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Summary. In this article, we give several differentiation and integrability
formulas of special and composite functions including trigonometric function, and
polynomial function.
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The terminology and notation used here have been introduced in the following
articles: [12], [13], [2], [3], (9], 1], (6], [11], [14], [4), (18], [7], [8], [5], [19], [10],
[16], [17], and [15].

For simplicity, we use the following convention: a, x are real numbers, n is an
element of N, A is a closed-interval subset of R, f, h, f1, fo are partial functions
from R to R, and Z is an open subset of R.

The following propositions are true:

(1) Suppose that
(i) ACZ
(ii) f ~ (the function sin)l(the function cos)’
(iii) Z C dom((the function In) -(the function tan)),
)
)

Z = dom f, and
f is continuous on A.

(iv
(v
Then /f(m)dx = ((the function In) - (the function tan))(sup A) — ((the

A

function In) - (the function tan))(inf A).
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(2) Suppose that
(

) AcCz,
. - 1
(ii) f=- (the function sin) (the function cos)’
(ili) Z C dom((the function In) -(the function cot)),
(iv) Z =dom f, and
(v)  fis continuous on A.

Then /f(a:)da: = ((the function In) -(the function cot))(sup A) — ((the
A

function In) -(the function cot))(inf A).
(3) Suppose that
i) ACZ,
i f = 2 ((the function exp) (the function sin)),
7 C dom((the function exp) ((the function sin)—(the function cos))),
Z = dom f, and
f is continuous on A.

Then / f(x)dx = ((the function exp) ((the function sin)—(the func-
A

<~
¢ T
—

=

—~
—~ —
< =
— .
— N

tion cos)))(sup A) — ((the function exp) ((the function sin)—(the function
cos)))(inf A).

(4) Suppose that

i) ACZ,

ii) f = 2((the function exp) (the function cos)),

(iii) Z C dom((the function exp) ((the function sin)+(the function cos))),

) Z =dom f, and
)

f is continuous on A.

Then / f(z)dz = ((the function exp) ((the function sin)+(the func-
A

tion cos)))(sup A) — ((the function exp) ((the function sin)+(the function
cos)))(inf A).

(5) Suppose A C Z = dom((the function cos)—(the function sin))
and (the function cos)—(the function sin) is continuous on A.
Then /((the function cos) — (the function sin))(z)dr = ((the function

A

sin)+(the function cos))(sup A) — ((the function sin)+(the function
cos))(inf A).
(6) Suppose A C Z = dom((the function cos)+(the function sin))

and (the function cos)+(the function sin) is continuous on A.

Then /((the function cos) + (the function sin))(x)dz = ((the function

A
sin)—(the function cos))(sup A) — ((the function sin)—(the function

cos))(inf A).
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1y (the function sin)+(the function cos)
(7) Suppose Z C dom((—3) the fmzction = ). Then

(1) (_l) (the function sin)—{—(the function cos)
2 the function exp
(ii) for every x such that x € Z holds
((_l) (the function sin)—&—(the function cos) )/ (x) __ (the function sin)(z)
2 the function exp ¥4 (the function exp)(z) "

(8) Suppose that
ACZ

is differentiable on Z, and

<~
e

f= the function sin
~ the function exp’

)
)
(111) ZC dom((—%) (the function sin)+(the function cos) )’
)
)

the function exp
Z = dom f, and

f is continuous on A.
(the function sin) 4 (the function cos)

1
Th dxr = —— A)—
enA/f(m) z=(( 2) the function exp )(sup 4)
((_1) (the function sin) +.(the function cos) \(inf A).
2 the function exp
the functi in)—(the function
(9) Suppose Z C dom(j (et sne e o ) Then
(i) 1 (the funmfﬁ; Sflfgc_t%};eei;nmon <os) is differentiable on Z , and
(ii) for every x such that x € Z holds
(l (the function sin)—(the function cos) )/ ( ) __ (the function cos)(xz)
2 the function exp ¥4 (the function exp)(z) "
(10) Suppose that
(i) ACZ
e he functi
(i) f = fhe funtion coe
1 (the function sin)—(the function cos)
(111) Z < dOIIl(§ the function exp )’
(iv) Z =dom f, and
(v)  fis continuous on A.
1 (the function sin) — (the function cos)
Th de = (= A) —
e A/f(m) o <2 the function exp )(sup 4)

1 (the function sin) — (the function cos)

inf A).
(2 the function exp )(inf 4)

(11) Suppose that
(i) Acz,

—

)
) f = (the function exp) ((the function sin)+(the function cos)),
(iii) Z C dom((the function exp) (the function sin)),
) Z =dom f, and

)

f is continuous on A.

