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Summary. The goal of this article is to prove Egoroff’s Theorem [13].
However, there are not enough theorems related to sequence of measurable func-
tions in Mizar Mathematical Library. So we proved many theorems about them.
At the end of this article, we showed Egoroff’s theorem.

MML identifier: MESFUNC8, version: 7.8.10 4.100.1011

The articles [18], [3], [15], [16], [5], [12], [22], [6], [19], [20], [8], [14], [7], [4], [17],
[1], [10], [11], [9], [21], and [2] provide the notation and terminology for this
paper.

1. Selected Properties of Functional Sequences

In this paper n, k are natural numbers, X is a non empty set, and S is a
σ-field of subsets of X.
Next we state several propositions:

(1) Let M be a σ-measure on S, F be a function from N into S, and given
n. Then {x ∈ X:

∧
k (n ≤ k ⇒ x ∈ F (k))} is an element of S.

(2) Let F be a sequence of subsets of X and n be an element of N. Then
(the superior set sequence of F )(n) =

⋃
rng(F ↑ n) and (the inferior set

sequence of F )(n) =
⋂
rng(F ↑ n).

(3) Let M be a σ-measure on S and F be a sequence of subsets of S. Then
there exists a function G from N into S such that G = the inferior set
sequence of F and M(lim inf F ) = sup rng(M ·G).
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(4) LetM be a σ-measure on S and F be a sequence of subsets of S. Suppose
M(
⋃
F ) < +∞. Then there exists a function G from N into S such that

G = the superior set sequence of F and M(lim supF ) = inf rng(M ·G).
(5) LetM be a σ-measure on S and F be a sequence of subsets of S. Suppose
F is convergent. Then there exists a function G from N into S such that
G = the inferior set sequence of F and M(limF ) = sup rng(M ·G).

(6) LetM be a σ-measure on S and F be a sequence of subsets of S. Suppose
F is convergent and M(

⋃
F ) < +∞. Then there exists a function G from

N into S such that G = the superior set sequence of F and M(limF ) =
inf rng(M ·G).
Let X, Y be sets and let F be a sequence of partial functions from X into

Y . We say that F has the same dom if and only if:

(Def. 1) rngF has common domain.

Let X, Y be sets and let F be a sequence of partial functions from X into
Y . Let us observe that F has the same dom if and only if:

(Def. 2) For all natural numbers n, m holds domF (n) = domF (m).

Let X, Y be sets. One can verify that there exists a sequence of partial
functions from X into Y which has the same dom.
Let X be a non empty set and let f be a sequence of partial functions from

X into R. The functor inf f yielding a partial function from X to R is defined
as follows:

(Def. 3) dom inf f = dom f(0) and for every element x of X such that x ∈
dom inf f holds (inf f)(x) = inf(f#x).

Let X be a non empty set and let f be a sequence of partial functions from
X into R. The functor sup f yields a partial function from X to R and is defined
by:

(Def. 4) dom sup f = dom f(0) and for every element x of X such that x ∈
dom sup f holds (sup f)(x) = sup(f#x).

Let X be a non empty set and let f be a sequence of partial functions from
X into R. The inferior real sequence of f yields a sequence of partial functions
from X into R with the same dom and is defined by the condition (Def. 5).
(Def. 5) Let n be a natural number. Then

(i) dom (the inferior real sequence of f)(n) = dom f(0), and
(ii) for every element x of X such that x ∈ dom (the inferior real sequence
of f)(n) holds (the inferior real sequence of f)(n)(x) = (the inferior real
sequence of f#x)(n).

Let X be a non empty set and let f be a sequence of partial functions from
X into R. The superior real sequence of f yields a sequence of partial functions
from X into R with the same dom and is defined by the condition (Def. 6).
(Def. 6) Let n be a natural number. Then
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(i) dom (the superior real sequence of f)(n) = dom f(0), and
(ii) for every element x of X such that x ∈ dom (the superior real sequence
of f)(n) holds (the superior real sequence of f)(n)(x) = (the superior real
sequence of f#x)(n).

One can prove the following proposition

(7) Let f be a sequence of partial functions from X into R and x be an
element of X. Suppose x ∈ dom f(0). Then (the inferior real sequence of
f)#x = the inferior real sequence of f#x.

Let X, Y be sets. We see that the sequence of partial functions from X into
Y is a function from N into X→̇Y.
Let X, Y be sets, let f be a sequence of partial functions from X into Y

with the same dom, and let n be an element of N. Observe that f ↑ n has the
same dom.
Next we state three propositions:

(8) Let f be a sequence of partial functions from X into R with the same
dom and n be an element of N. Then (the inferior real sequence of f)(n) =
inf(f ↑ n).

