbourhood N of yg such that N C
dom SVF1(2, pdiff1(f,3),u) and there exist L, R such that for
every y such that y € N holds (SVF1(2,pdiffi(f,3),uw))(y) —
(SVF1(2, pdiff1(f,3),u))(yo) = L(y — o) + R(y — vo).
We say that f is partial differentiable on 3rd-3rd coordinate in w if and only if
the condition (Def. 9) is satisfied.

(Def. 9) There exist real numbers xg, 3o, zo such that
(i) u= (20, Y0, 20), and
(ii) there exists a mneighbourhood N of 2y such that N C
dom SVF1(3, pdiffl(f,3),u) and there exist L, R such that for
every z such that z € N holds (SVF1(3,pdiffl(f,3),u))(z) —
(SVF1(3, pdiff1(f,3),u))(20) = L(z — 20) + R(z — 20).

Let f be a partial function from R? to R and let u be an element of R3. Let
us assume that f is partial differentiable on 1st-1st coordinate in u. The functor
hpartdiff11(f, u) yielding a real number is defined by the condition (Def. 10).

(Def. 10) There exist real numbers xg, yo, 2o such that
(i) u = (x0,0,20), and
(ii) there exists a neighbourhood N of zp such that N C
dom SVF1(1, pdiff1(f, 1), ) and there exist L, R such that hpartdiff11(f,u) =
L(1) and for every z such that € N holds (SVF1(1, pdiff1(f,1),u))(z) —
(SVF1(1, pdiffi(f,1),u))(xo) = L(z — z0) + R(z — x0).

Let f be a partial function from R? to R and let u be an element of R3. Let
us assume that f is partial differentiable on 1st-2nd coordinate in u. The functor
hpartdiff12(f, u) yielding a real number is defined by the condition (Def. 11).

(Def. 11) There exist real numbers xg, yo, zo such that
(i) u=(zo,y0,20), and
(ii) there exists a neighbourhood N of gy such that N C
dom SVF1(2, pdiff1(f, 1), ) and there exist L, R such that hpartdiff12(f,u) =
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L(1) and for every y such that y € N holds (SVF1(2, pdiff1(f, 1), u))(y) —
(SVF1(27 pdlffl(f, 1)7 u))<y0) = L(y - yO) + R(y - yO)'
Let f be a partial function from R? to R and let u be an element of R3. Let

us assume that f is partial differentiable on 1st-3rd coordinate in u. The functor
hpartdiff13(f, u) yielding a real number is defined by the condition (Def. 12).
(Def. 12) There exist real numbers xg, yo, 2o such that
(i)  u = (o, Y0, 20), and
(i) there exists a mneighbourhood N of 2y such that N C
dom SVF1(3, pdiff1(f, 1), u) and there exist L, R such that hpartdiff13(f, u)
L(1) and for every z such that z € N holds (SVF1(3, pdiff1(f, 1), u))(z) —
(SVF1(3, pdiff1(f,1),u))(20) = L(z — z0) + R(z — 20).
Let f be a partial function from R? to R and let u be an element of R3. Let

us assume that f is partial differentiable on 2nd-1st coordinate in u. The functor
hpartdiff21(f, u) yielding a real number is defined by the condition (Def. 13).
(Def. 13) There exist real numbers xg, yo, 2o such that
(i) u= (20, Y0, 20), and
(ii) there exists a neighbourhood N of zp such that N C
dom SVF1(1, pdiff1(f,2), u) and there exist L, R such that hpartdiff21( f, u)
L(1) and for every x such that € N holds (SVF1(1, pdiff1(f,2),u))(z) —
(SVF1(1, pdiff1(f,2),u))(zo) = L(z — x0) + R(x — x0).
Let f be a partial function from R? to R and let u be an element of R3. Let us

assume that f is partial differentiable on 2nd-2nd coordinate in u. The functor
hpartdiff22( f, u) yielding a real number is defined by the condition (Def. 14).
(Def. 14) There exist real numbers xg, yo, 2o such that
(i) u= (20, Y0, 20), and
(ii) there exists a neighbourhood N of yg such that N C
dom SVF1(2, pdiff1(f,2), u) and there exist L, R such that hpartdiff22( f, u)
L(1) and for every y such that y € N holds (SVF1(2, pdiff1(f,2),u))(y) —
(SVF1(2, pdiff1(f,2),u))(y0) = L(y — yo) + R(y — yo).

Let f be a partial function from R? to R and let v be an element of R3. Let
us assume that f is partial differentiable on 2nd-3rd coordinate in w. The functor
hpartdiff23(f, u) yielding a real number is defined by the condition (Def. 15).

