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Summary. In this article, we give several integrability formulas of some
functions including the trigonometric function and the index function [3]. We
also give the definitions of the orthogonal polynomial and norm function, and
some of their important properties [19)].
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The terminology and notation used here are introduced in the following articles:
[10], [21], [17], [6], [20], 1], [9], [13], [2], [4], [18], [15], [5], 8], [11], [14], [12], [16],
and [7].

For simplicity, we use the following convention: r, p, x denote real numbers,
n denotes an element of N, A denotes a closed-interval subset of R, f, g denote
partial functions from R to R, and Z denotes an open subset of R.

We now state a number of propositions:

(1) —(the function exp) - ((—1)0+0) is differentiable on R and for every x
holds (—(the function exp) - ((—1)0+0))g(x) = exp(—x).
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(2) /((the function exp) - ((—1)0+0))(z)dx = —exp(—sup A)+exp(—inf A).

A
(3) % ((the function exp) -(20+0)) is differentiable on R and for every
holds (% ((the function exp) -(20+40))) (g (x) = exp(2 - z).

(4)

e

1 1
((the function exp) - (20+4-0))(x)dx = 5-exp(2-sup A)—i-exp(zinf A).

(5) Suppose r # 0. Then 1 ((the function exp) -(r0+0)) is differentiable on
R and for every z holds (2 ((the function exp) -(r0+0))) g (2) = exp(r-z).

—

(6) Ifr #0,then /((the function exp) - (rd+0))(z)dz =
A

S|

-exp(r-sup A) —

Ly exp(r - inf A).
,
1 1
(7) /((the function sin) - (2040))(z)dx = (—5)'008(2'511[) A)—(—i)-cos(l
A
inf A).

(8) Suppose n # 0. Then (—2) ((the function cos) -(n(+0)) is differentiable
on R and for every z holds ((—1) ((the function cos) -(n0+0))) (g (x) =
sin(n - x).

(9) If n # 0, then /((the function sin) - (n0+40))(z)dx = (—%) - cos(n -

1 A
sup A) — (_E) -cos(n - inf A).

(10) & ((the function sin) -(200+0)) is differentiable on R and for every z holds
(3 ((the function sin) -(20+0))) (g (x) = cos(2 - x).

(11) /((the function cos) - (204-0))(x)dx = %-sin(lsup A)—%-sin(linf A).
A

(12) Suppose n # 0. Then + ((the function sin) -(n[J+0)) is differentiable on
R and for every x holds ( ((the function sin) +(n0+0))) g (x) = cos(n-x).

1
(13) Ifn #0, then /((the function cos) - (nO0+0))(x)dx = - -sin(n-sup A) —
A

1
- sin(n - inf A)

(14) If AC Z, then /(idz (the function sin))(z)dx = ((—sup A) - cossup A +
A
sinsup A) — ((—inf A) - cosinf A + sininf A).

(15) If A C Z, then /(idZ (the function cos))(x)dx = (sup A - sinsup A +

A
cossup A) — (inf A - sininf A + cosinf A).
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(16) idz (the function cos) is differentiable on Z and for every z such that
x € Z holds (idz (the function cos))|,(x) = cosz — z - sinz.
(17)(i) —the function sin + idz (the function cos) is differentiable on Z, and
(ii) for every x such that x € Z holds (—the function sin+idz (the function
cos))iz(r) = —x - sinz.

(18) If AC Z, then /((—idz) (the function sin))(z)dr = (—sinsup A+sup A-

A
cossup A) — (—sininf A + inf A - cosinf A).

(19)(1) —the function cos — idy (the function sin) is differentiable on Z, and
(ii) for every x such that € Z holds (—the function cos—id (the function
sin))}(r) = —x - cosz.

(20) If AC Z, then /((—idZ) (the function cos))(z)dxr = —cossup A—sup A-

A
sinsup A — (—cosinf A — inf A - sininf A).