Then /f(x)dm = ((the function exp) (the function sin))(sup A) — ((the
A

function exp) (the function sin))(inf A).

(12) Suppose that
(i) ACZ,
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= (the function exp) ((the function cos)—(the function sin)),
C dom((the function exp) (the function cos)),
= dom f, and

is continuous on A.

Then /f(ac)d:c = ((the function exp) (the function cos))(sup A) — ((the
A

function exp) (the function cos))(inf A).
(13) Suppose that

i)y ACZ,
(i) f=07
the function sin _1
(111) f = f"n};i(m - (the funlcdt?on cos)z’
(iv) ZC dom(é (the function tan)),
(v) Z =dom f, and
(vi)  f is continuous on A.

1
Then /f(:n)dw = (@ (the function tan))(sup A) — (é (the function

A
tan))(inf A).
(14) Suppose that
(i) ACZ,
the function cos 1
T — _ the function sin _ id
(11) f=- fi (the funthion sin)?’
(i)  f1 =02
(iv) ZC dom(é (the function cot)),
(v) Z =dom f, and
(vi)  f is continuous on A.

1
Then /f(x)dx = (@ (the function cot))(sup 4) — (é (the function

A
cot))(inf A).

(15) Suppose that

(i) AcCz

(ii) f — :::255% the func_tion In -

z (the function cos)

(ili) Z C dom((the function In) (the function tan)),
(iv) Z =dom f, and

(v)  fis continuous on A.

Then /f(x)da: = ((the function In) (the function tan))(sup A) — ((the
A

function In) (the function tan))(inf A).

(16) Suppose that
i) ACZ,

the function cos

(ii) f — _the function sin __ the function In
idz (the function sin

)27
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(ili) Z C dom((the function In) (the function cot)),
(iv) Z =dom f, and

(v)  fis continuous on A.

Then /f(:c)dac = ((the function In) (the function cot))(sup A) — ((the
A

function In) (the function cot))(inf A).

(17) Suppose that
i) AcCz,
(11 f _ the function tan the function In
idz (the function cos)?’

)
)
(iii) Z C dom((the function In) (the function tan)),
)
)
)

Z C dom (the function tan),
Z = dom f, and
f is continuous on A.

Then /f(:c)da: = ((the function In) (the function tan))(sup A) — ((the
A

function In) (the function tan))(inf A).

(18) Suppose that
(i) ACZ,

(li f _ the function cot _ _ the function In
idz (the function sin)?’

)
)
(ili) Z C dom((the function In) (the function cot)),
) Z C dom (the function cot),
) Z =dom f, and

)

f is continuous on A.

Then /f(x)d:z: = ((the function In) (the function cot))(sup A) — ((the
A

function In) (the function cot))(inf A).
(19) Suppose that

(i) ACZ
(ii)  for every x such that x € Z holds fi(x) =1,
(111) f _ the funcit(i(;n arctan + the l}lirjfl%gn ln7
(iV) Zg]_lal[a
(v) Z =dom f, and
(vi)  f is continuous on A.

Then /f(:v)dx = ((the function In) (the function arctan))(sup A) — ((the
A

function In) (the function arctan))(inf A).

(20) Suppose that
i)y AcCZ,

(ii)  for every x such that x € Z holds f1(z) =1,
(111) f __ the function arccot _ the function In
o idz [EEN )
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(v) ZC]-L1]
(v) Z =dom f, and

(vi)  f is continuous on A.

Then / f(x)dx = ((the function In) (the function arccot))(sup A) — ((the
A

function In) (the function arccot))(inf A).

(21) Suppose A C Z and f= (the function exp)-(the function tan) and Z = dom f

(the function cos)?

and f is continuous on A. Then / f(x)dx = ((the function exp) -(the

A
function tan))(sup A) — ((the function exp) -(the function tan))(inf A).
(22> Suppose A C Z and f __ __ (the function exp)-(the function cot) and 7 — dOIIlf

(the function sin)?2

and f is continuous on A. Then / f(z)dz = ((the function exp) -(the
A

function cot))(sup A) — ((the function exp) -(the function cot))(inf A).