(Def. 15) There exist real numbers xg, yo, 2o such that
(i) u= (20, Y0, 20), and
(ii) there exists a mneighbourhood N of zy such that N C
dom SVF1(3, pdiff1(f,2),u) and there exist L, R such that hpartdiff23(f, u)
L(1) and for every z such that z € N holds (SVF1(3, pdiff1(f,2),u))(z) —
(SVF1(3, pdiff1(f,2),u))(2z0) = L(z — z0) + R(z — 20).

Let f be a partial function from R?3 to R and let u be an element of R?. Let

us assume that f is partial differentiable on 3rd-1st coordinate in u. The functor
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hpartdiff31( f, u) yields a real number and is defined by the condition (Def. 16).
(Def. 16) There exist real numbers xg, yo, zo such that

(i)  uw = (zo,¥0,20), and

(ii) there exists a neighbourhood N of zp such that N C
dom SVF1(1, pdiff1(f,3),u) and there exist L, R such that hpartdiff31(f,u) =
L(1) and for every x such that = € N holds (SVF1(1, pdiff1(f,3),u))(x) —
(SVF1(1, pdiff1(f,3),u))(zo) = L(x — xo) + R(x — xp).

Let f be a partial function from R? to R and let u be an element of R?. Let

us assume that f is partial differentiable on 3rd-2nd coordinate in . The functor
hpartdiff32(f, u) yielding a real number is defined by the condition (Def. 17).
(Def. 17) There exist real numbers xg, Yo, zo such that
(i)  u= (o, 0, 20), and
(ii) there exists a mneighbourhood N of yg such that N C
dom SVF1(2, pdiff1(f,3), u) and there exist L, R such that hpartdiff32(f,u) =
L(1) and for every y such that y € N holds (SVF1(2, pdiff1(f, 3),u))(y) —
(SVF1(2, pdiffl(f,3),u))(yo) = L(y — yo) + R(y — yo)-

Let f be a partial function from R? to R and let v be an element of R?. Let
us assume that f is partial differentiable on 3rd-3rd coordinate in u. The functor
hpartdiff33(f, u) yielding a real number is defined by the condition (Def. 18).

(Def. 18) There exist real numbers xg, yo, 2o such that
(i) u = (x0,0,20), and
(ii) there exists a mneighbourhood N of 2y such that N C
dom SVF1(3, pdiff1(f,3), u) and there exist L, R such that hpartdiff33(f,u) =
L(1) and for every z such that z € N holds (SVF1(3, pdiff1(f,3),u))(z) —
(SVF1(3, pdiff1(f,3),u))(20) = L(z — 20) + R(z — 20).

Next we state a number of propositions:

(1) If uw = (xo, 0, 20) and f is partial differentiable on 1st-1st coordinate in
u, then SVF1(1, pdiff1(f, 1), w) is differentiable in zg.

(2) If u= (x0,y0,20) and f is partial differentiable on 1st-2nd coordinate in
u, then SVF1(2, pdiff1(f, 1), u) is differentiable in yp.

(3) If u= (x0,90,20) and f is partial differentiable on 1st-3rd coordinate in
u, then SVF1(3, pdiff1(f, 1), u) is differentiable in z.

(4) If u = (x0,y0, 20) and f is partial differentiable on 2nd-1st coordinate in
u, then SVF1(1, pdiff1(f,2), u) is differentiable in x.

(5) If u = (xo,y0,20) and f is partial differentiable on 2nd-2nd coordinate
in u, then SVF1(2, pdiff1(f,2),u) is differentiable in yo.

(6) If u = (x0,y0,20) and f is partial differentiable on 2nd-3rd coordinate
in u, then SVF1(3, pdiff1(f,2), u) is differentiable in z.