(21) If A C Z, then /((the function sin) 4 idz (the function cos))(z)dz =
A
sup A - sinsup A — inf A - sininf A.
(22) If A C Z, then /(—the function cos + idy (the function sin))(z)dz =
A
(—sup A) - cossup A — (—inf A) - cosinf A.
(23) /((1D+O) (the function exp))(z)dr = exp(sup A — 1) — exp(inf A — 1).
A

‘H

(24)

%>!@%WM=HL;mww“—ahwmmwﬁ

- (O"*1) is differentiable on R and for every z holds (n%rl (D”*l))’m(:v)

)
+

(26) For all partial functions f, g from R to R and for every non empty subset
CofRholds (f—g)1C=f1C—-g]C.

(27) For all partial functions fi, fa, g from R to R and for every non empty
subset C' of R holds ((f1+ f2) [C) (g 1 C)=(fig+ fa9) | C.

(28) For all partial functions fi, fa, g from R to R and for every non empty
subset C' of R holds ((f1 — f2) [C) (g C)=(fig— fa9) | C.

(29) For all partial functions f1, fa, g from R to R and for every non empty
subset C' of R holds ((f1 f2) [C) (g 1C)=(fi1C)((fag) | C).

Let A be a closed-interval subset of R and let f, g be partial functions from
R to R. The functor (f,g)4 yielding a real number is defined by:

(Det. 1) (f9)a = [(f 9)(a)de.

A

13
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The following propositions are true:
(30) For all partial functions f, g from R to R and for every closed-interval
subset A of R holds (f,g)a = (g, f)A.
(31) Let fi1, f2, g be partial functions from R to R and A be a closed-interval
subset of R. Suppose that
(f19) I A is total,
(f29) I A is total,
(f19) I A is bounded,
f1 g is integrable on A,
(f29) | A is bounded, and
f2 g is integrable on A.
Then (fi + f2,9)4 = ((f1), 9)a + ((f2), 9) a-
(32) Let f1, f2, g be partial functions from R to R and A be a closed-interval
subset of R. Suppose that
(f19) I Ais total,
(f29) I A is total,
(f19) I A is bounded,
f1 g is integrable on A,
(f29) | A is bounded, and
f2 g is integrable on A.
Then (f1 — f2,9)4 = ((f1),9)a — {(f2), 9) a-
(33) Let f, g be partial functions from R to R and A be a closed-interval
subset of R. Suppose (f g)[A is bounded and f g is integrable on A and
A C dom(f g). Then (—f,g)a = —(f,9) -
(34) Let f, g be partial functions from R to R and A be a closed-interval
subset of R. Suppose (f ¢g)[A is bounded and f g is integrable on A and
A C dom(f g). Then (r f,g)a =7 (f,9)a.
(35) Let f, g be partial functions from R to R and A be a closed-interval
subset of R. Suppose (f g)[A is bounded and f g is integrable on A and
A C dom(fg). Then (r f,pgla=r-p-(f,9)a-
(36) For all partial functions f, g, h from R to R and for every closed-interval
subset A of R holds (f g,h)a = (f,gh)a.
(37) Let f, g be partial functions from R to R and A be a closed-interval
subset of R. Suppose that (f f) | Aistotaland (f g) | Aistotal and (gg) |
Ais total and (f f) [ A is bounded and (f g) | A is bounded and (g g) | A
is bounded and f f is integrable on A and f g is integrable on A and g g
is integrable on A. Then (f +g,f +g)a = (f,/)a+2-(f,9)a+ (9,9)a-
Let A be a closed-interval subset of R and let f, g be partial functions from
R to R. We say that f is orthogonal with g in A if and only if:

(Def. 2) (f, gha = 0.
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The following propositions are true:

(38) Let f, g be partial functions from R to R and A be a closed-interval
subset of R. Suppose that (f f) | A is total and (fg) [ A is total and
(gg) | Ais total and (f f) | A is bounded and (fg) | A is bounded
and (gg) | A is bounded and f f is integrable on A and f g is integrable
on A and g g is integrable on A and f is orthogonal with ¢ in A. Then
<f+gaf+g>A = <f7f>A+ <gag>A

(39) Let f be a partial function from R to R and A be a closed-interval
subset of R. Suppose (f f) [ A is total and (f f) | A is bounded and f f is
integrable on A and for every x such that x € A holds ((f f) [ A)(z) > 0.
Then (f, f)a > 0.