(23) Suppose Z C dom((the function exp) -(the function cot)). Then
(i) —(the function exp) - (the function cot) is differentiable on Z, and

(ii)  for every x such that x € Z holds (—(the function exp) - (the function

/ __ (the function exp)((the function cot)(z))
COt)) \Z (.’IJ) - (the function sin)(z)2 )

(24) Suppose AC Z and f= (the function exp)-(the function cot) and Z = dom f and

(the function sin)?

f is continuous on A. Then /f(x)d:n = (—(the function exp) -
A

(the function cot))(sup A) — (—(the function exp) - (the function cot))(inf A).

(25) Suppose that
i) ACZ

— 1
f "~ idz ((the function cos)-(the function In))2’
Z C dom((the function tan) -(the function In)),

Z =dom f, and
f is continuous on A.

Then /f(x)da: = ((the function tan) -(the function In))(sup A) — ((the function
A

—~
S~
o T

ey

=

—~
—~ —
< =

. .
~— — — ~— ~—

tan) -(the function In))(inf A).
(26) Suppose that

G) Acz
. o 1
(H) f=- idz ((the function sin)-(the function In))2°
(iii) Z C dom((the function cot) -(the function In)),
(iv) Z =dom f, and
(v)  f is continuous on A.
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Then /f(:v)dac = ((the function cot) -(the function In))(sup A) — ((the function
A

cot) -(the function In))(inf A).

(27) Suppose Z C dom((the function cot) -(the function In)). Then
(i)  —(the function cot) - (the function In) is differentiable on Z, and

(ii)  for every z such that x € Z holds (—(the function cot) - (the function
— 1
ln)),fZ (:IJ) ~ z-(the function sin)((the function In)(z))2"

(28) Suppose that
G) Acz
. 1
(11) f ~ 1d ((the function sin)-(the function In))2 ’
(ili)) Z C dom((the function cot) -(the function In)),
)
)

Z = dom f, and

f is continuous on A.

Then /f(m)d:z = (—(the function cot) - (the function In))(sup A) — (—(the
A

function cot) - (the function In))(inf A).

(29) Suppose that

i) Acz

.. f _ the function exp

((H " ((the function cos)-(the function exp))2’
111

Z C dom((the function tan) -(the function exp)),
( Z = dom f, and

f is continuous on A.

Then /f(a:)d:n = ((the function tan) -(the function exp))(sup A) — ((the func-
A

iv
(v

~— — — — ~—

tion tan) -(the function exp))(inf A).

(30) Suppose that
Q) AcCz,
(-- f _ the function exp
u " ((the function sin)-(the function exp))2’

)
)
iii) Z C dom((the function cot) -(the function exp)),
)
)

Z = dom f, and
f is continuous on A.

Then / f(x)dx = ((the function cot) -(the function exp))(sup A)—((the function
A

cot) -(the function exp))(inf A).

(31) Suppose Z C dom((the function cot) -(the function exp)). Then
(i)  —(the function cot) - (the function exp) is differentiable on Z, and

(ii)  for every x such that x € Z holds (—(the function cot) - (the function
/ _ (the function exp)(z)
exp)) 1z (J?) " (the function sin)((the function exp)(z))2"

(32) Suppose that
i) ACZ

135
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the function exp
( he function sin)-(the function exp))2?’

C dom((the function cot) -(the function exp)),
= dom f, and

f is continuous on A.

Then /f x)dx = (—(the function cot) - (the function exp))(sup A) — (—(the

funct{on cot) - (the function exp))(inf A).
(33) Suppose that
ACZ,
for every x such that x € Z holds f(z) = — L

2.(the function cos)(z 1)2>

)
)
(iii)) Z C dom((the function tan) -é),
)  Z =dom f, and

)

is continuous on A.

f
Then /f(a:)dx = ((the function tan) -é)(supA) — ((the function tan)

) A
i, ) (inf A).
(34) Suppose Z C dom((the function tan) %) Then
(i)  —(the function tan) - d—Z is differentiable on Z, and
(i)  for every x such that = € Z holds (—(the function tan) - é)’rz(x) =

1
2.(the function cos)(: 1y2-

(35) Suppose that
i) ACZ,
for every x such that = € Z holds f(x) = L

z2-(the function cos)(%)z’

)
)
(iii)) Z C dom((the function tan) -é),
)  Z =dom f, and

) f is continuous on A.