(7) If u= (x0,90, 20) and f is partial differentiable on 3rd-1st coordinate in
u, then SVF1(1, pdiff1(f, 3),w) is differentiable in zg.
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(8) If u = (xo,y0,20) and f is partial differentiable on 3rd-2nd coordinate
in u, then SVF1(2, pdiff1(f,3),u) is differentiable in yp.
(9) If u = (zg,yo0,20) and f is partial differentiable on 3rd-3rd coordinate in
u, then SVF1(3, pdiff1(f, 3),u) is differentiable in z.
(10) If uw = (xo,yo0,20) and f is partial differentiable on 1st-1st coordinate in
u, then hpartdiff11(f, u) = (SVF1(1, pdiff1(f,1),u)) (xo).
(11) If uw = (xo, Yo, z0) and f is partial differentiable on 1st-2nd coordinate in
u, then hpartdiff12(f,u) = (SVF1(2, pdiff1(f, 1), u)) (yo).
(12) If uw = (x0, 90, 20) and f is partial differentiable on 1st-3rd coordinate in
u, then hpartdiff13(f, u) = (SVF1(3, pdiff1(f, 1), u))’(z0).
(13) If u = (zo,yo, 20) and f is partial differentiable on 2nd-1st coordinate in
u, then hpartdiff21(f, ) = (SVF1(1, pdiff1(f, 2),u))’ (o).
(14) If u = (xo, Y0, 20) and f is partial differentiable on 2nd-2nd coordinate
in u, then hpartdiff22(f,u) = (SVF1(2, pdiff1(f,2),u)) (vo).
(15) If uw = (zo,yo,20) and f is partial differentiable on 2nd-3rd coordinate
in u, then hpartdiff23(f,u) = (SVF1(3, pdiff1(f,2),u)) (20)-
(16) If uw= (xo0,y0,20) and f is partial differentiable on 3rd-1st coordinate in
u, then hpartdiff31(f,u) = (SVF1(1, pdiff1(f, 3),u))’(zo).
(17) If uw = (zo, Yo, 20) and f is partial differentiable on 3rd-2nd coordinate
in u, then hpartdiff32(f,u) = (SVF1(2, pdiff1(f,3),w)) (vo).
(18) If u = (xo,yo, 20) and f is partial differentiable on 3rd-3rd coordinate in
u, then hpartdiff33(f,u) = (SVF1(3, pdiff1(f,3),u)) (20)-
Let f be a partial function from R? to R and let D be a set. We say that f
is partial differentiable on 1st-1st coordinate on D if and only if:
(Def. 19) D C dom f and for every element u of R? such that v € D holds f]D is
partial differentiable on 1st-1st coordinate in w.
We say that f is partial differentiable on 1st-2nd coordinate on D if and only if:
(Def. 20) D C dom f and for every element u of R? such that v € D holds f]D is
partial differentiable on 1st-2nd coordinate in w.
We say that f is partial differentiable on 1st-3rd coordinate on D if and only if:
(Def. 21) D C dom f and for every element u of R? such that v € D holds f]D is
partial differentiable on 1st-3rd coordinate in w.
We say that f is partial differentiable on 2nd-1st coordinate on D if and only if:
(Def. 22) D C dom f and for every element v of R? such that v € D holds f[D is
partial differentiable on 2nd-1st coordinate in w.
We say that f is partial differentiable on 2nd-2nd coordinate on D if and only if:

(Def. 23) D C dom f and for every element u of R? such that v € D holds f]D is
partial differentiable on 2nd-2nd coordinate in wu.

We say that f is partial differentiable on 2nd-3rd coordinate on D if and only if:
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(Def. 24) D C dom f and for every element u of R? such that v € D holds f[D is
partial differentiable on 2nd-3rd coordinate in wu.

We say that f is partial differentiable on 3rd-1st coordinate on D if and only if:

(Def. 25) D C dom f and for every element u of R3 such that u € D holds f[D is
partial differentiable on 3rd-1st coordinate in u.

We say that f is partial differentiable on 3rd-2nd coordinate on D if and only if:

(Def. 26) D C dom f and for every element u of R? such that v € D holds f[D is
partial differentiable on 3rd-2nd coordinate in w.

We say that f is partial differentiable on 3rd-3rd coordinate on D if and only if:

(Def. 27) D C dom f and for every element u of R? such that v € D holds f]D is
partial differentiable on 3rd-3rd coordinate in w.

Let f be a partial function from R3 to R and let D be a set. Let us assume

that f is partial differentiable on 1st-1st coordinate on D. The functor f rlgt_lst

yields a partial function from R? to R and is defined by:
(Def. 28) dom(f %Bt_m) = D and for every element u of R3 such that u € D holds
frlLS)t_ISt(u) = hpartdiff11(f,u).

Let f be a partial function from R? to R and let D be a set. Let us assume
that f is partial differentiable on 1st-2nd coordinate on D. The functor f rlgt*Qnd
yielding a partial function from R3 to R is defined by:

(Def. 29) dom(f Flfjt_%d) = D and for every element u of R? such that u € D holds
fiy724 () = hpartdiff12(f, ).

Let f be a partial function from R3 to R and let D be a set. Let us assume
that f is partial differentiable on 1st-3rd coordinate on D. The functor f [13_3“1
yields a partial function from R? to R and is defined by:

(Def. 30) dom(f %Bt_?’rd) = D and for every element u of R? such that u € D holds
£l (u) = hpartdiff13(f, u).

Let f be a partial function from R3 to R and let D be a set. Let us assume
that f is partial differentiable on 2nd-1st coordinate on D. The functor f?Bd_lst
yielding a partial function from R? to R is defined as follows:

(Def. 31) dom(f?gdfls'“) = D and for every element u of R? such that u € D holds
f?gd_m (u) = hpartdiff21(f, u).

Let f be a partial function from R? to R and let D be a set. Let us assume
that f is partial differentiable on 2nd-2nd coordinate on D. The functor f ?gdf?ﬂd
yields a partial function from R? to R and is defined by:

(Def. 32) dom(f?f)d_%d) = D and for every element u of R? such that v € D
holds f73* "% (u) = hpartdiff22(f, u).