40) The function sin is orthogonal with the function cos in [0, 7].
41
42

43

The function sin is orthogonal with the function cos in [0, 7 - 2].

(40)
(41)
(42) The function sin is orthogonal with the function cos in [2-n-7, (2-n+1)-7].
(43) The function sin is orthogonal with the function cos in [x +2-n -7,z +
(2-n+1)-7.

(44) The function sin is orthogonal with the function cos in [—m, 7.

(45) The function sin is orthogonal with the function cos in [~3, F].

(46) The function sin is orthogonal with the function cos in [-2- 7,2 - 7.
(47) The function sin is orthogonal with the function cos in [-2-n - 7,2-n-7].
(48) The function sin is orthogonal with the function cos in [z —2-n -7,z +

2-n-m.
Let A be a closed-interval subset of R and let f be a partial function from
R to R. The functor ||f||4 yields a real number and is defined by:

(Def. 3) ||flla = V{f, F)a-

Next we state three propositions:

(49) Let f be a partial function from R to R and A be a closed-interval
subset of R. Suppose (f f) | A is total and (f f) | A is bounded and f f is
integrable on A and for every x such that x € A holds ((f f) [ A)(z) > 0.
Then 0 < || f||a.

(50) For every partial function f from R to R and for every closed-interval
subset A of R holds ||1 f|la = ||f]|a.

(51) Let f, g be partial functions from R to R and A be a closed-interval
subset of R. Suppose that (f f) | A is total and (fg) [ A is total and
(gg) | Ais total and (f f) [ A is bounded and (f g) | A is bounded and
(gg) | Ais bounded and f f is integrable on A and f g is integrable on A
and g g is integrable on A and f is orthogonal with g in A and for every x
such that z € A holds ((f f) [ A)(xz) > 0 and for every x such that z € A

holds ((gg) I A)(x) > 0. Then (||f + gll4)? = (|If]l4)? + (Ilg]l4)*.

15



16 BO LI et al.

For simplicity, we follow the rules: a, b, x are real numbers, n is an element
of N, A is a closed-interval subset of R, f, f1, fo are partial functions from R to
R, and Z is an open subset of R.

Next we state several propositions:

(52) If —a ¢ A, then ﬁ [A is continuous.
(53) Suppose that
(i) ACZ
(ii)  for every x such that x € Z holds f(z) = a+ z and f(x) # 0,
(ili) Z =dom f,
(iv) dom f = dom fo,
)
)

v and

—~

for every x such that x € Z holds fa(x) = —W,

(vi)  falA is continuous.

Then /fg(x)dx = f(sup A)~! — f(inf A)~L.
A

(54) Suppose that
) ACZ,

) for every x such that x € Z holds f(z) = a+ z and f(x) # 0,
(i) dom((-1)§) = Z,

) dom((~1) ) = dom f,

) for every x such that x € Z holds fa(z) =

)

f2] A is continuous.

ﬁ, and

Then /fg(a:)dac = —f(sup A)~! + f(inf A)~L.
A

(55) Suppose that
) ACZ,
) for every x such that x € Z holds f(z) =a—x and f(x) # 0,
) domf =27,
(iv) dom f = dom fo,
) for every z such that x € Z holds fa(z) = ﬁ, and
)

fal A is continuous.

Then /fg(x)daf = f(sup A)~! — f(inf A)~L.
A

(56) Suppose that
) ACZ,
) for every z such that x € Z holds f(z) = a+ z and f(x) > 0,
) dom((the function In) -f) = Z,
(iv)  dom((the function In) -f) = dom fa,
) for every x such that z € Z holds fa(z) = ——, and
)

a+x’
f2[ A is continuous.
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Then /fg(x)dx = In(a + sup A) — In(a + inf A).
A

Next we state a number of propositions:
(57) Suppose that

(i) ACZ,
(ii)  for every x such that € Z holds f(z) =z —a and f(x) > 0,
(ili) dom((the function In) -f) = Z,
(iv)  dom((the function In) -f) = dom fa,
(v) for every x such that « € Z holds fa(z) = -1, and

)

(vi)  f2] A is continuous.