1
Then/f )dx = (—(the function tan) - ) —)(sup A) — (—(the function
dz

tan) - ; )(mf A).
(36) Suppose that
G) Acz
for every x such that =z € Z holds f(x) = L

x2-(the function sin)(ll,)z’

)
)
(iii) Z C dom((the function cot) -é),
) Z =dom f, and

)

is continuous on A.

f
Then /f(x)das = ((the function cot) ~é)(supA) — ((the function cot)

A
a)(inf A).
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(37) Suppose that A C Z and for every x such that z 6 Z holds fi(x) =1
and (the function arctan)(z) > 0 and f = TPy e functlon —m and Z C
]-1,1] and Z C dom((the function In) -(the function arctan)) and Z = dom f

and f is continuous on A. Then / f(z)dx = ((the function In) -(the function

A
arctan))(sup A) — ((the function In) -(the function arctan))(inf A).

(38) Suppose that A C Z and f =n (Dnil)'thjﬁfiﬁ;mn arctat and for every x such
that € Z holds fi(x) =1 and Z C |]—1,1] and Z C dom((J") - the function

arctan) and Z = dom f and f is continuous on A. Then /f(x)dx = ((O@") - the

A
function arctan)(sup A) — ((") - the function arctan)(inf A).

(39) Suppose that A C Z and for every z such that z € Z holds fi(z) = 1 and

f=-n (Dn_l)'thjclfirgzﬂon arce®t and Z C ]—1,1[ and Z C dom(((J") - the function

arccot) and Z = dom f and f is continuous on A. Then /f(x)d:v = ((O@") - the

A
function arccot)(sup A) — ((O") - the function arccot)(inf A).

(40) Suppose Z C dom((J") - the function arccot) and Z C ]—1,1[. Then
(i)  —(O") - the function arccot is differentiable on Z, and
(ii)  for every z such that € Z holds (—(0") - the function arccot)|,(z) =

n-(the function arccot)(z)?~1

1+22
(41) Suppose that A C Z and for every z such that z € Z holds fi(z) = 1
and f — (I:ITL 1)thjclfinmcztlon arccot and Z C ]_171[ and Z C dom((D”) . the

function arccot) and Z = dom f and f is continuous on A. Then / f(x)dx =

A
(—(O") - the function arccot)(sup A) — (—(d") - the function arccot)(inf A).

(42) Suppose that A C Z and for every z such that z € Z holds fi(z) = 1 and

f = the f‘”}if“ arctan and Z C |—1,1[ and Z C dom((0J?) - the function arctan)

1
and Z = dom f and f is continuous on A. Then /f(x)da: = (5 (%) - the

A
function arctan))(sup A) — (3 ((O2) - the function arctan))(inf A4).

(43) Suppose that A C Z and for every z such that x € Z holds fi(z) = 1 and

f=—te fu?fion arccot and Z C ]—1,1[ and Z C dom(((J?) - the function arccot)

1
and Z = dom f and f is continuous on A. Then /f(x)da: = (5 ((0?) - the

function arccot))(sup A) — (4 ((O?) - the function arccot))(inf A).

(44) Suppose Z C dom((?) - the function arccot) and Z C ]—1,1[. Then
(i) —3 ((0%) - the function arccot) is differentiable on Z, and
(ii)  for every x such that = € Z holds

137
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(—3 ((O?) - the function arccot));(z) = (the func?iizamwt)(x).
(45) Suppose that A C Z and for every z such that =z € Z holds

fi(z) = 1 and f = the fu?cﬁ%gamot and Z C ]-1,1] and Z C

dom((0J?) - the function arccot) and Z = domf and f is continu-
1
ous on A. Then /f(:r)dac = (—5((D2)-the function arccot))(sup A) —
A

(—% ((DZ) - the function arccot))(inf A).
(46) Suppose that
(

AC Z,

—

(ii)  for every z such that x € Z holds fi(x) =1,
i) f = (the function arctan)—%%,

)
)
)
iv)  ZC]-1,1],
)
)