Let f be a partial function from R? to R and let D be a set. Let us assume

that f is partial differentiable on 2nd-3rd coordinate on D. The functor f ?Bd*?)rd

119
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yields a partial function from R3 to R and is defined by:
(Def. 33) dom( f?j%d_?’rd) = D and for every element u of R3 such that u € D holds
f?gd_?’rd (u) = hpartdiff23(f, u).

Let f be a partial function from R? to R and let D be a set. Let us assume
that f is partial differentiable on 3rd-1st coordinate on D. The functor f?gdflSt
yields a partial function from R3 to R and is defined as follows:

(Def. 34) dom( f%d_ISt) = D and for every element u of R? such that u € D holds
FIRT 1 () = hpartdiff31(f, ).

Let f be a partial function from R3 to R and let D be a set. Let us assume
that f is partial differentiable on 3rd-2nd coordinate on D. The functor f ‘?Bd_%d
yields a partial function from R? to R and is defined by:

(Def. 35) dom( ff’gd_Qnd) = D and for every element u of R such that u € D holds
ff’gdf%d (u) = hpartdiff32(f, u).

Let f be a partial function from R? to R and let D be a set. Let us assume
that f is partial differentiable on 3rd-3rd coordinate on D. The functor frglr)d_&d
yielding a partial function from R3 to R is defined by:

(Def. 36) dom( f?jgd_?’rd) = D and for every element u of R? such that v € D holds
ff’gd_?’rd(u) = hpartdiff33(f, u).

2. MAIN PROPERTIES OF SECOND-ORDER PARTIAL DERIVATIVES

Next we state a number of propositions:

(19) f is partial differentiable on 1st-1st coordinate in w if and only if
pdiff1(f,1) is partially differentiable in u w.r.t. 1.

(20) f is partial differentiable on 1st-2nd coordinate in w if and only if
pdiff1(f, 1) is partially differentiable in u w.r.t. 2.

(21) f is partial differentiable on 1st-3rd coordinate in u if and only if
pdiff1(f, 1) is partially differentiable in u w.r.t. 3.

(22) f is partial differentiable on 2nd-1st coordinate in w if and only if
pdiff1(f,2) is partially differentiable in u w.r.t. 1.

(23) f is partial differentiable on 2nd-2nd coordinate in u if and only if
pdiff1(f,2) is partially differentiable in u w.r.t. 2.

(24) f is partial differentiable on 2nd-3rd coordinate in w if and only if
pdiff1(f, 2) is partially differentiable in u w.r.t. 3.

(25) f is partial differentiable on 3rd-1st coordinate in w if and only if
pdiff1(f, 3) is partially differentiable in v w.r.t. 1.

(26) f is partial differentiable on 3rd-2nd coordinate in w if and only if
pdiff1(f, 3) is partially differentiable in u w.r.t. 2.
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f is partial differentiable on 3rd-3rd coordinate in w if and only if
pdiff1(f, 3) is partially differentiable in v w.r.t. 3.

If f is partial differentiable on 1st-1st coordinate in wu, then
hpartdiff11(f, u) = partdiff (pdiff1(f,1),u,1).

If f is partial differentiable on 1st-2nd coordinate in w, then
hpartdiff12( f, u) = partdiff (pdiff1(f, 1), u, 2).

If f is partial differentiable on 1st-3rd coordinate in w, then
hpartdiff13(f, u) = partdiff (pdiff1(f, 1), u, 3).

If f is partial differentiable on 2nd-1st coordinate in wu, then
hpartdiff21(f, u) = partdiff (pdiff1(f, 2), u, 1).

If f is partial differentiable on 2nd-2nd coordinate in wu, then
hpartdiff22( f, u) = partdiff (pdiff1( f, 2), u, 2).

If f is partial differentiable on 2nd-3rd coordinate in w, then
hpartdiff23(f, u) = partdiff (pdiff1( f, 2), u, 3).

If f is partial differentiable on 3rd-1st coordinate in wu, then
hpartdiff31(f, u) = partdiff (pdiff1(f,3),u, 1).

If f is partial differentiable on 3rd-2nd coordinate in w, then
hpartdiff32( f, u) = partdiff (pdiff1(f, 3), u, 2).

If f is partial differentiable on 3rd-3rd coordinate in w, then
hpartdiff33( f, u) = partdiff (pdiff1(f, 3), u, 3).

(37) Let ug be an element of R? and N be a neighbourhood of (proj(1, 3))(uo).