Then /fg(x)dx =In f(sup A) — In f(inf A).
A

(58) Suppose that

(i) AcCZ

for every x such that x € Z holds f(z) =a —x and f(x) > 0,
dom(—(the function In) - f) = Z,
dom(—(the function In) - f) = dom fa,

for every x such that x € Z holds fa(x) =
f2l A is continuous.

Then /fg(a:)da? = —In(a —sup A) + In(a — inf A).
A

=
<

and

—~
<

1
a—zx’

—~
S

—~
—
o
. = .
— — — N N

(59) Suppose that A C Z and f = (the function In) -f; and for every x such
that € Z holds fi(z) =a+ 2 and fi(z) > 0 and dom(idz —a f) = Z =

dom f» and for every z such that z € Z holds fa(z) = s and falA is

continuous. Then / fo(z)dr =supA—a- f(sup A) — (inf A—a- f(inf A)).
A

(60) Suppose that A C Z and f = (the function In) - f; and for every x such
that 2 € Z holds f1(z) = a+ 2z and fi(z) > 0 and dom((2-a) f —idy) =

Z = dom fy and for every z such that x € Z holds fa(z) = 77 and fo[Ais

continuous. Then / fa(z)dz = 2-a- f(sup A)—sup A—(2-a- f(inf A)—inf A).
A

(61) Suppose that A C Z and f = (the function In) - f; and for every x such
that x € Z holds fi(z) =2 + a and fi(z) > 0 and dom(idz — (2-a) f) =

Z = dom fy and for every z such that x € Z holds fa(z) = £77 and f2[A is

continuous. Then / fo(x)dz = sup A—2-a- f(sup A)—(inf A—2-a- f(inf A)).
A

(62) Suppose that A C Z and f = (the function In) -f; and for every x such
that x € Z holds fi(z) =2 — a and fi(z) > 0 and dom(idz + (2-a) f) =
Z = dom f5 and for every x such that x € Z holds fao(x) = 1% and fo]A

r—a
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is continuous. Then /fg(x)dx =(supA+2-a-f(supA)) —(infA+2-a-
A

f(inf A)).
(63) Suppose that A C Z and f = (the function In) -f; and for every z such
that z € Z holds fi(z) =z +b and fi(z) > 0 and dom(idz + (a —b) f) =

Z = dom fo and for every z such that x € Z holds fo(z) = i—ii and folA

is continuous. Then /fg(a;)dx = (supA+ (a—0b)- f(supA)) — (inf A +

(a —b) - f(inf A)).

(64) Suppose that A C Z and f = (the function In) - f; and for every x such
that x € Z holds fi(x) =z —b and fi(z) > 0 and dom(idz + (a +b) f) =
Z = dom fo and for every z such that x € Z holds fa(z) = % and folA

is continuous. Then /fz(x)dx = (supA+ (a+0b)- f(supA)) — (inf A +
A

(a+0b)- f(inf A)).
(65) Suppose that A C Z and f = (the function In) -f; and for every z such
that € Z holds fi(z) =z +b and fi(x) > 0 and dom(idz — (a +b) f) =

Z = dom f; and for every z such that x € Z holds fo(x) = 775 and fa[A

is continuous. Then /fg(:c)dx =supA—(a+b)- f(supA)— (inf A— (a+
A

b) - f(inf A)).