(i
(v) Z =dom f, and
(vi)  f is continuous on A.
Then /f(x)dx = (idz the function arctan)(sup A) — (idzthe function
A
arctan)(inf A).
(47) Suppose that
(i) ACZ,
(ii)  for every x such that x € Z holds fi(z) =1,
(iii)  f = (the function arccot)—flliizw,
(v) ZC]-1,1]
(v) Z =dom f, and
(vi)  f is continuous on A.
Then /f(:n)d:n = (idz the function arccot)(sup A) — (idzthe function
A
arccot)(inf A).
uppose that
(48) Supp h
i) ACZ
() ZC]-11]
he function exp)-(the function arctan
(iii) f = (thefunetion ey fntion aretan),
(iv) for every x such that z € Z holds fi(z) =1,
(v) Z =dom f, and
(vi)  f is continuous on A.

Then /f(x)d:c = ((the function exp) -(the function arctan))(sup A) — ((the
A

function exp) -(the function arctan))(inf A).
(49) Suppose that
i) ACZ
(i) Z C|-1,1],
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f ____ (the function exp)-(the function arccot)
o f1+P2 ’
for every x such that = € Z holds fi(x) =1,

)
)

(v) Z =dom f, and
)

f is continuous on A.

Then /f(x)dm = ((the function exp) -(the function arccot))(sup A) — ((the
A

function exp) -(the function arccot))(inf A).
(50) Suppose Z C dom((the function exp) -(the function arccot)) and Z C |—1,1].
Then
(i)  —(the function exp) - (the function arccot) is differentiable on Z, and
(ii)  for every z such that x € Z holds (—(the function exp) - (the function

arccot))'rz (1,) _ (the function exp)((lthezfunction arccot)(z))
+x ’
(51) Suppose that
i)y ACZ
(i) zZcC]-1,1]
__ (the function exp)-(the function arccot
(i) f= ( f) ( e )
1+ ’
(iv)  for every x such that x € Z holds fi(x) =1,
(v) Z =dom f, and
vi is continuous on A.
(vi) f
Then /f(x)dx = (—(the function exp) - (the function arccot))(sup A) —
A

(—(the function exp) - (the function arccot))(inf A).
(52) Suppose that A C Z C dom((the function In) -(f; + f2)) and f = fi(—iszz and
fo = [0? and for every z such that x € Z holds fi(z) =1 and Z = dom f and f

is continuous on A. Then /f(x)dx = (% ((the function In) -(f1 + f2)))(sup A) —

A
(% ((the function In) -(f1 + f2)))(inf A).
(53) Suppose that A C Z C dom((the function In) -(fi + f2)) and f = ;7% and
for every x such that x € Z holds h(z) = £ and fi(z) =1 and a # 0 and fo =

(0%) - h and Z = dom f and f is continuous on A. Then /f(q:)dx = (% ((the

A
function In) -(f1 + f2)))(sup A) — (5 ((the function In) -(f1 + f2)))(inf A).
(54) Suppose Z C dom(é the function arctan) and Z C ]—1,1[. Then
(1) —é the function arctan is differentiable on Z, and

(ii)  for every z such that z € Z holds (—é the function arctan)j,(z) =

(the function arctan)(z)

1
z2 z-(1+22) "
(55) Suppose Z C dom(diz the function arccot) and Z C |—1,1[. Then

i

(i) —é the function arccot is differentiable on Z, and
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(i)

(the function arccot)(

for every z such that x € Z holds (—é the function arccot)|,(z) =
x) 1
+

2 z-(1+z2)"

(56) Suppose that A C Z and for every x such that z € Z holds fi(z) = 1 and

the function arctan 1

idz

f = e ~ (f11+D2) and Z C dom(z;= the function arctan) and
Z

C ]-1,1[ and Z = dom f and f is continuous on A. Then /f(x)da: =
A

1 1
(——— the function arctan)(sup 4) — (_E the function arctan)(inf A).
z

az

(57) Suppose that A C Z and for every z such that z € Z holds fi(z) = 1 and

f=
A

+ 11, (f11+D2) and Z C dom(é the function arccot) and

the function arccot
2

C ]-1,1[ and Z = dom f and f is continuous on A. Then /f(x)da: =
A

1 1
(_T the function arccot)(sup A) — (—d— the function arccot)(inf A).
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