Suppose f is partial differentiable on 1st-1st coordinate in wug and
N C domSVFI1(1,pdiffi(f,1),up). Let h be a convergent to 0 se-
quence of real numbers and ¢ be a constant sequence of real num-
bers. Suppose rngc = {(proj(1,3))(up)} and rng(h + ¢) € N. Then
h=Y ((SVF1(1, pdiff1(f, 1), u0)«(h+c))—(SVF1(1, pdiff1(f, 1), ug)«c)) is co-
nvergent and hpartdiff11(f,ug) = lim(h~t ((SVF1(1, pdiff1(f, 1), ug)«(h +
c¢)) — (SVF1(1, pdiff1(f, 1), ug)«c))).

(38) Let up be an element of R3 and N be a neighbourhood of (proj(2, 3))(uo).

Suppose f is partial differentiable on 1st-2nd coordinate in wg and
N C domSVF1(2,pdiff1(f,1),up). Let h be a convergent to 0 se-
quence of real numbers and ¢ be a constant sequence of real num-
bers. Suppose rngec = {(proj(2,3))(ug)} and rng(h + ¢) € N. Then
h=Y ((SVF1(2, pdiff1(f, 1), u0)«(h+c))—(SVF1(2, pdiff1(f, 1), ug)«c)) is co-
nvergent and hpartdiff12(f, ug) = lim(h =1 ((SVF1(2, pdiff1(f, 1), uo)«(h +
¢)) — (SVF1(2, pdiff1(f, 1), ug)«c))).

(39) Let ug be an element of R? and N be a neighbourhood of (proj(3, 3))(up).

Suppose f is partial differentiable on 1st-3rd coordinate in wug and
N C domSVF1(3,pdiff1(f,1),up). Let h be a convergent to 0 se-
quence of real numbers and ¢ be a constant sequence of real num-
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bers. Suppose rngc = {(proj(3,3))(uo)} and rng(h + ¢) € N. Then
h=Y ((SVF1(3, pdiff1(f, 1), uo)«(h+c))—(SVF1(3, pdiff1(f, 1), up)sc)) is co-
nvergent and hpartdiff13(f, ug) = lim(h =1 ((SVF1(3, pdiff1(f, 1), u0)«(h +
¢)) — (SVF1(3, pdiff1(f, 1), up)«c))).

(40) Let ug be an element of R and N be a neighbourhood of (proj(1, 3))(ug).

Suppose f is partial differentiable on 2nd-1st coordinate in ug and
N C domSVF1(1,pdiff1(f,2),up). Let h be a convergent to 0 se-
quence of real numbers and ¢ be a constant sequence of real num-
bers. Suppose rngc = {(proj(1,3))(uo)} and rng(h + ¢) € N. Then
=Y ((SVF1(1, pdiff1(f,2), uo)«(h+c))—(SVF1(1, pdiff1(f,2), ug)sc)) is co-
nvergent and hpartdiff21(f, up) = im(h~! ((SVF1(1, pdiff1(f, 2), uo)«(h +
c)) — (SVF1(1, pdiff1(f,2), up)«c))).

(41) Let ug be an element of R3 and N be a neighbourhood of (proj(2, 3))(uo).

Suppose f is partial differentiable on 2nd-2nd coordinate in wg and
N C domSVF1(2,pdiff1(f,2),up). Let h be a convergent to 0 se-
quence of real numbers and ¢ be a constant sequence of real num-
bers. Suppose rngc = {(proj(2,3))(uo)} and rng(h + ¢) € N. Then
h=Y ((SVF1(2, pdiff1(f,2), uo)«(h+c))—(SVF1(2, pdiff1(f,2), up)sc)) is co-
nvergent and hpartdiff22(f, ug) = lim(h~1 ((SVF1(2, pdiff1(f,2), ug)«(h +
¢)) — (SVF1(2, pdiff1(f,2), up)«c))).

(42) Let ug be an element of R3 and N be a neighbourhood of (proj(3, 3))(uo)-

Suppose f is partial differentiable on 2nd-3rd coordinate in wg and
N C domSVF1(3,pdiff1(f,2),up). Let h be a convergent to 0 se-
quence of real numbers and ¢ be a constant sequence of real num-
bers. Suppose rngc = {(proj(3,3))(uo)} and rng(h + ¢) € N. Then
h=Y ((SVF1(3, pdiff1(f,2), uo)«(h+c))—(SVF1(3, pdiff1(f,2), ug)sc)) is co-
nvergent and hpartdiff23(f, up) = lim(h~! ((SVF1(3, pdiff1(f, 2), uo)«(h +
c)) — (SVF1(3, pdiff1(f, 2), uo)«c))).

(43) Let ug be an element of R? and N be a neighbourhood of (proj(1, 3))(uo).