(66) Suppose that A C Z and f = (the function In) - f; and for every x such
that x € Z holds fi(x) =z —b and fi(z) > 0 and dom(idz + (b—a) f) =
Z = dom fy and for every x such that x € Z holds fa(z) = 2=¢ and f>[A

is continuous. Then /fg(x)dx = (supA+ (b—a)- f(supA)) — (inf A +
A

(b —a) - f(inf A)).
(67) Suppose that
i) ACZ,
for every x such that x € Z holds f(z) = x and f(z) > 0,
dom((the function In) -f) = Z,
dom((the function In) - f) = dom fo,
for every z such that € Z holds fo(z) = 1, and
f2] A is continuous.

Then /fg(ac)dx = Insup A — Ininf A.

o~
o e
-y

=

—
—~ —
< —
. —- .
~— N~

A
(68) Suppose that
(i) Acz

(ii)  for every x such that z € Z holds = > 0,
(iii)  dom((the function In) -(O")) = Z,



(iv)
(v)
(vi)

(69)

&~
e

(70)

(71)
(i
(ii

(iii

-
<

—~

\%

— — — O~ —

(vi

(72)
(i

—~
—
—

S e
—-
—_
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dom((the function In) -(d")) = dom fa,
for every x such that x € Z holds fa(x) = 2, and
f2l A is continuous.

Then / fo(@)dz = In((sup A)") — In((inf A)™).
A

Suppose that
AC Z,
for every x such that = € Z holds f(z) = «,
dom((the function In) -1) = Z,
dom((the function In) -4) = dom fa,
for every x such that x € Z holds fa(x) = —%, and
f2l A is continuous.

Then /fg(x)dm = —Insup A + Ininf A.
A

=

Suppose that
ACZ,
for every x such that x € Z holds f(z) = a+ z and f(x) > 0,
dom(2 f%) = Z,
dom(2 f%) = dom fo,
for every x such that z € Z holds fa(z) = (a + x)%, and
falA is continuous.

2 :
Then/fg(x)d:c:§~(a+supA)%— -(a—i—ian)%.
A

Wl N

Suppose that
ACZ,
for every x such that x € Z holds f(z) = a—z and f(x) > 0,
dom((~3) f2) = Z.
dom((~3) f2) = dom fy,
for every x such that € Z holds fa(z) = (a — x)%, and
falA is continuous.

2 ,
Then/fg(x)d:c:—g-(a—supA)%—i— -(a—ian)%.
A

wl N

Suppose that
ACZ,
for every x such that x € Z holds f(z) = a+ z and f(x) > 0,
dom(2 f%) =7,
dom(2 f%) = dom fo,
for every x such that x € Z holds fa(z) = (a + x)_%, and
f2l A is continuous.

19
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Then/fg(x)d:v:l(a—l—supA)%—2-(a—|—ian)%.
A

(73) Suppose that
) ACZ,
) for every x such that x € Z holds f(z) =a —z and f(x) >0,
) dom((-2) f2) =2,
(iv)  dom((~2) f2) = dom f5,
) for every x such that € Z holds fa(x) = (a — ac)_%, and
) f2] A is continuous.
Then /fg(x)dx =-2(a— supA)% +2-(a— ian)%.
A
(74) Suppose that
i) ACZ,
(i) dom((—idy) (the function cos)+the function sin) = Z,
(ili)  for every x such that x € Z holds f(z) = = -sinz,
)
)

—=.

(iv) Z =dom f, and
(v)  flAis continuous.
Then /f(x)dx = (—sup A - cossup A + sinsup A) — (—inf A - cosinf A +
A
sininf A).
(75) Suppose A C Z and dom (the function sec) = Z and for every = such
that © € Z holds f(z) = -22%; and Z = dom f and f[A is continuous.

(cos )2

Then /f(x)dm = secsup A — secinf A.
A

(76) Suppose Z C dom(—the function cosec). Then —the function cosec
is differentiable on Z and for every x such that * € Z holds

(—the function cosec)’TZ(x) - (s‘iﬁsém

(77) Suppose A C Z and dom(—the function cosec) = Z and for every x such
that z € Z holds f(z) = (Sciﬁswagz and Z = dom f and f[A is continuous.

Then /f(a:)d:n = —cosec sup A + cosecinf A.
A
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