Suppose f is partial differentiable on 3rd-1st coordinate in wuy and
N C domSVFI1(1,pdiff1(f,3),up). Let h be a convergent to 0 se-
quence of real numbers and ¢ be a constant sequence of real num-
bers. Suppose rngc = {(proj(1,3))(up)} and rng(h + ¢) € N. Then
h=Y ((SVF1(1, pdiff1(f,3), uo)«(h+c))—(SVF1(1, pdiff1(f, 3), uo)c)) is co-
nvergent and hpartdiff31(f,ug) = lim(h~1 ((SVF1(1, pdiff1(f,3), uo)«(h +
c)) — (SVF1(1, pdiff1(f,3), uo)«c))).

(44) Let ug be an element of R3 and N be a neighbourhood of (proj(2, 3))(uo)-

Suppose f is partial differentiable on 3rd-2nd coordinate in wg and
N C domSVF1(2,pdiff1(f,3),up). Let h be a convergent to 0 se-
quence of real numbers and ¢ be a constant sequence of real num-
bers. Suppose rngc = {(proj(2,3))(uo)} and rng(h + ¢) € N. Then
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h=Y ((SVF1(2, pdiff1(f,3), uo)«(h+c))—(SVF1(2, pdiff1(f, 3), ug)«c)) is co-
nvergent and hpartdiff32(f, ug) = lim(h=! ((SVF1(2, pdiff1(f,3), uo)+(h +
c¢)) — (SVF1(2, pdiff1(f,3), up)«c))).
(45) Let ug be an element of R? and N be a neighbourhood of (proj(3, 3))(uo).
Suppose f is partial differentiable on 3rd-3rd coordinate in wug and
N C domSVF1(3,pdiff1(f,3),up). Let h be a convergent to 0 se-
quence of real numbers and ¢ be a constant sequence of real num-
bers. Suppose rngc = {(proj(3,3))(up)} and rng(h + ¢) € N. Then
= ((SVF1(3, pdiff1(f,3), uo)«(h+c))—(SVF1(3, pdiff1(f, 3), ug)«c)) is co-
nvergent and hpartdiff33(f, ug) = lim(h =t ((SVF1(3, pdiff1(f,3), uo)+(h +
c)) — (SVF1(3, pdiff1(f,3), up)«c))).
(46) Suppose that
(i)  f1 is partial differentiable on 1st-1st coordinate in g, and
(ii)  fo2 is partial differentiable on 1st-1st coordinate in wuyg.
Then pdiff1(f1,1) + pdiffi(f2,1) is partially differentiable in uy w.r.t.
1 and partdiff (pdiff1(f1,1) + pdiffl(f2,1),up, 1) = hpartdiff11(f1,ug) +
hpartdiff11( fa, up).
(47) Suppose that
(i)  f1 is partial differentiable on 1st-2nd coordinate in wug, and
(ii)  fo is partial differentiable on 1st-2nd coordinate in ug.
Then pdiff1(f1,1) + pdiffl(fa2,1) is partially differentiable in wgy w.r.t.
2 and partdiff (pdiff1(fi,1) + pdiff1(fa, 1), uo,2) = hpartdiff12(fi1,ug) +
hpartdiff12( fa, uo).
(48) Suppose that
(i) f1 is partial differentiable on 1st-3rd coordinate in g, and
(ii)  fo is partial differentiable on 1st-3rd coordinate in wuy.
Then pdiff1(f1,1) + pdiffi(f2,1) is partially differentiable in ug w.r.t.
3 and partdiff (pdiff1(f1,1) + pdiff1(fo, 1), u0,3) = hpartdiff13(fi,uo) +
hpartdiff13( fa, uo).
(49) Suppose that
(i)  f1 is partial differentiable on 2nd-1st coordinate in wug, and
(ii)  fo2 is partial differentiable on 2nd-1st coordinate in ug.
Then pdiff1(f1,2) + pdiffi(f2,2) is partially differentiable in uy w.r.t.
1 and partdiff (pdiff1( fi,2) + pdiffl(fa,2),uo, 1) = hpartdiff21(fi,uo) +
hpartdiff21( fa, uo).
(50) Suppose that
(i)  fi1 is partial differentiable on 2nd-2nd coordinate in ug, and
(ii)  fo is partial differentiable on 2nd-2nd coordinate in wy.
Then pdiff1(f1,2) + pdiffl(f2,2) is partially differentiable in up w.r.t.
2 and partdiff (pdiff1(f1,2) + pdiff1(f2,2),uo,2) = hpartdiff22(f1,uo) +
hpartdiff22( fa, ug).
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(51) Suppose that
(i)  f1 is partial differentiable on 2nd-3rd coordinate in ug, and
(ii)  fo is partial differentiable on 2nd-3rd coordinate in wug.
Then pdiff1(f1,2) + pdiffi(f2,2) is partially differentiable in uy w.r.t.
3 and partdiff (pdiff1(fi,2) + pdiff1(fa,2),up,3) = hpartdiff23(f1,ug) +
hpartdiff23( fa, ugp).
(52) Suppose that
(i)  f1 is partial differentiable on 1st-1st coordinate in ug, and
(ii)  fa is partial differentiable on 1st-1st coordinate in uyg.
Then pdiff1(f1,1) — pdiffl(fa2,1) is partially differentiable in ug w.r.t.
1 and partdiff (pdiff1(fi,1) — pdiff1(f2,1),u0,1) = hpartdiffl1(fi,uo) —
hpartdiff11( fa, up).
(53) Suppose that
(i)  f1 is partial differentiable on 1st-2nd coordinate in ug, and
(ii)  f2 is partial differentiable on 1st-2nd coordinate in ug.
Then pdiff1(fi,1) — pdiffi(f2,1) is partially differentiable in uy w.r.t.
2 and partdiff (pdiff1(f;,1) — pdiffl(fa, 1), ug,2) = hpartdiff12(f1,up) —
hpartdiff12( fa, ug).
(54) Suppose that
(i)  fi1 is partial differentiable on 1st-3rd coordinate in ug, and
(ii)  fo is partial differentiable on 1st-3rd coordinate in ug.
Then pdiff1(f1,1) — pdiffl(fa2,1) is partially differentiable in ug w.r.t.
3 and partdiff (pdiff1(fi,1) — pdiffl(fa,1),up,3) = hpartdiff13(f1,ug) —
hpartdiff13( fz, uo).
(55) Suppose that
(i)  f1 is partial differentiable on 2nd-1st coordinate in ug, and
(ii)  f2 is partial differentiable on 2nd-1st coordinate in ug.
Then pdiff1(f1,2) — pdiffl(f2,2) is partially differentiable in uy w.r.t.
1 and partdiff (pdiff1(f1,2) — pdiff1(f2,2),uo, 1) = hpartdiff21(f1,u) —
hpartdiff21( fa, ug).
(56) Suppose that
(i)  f1 is partial differentiable on 2nd-2nd coordinate in ug, and
(ii)  fa is partial differentiable on 2nd-2nd coordinate in wy.
Then pdiff1(f1,2) — pdiffi(f2,2) is partially differentiable in ug w.r.t.
2 and partdiff (pdiff1(f1,2) — pdiff1(fa,2),up,2) = hpartdiff22(f1,ug) —
hpartdiff22( fa, ug).
(57) Suppose that
(i)  fi is partial differentiable on 2nd-3rd coordinate in ug, and
(ii)  f2 is partial differentiable on 2nd-3rd coordinate in wug.
Then pdiff1(f1,2) — pdiffl(f2,2) is partially differentiable in uy w.r.t.
3 and partdiff (pdiff1(f1,2) — pdiff1(f2,2),u0,3) = hpartdiff23(fi,ug) —
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hpartdiff23( fa, ug).

(58) Suppose f is partial differentiable on 1st-1st coordinate in wg.
Then r pdiffi(f,1) is partially differentiable in uy w.r.t. 1 and
partdiff (r pdiff1(f,1),up,1) = r - hpartdiff11( f, uo).

(59) Suppose f is partial differentiable on 1st-2nd coordinate in wg.
Then r pdiff1(f,1) is partially differentiable in oy w.r.t. 2 and
partdiff (r pdiff1(f,1),up,2) = r - hpartdiff12(f, uo).

(60) Suppose f is partial differentiable on 1st-3rd coordinate in wy.
Then r pdiffl(f,1) is partially differentiable in o w.r.t. 3 and
partdiff (r pdiff1(f, 1), uo,3) = r - hpartdiff13(f, ug).

(61) Suppose f is partial differentiable on 2nd-1st coordinate in wy.
Then r pdiffl(f,2) is partially differentiable in uy w.rt. 1 and
partdiff (r pdiff1(f,2), up,1) = r - hpartdiff21( f, ug).

(62) Suppose f is partial differentiable on 2nd-2nd coordinate in wg.
Then r pdiffl(f,2) is partially differentiable in uy w.rt. 2 and
partdiff (r pdiff1(f,2), ug,2) = r - hpartdiff22( f, ug).

(63) Suppose f is partial differentiable on 2nd-3rd coordinate in wg.
Then r pdiffl(f,2) is partially differentiable in uy w.r.t. 3 and
partdiff (r pdiff1(f,2), ug,3) = r - hpartdiff23( f, ug).

(64) Suppose f is partial differentiable on 3rd-1st coordinate in wg.
Then r pdiffi(f,3) is partially differentiable in uy w.rt. 1 and
partdiff (r pdiff1(f,3), ug,1) = r - hpartdiff31(f, ug).

(65) Suppose f is partial differentiable on 3rd-2nd coordinate in wg.
Then r pdiffl(f,3) is partially differentiable in uy w.r.t. 2 and
partdiff (r pdiff1(f,3), up, 2) = r - hpartdiff32( f, uo).

(66) Suppose f is partial differentiable on 3rd-3rd coordinate in wy.
Then r pdiff1(f,3) is partially differentiable in wy w.r.t. 3 and
partdiff (r pdiff1(f,3), ug,3) = r - hpartdiff33(f, uo).

(67) Suppose that

(i)  fi1 is partial differentiable on 1st-1st coordinate in ug, and

(ii)  fo2 is partial differentiable on 1st-1st coordinate in wug.

Then pdiff1(f1,1) pdiff1(f2, 1) is partially differentiable in ug w.r.t. 1.

(68) Suppose that

(i)  f1 is partial differentiable on 1st-2nd coordinate in wug, and

(ii)  fo is partial differentiable on 1st-2nd coordinate in ug.

Then pdiffl1(f1, 1) pdiffl(fs,1) is partially differentiable in ug w.r.t. 2.

(69) Suppose that

(i)  fi1 is partial differentiable on 1st-3rd coordinate in ug, and

(ii)  fa is partial differentiable on 1st-3rd coordinate in .

Then pdiffl1(fi1, 1) pdiffl(fs,1) is partially differentiable in ug w.r.t. 3.
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(70) Suppose that
(i)  f1 is partial differentiable on 2nd-1st coordinate in ug, and
(ii)  f2 is partial differentiable on 2nd-1st coordinate in wug.
Then pdiff1(fi1,2) pdiffl(fs,2) is partially differentiable in ug w.r.t. 1.
(71) Suppose that
(i)  f1 is partial differentiable on 2nd-2nd coordinate in ug, and
(ii)  fo2 is partial differentiable on 2nd-2nd coordinate in wy.
Then pdiff1(f1,2) pdiffl(fs,2) is partially differentiable in ug w.r.t. 2.

(72) Suppose that

(i)  fi is partial differentiable on 2nd-3rd coordinate in ug, and
(ii)  f2 is partial differentiable on 2nd-3rd coordinate in wug.
Then pdiffl1(f1,2) pdiffl(fs,2) is partially differentiable in up w.r.t. 3.

(73) Suppose that

(i)  fi is partial differentiable on 3rd-1st coordinate in ug, and
(ii)  fo is partial differentiable on 3rd-1st coordinate in wp.
Then pdiff1(f1,3) pdiffl(fs,3) is partially differentiable in up w.r.t. 1.

(74) Suppose that

(i)  fi is partial differentiable on 3rd-2nd coordinate in ug, and
(ii)  fo is partial differentiable on 3rd-2nd coordinate in wug.
Then pdiff1(f1,3) pdiffl(fe,3) is partially differentiable in ug w.r.t. 2.

(75) Suppose that

(i)  fi is partial differentiable on 3rd-3rd coordinate in ug, and
(ii)  fo is partial differentiable on 3rd-3rd coordinate in ug.
Then pdiff1(f1,3) pdiffl(fs,3) is partially differentiable in up w.r.t. 3.

(76) Let ug be an element of R3. Suppose f is partial differentiable on
Ist-1st coordinate in wp. Then SVF1(1, pdiff1(f,1),up) is continuous in
(proj(1,3))(uo)-

(77) Let ug be an element of R3. Suppose f is partial differentiable on
1st-2nd coordinate in wy. Then SVF1(2, pdiff1(f,1),uo) is continuous in
(proj(2,3))(uo)-

(78) Let ug be an element of R3. Suppose f is partial differentiable on
1st-3rd coordinate in up. Then SVF1(3, pdiff1(f,1),up) is continuous in
(proj(3,3))(uo).

(79) Let ug be an element of R3. Suppose f is partial differentiable on
2nd-1st coordinate in ug. Then SVF1(1, pdiffl(f,2),up) is continuous in
(proj(1,3))(uo)-

(80) Let ug be an element of R3. Suppose f is partial differentiable on
2nd-2nd coordinate in ug. Then SVF1(2, pdiff1(f,2),up) is continuous in
(proj(2,3))(uo)-
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(81) Let ug be an element of R>. Suppose f is partial differentiable on

2nd-3rd coordinate in ug. Then SVF1(3, pdiff1(f,2), uo) is continuous in
(proj (37 3))(”0)

(82) Let ug be an element of R3®. Suppose f is partial differentiable on

3rd-1st coordinate in ug. Then SVF1(1, pdiff1(f,3),u) is continuous in
(proj(1,3))(uo)-

(83) Let ug be an element of R3. Suppose f is partial differentiable on

3rd-2nd coordinate in ug. Then SVF1(2, pdiff1(f,3),uo) is continuous in
(proj(2,3))(uo)-

(84) Let ug be an element of R3. Suppose f is partial differentiable on

=~

3rd-3rd coordinate in ug. Then SVF1(3, pdiffl(f,3),up) is continuous in
(proj(3,3))(uo)-
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