(9) Let f be a sequence of partial functions from X into R with the same
dom and n be an element of N. Then (the superior real sequence of f)(n) =
sup(f ↑ n).

(10) Let f be a sequence of partial functions from X into R and x be an
element of X. Suppose x ∈ dom f(0). Then (the superior real sequence of
f)#x = the superior real sequence of f#x.

Let X be a non empty set and let f be a sequence of partial functions from
X into R. The functor lim inf f yielding a partial function from X to R is defined
as follows:

(Def. 8)1 dom lim inf f = dom f(0) and for every element x of X such that x ∈
dom lim inf f holds (lim inf f)(x) = lim inf(f#x).

Let X be a non empty set and let f be a sequence of partial functions from X
into R. The functor lim sup f yielding a partial function from X to R is defined
as follows:

(Def. 9) dom lim sup f = dom f(0) and for every element x of X such that x ∈
dom lim sup f holds (lim sup f)(x) = lim sup(f#x).

We now state three propositions:

(11) Let f be a sequence of partial functions from X into R. Then
(i) for every element x of X such that x ∈ dom lim inf f
holds (lim inf f)(x) = sup (the inferior real sequence of f#x)
and (lim inf f)(x) = sup((the inferior real sequence of f)#x) and
(lim inf f)(x) = (sup (the inferior real sequence of f))(x), and

1The definition (Def. 7) has been removed.
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(ii) lim inf f = sup (the inferior real sequence of f).

(12) Let f be a sequence of partial functions from X into R. Then
(i) for every element x of X such that x ∈ dom lim sup f
holds (lim sup f)(x) = inf (the superior real sequence of f#x)
and (lim sup f)(x) = inf((the superior real sequence of f)#x) and
(lim sup f)(x) = (inf (the superior real sequence of f))(x), and

(ii) lim sup f = inf (the superior real sequence of f).

(13) Let f be a sequence of partial functions from X into R and x be an
element of X. If x ∈ dom f(0), then f#x is convergent iff (lim sup f)(x) =
(lim inf f)(x).

Let X be a non empty set and let f be a sequence of partial functions from
X into R. The functor lim f yielding a partial function from X to R is defined
by:

(Def. 10) dom lim f = dom f(0) and for every element x of X such that x ∈
dom lim f holds (lim f)(x) = lim(f#x).

One can prove the following propositions:

(14) Let f be a sequence of partial functions from X into R and x be an
element of X. If x ∈ dom lim f and f#x is convergent, then (lim f)(x) =
(lim sup f)(x) and (lim f)(x) = (lim inf f)(x).

(15) Let f be a sequence of partial functions from X into R with the same
dom, F be a sequence of subsets of S, and r be a real number. Suppose that
for every natural number n holds F (n) = dom f(0)∩GT-dom(f(n),R(r)).
Then

⋃
rngF = dom f(0) ∩GT-dom(sup f,R(r)).

(16) Let f be a sequence of partial functions from X into R with the sa-
me dom, F be a sequence of subsets of S, and r be a real number.
Suppose that for every natural number n holds F (n) = dom f(0) ∩
GTE-dom(f(n),R(r)). Then

⋂
rngF = dom f(0)∩GTE-dom(inf f,R(r)).

(17) Let f be a sequence of partial functions from X into R with the same
dom, F be a sequence of subsets of S, and r be a real number. Suppose that
for every natural number n holds F (n) = dom f(0)∩GT-dom(f(n),R(r)).
Let n be a natural number. Then (the superior set sequence of F )(n) =
dom f(0) ∩GT-dom((the superior real sequence of f)(n),R(r)).

(18) Let f be a sequence of partial functions from X into R with the sa-
me dom, F be a sequence of subsets of S, and r be a real number.
Suppose that for every natural number n holds F (n) = dom f(0) ∩
GTE-dom(f(n),R(r)). Let n be a natural number. Then (the inferior set
sequence of F )(n) = dom f(0) ∩ GTE-dom((the inferior real sequence of
f)(n),R(r)).

(19) Let f be a sequence of partial functions from X into R with the same
dom and E be an element of S. Suppose dom f(0) = E and for every
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natural number n holds f(n) is measurable on E. Let given n. Then (the
superior real sequence of f)(n) is measurable on E.

(20) Let f be a sequence of partial functions from X into R with the same
dom and E be an element of S. Suppose dom f(0) = E and for every
natural number n holds f(n) is measurable on E. Let n be a natural
number. Then (the inferior real sequence of f)(n) is measurable on E.

(21) Let f be a sequence of partial functions from X into R, F be a sequence
of subsets of S, and r be a real number. Suppose that for every natural
number n holds F (n) = dom f(0)∩GTE-dom((the superior real sequence
of f)(n),R(r)). Then

⋂
F = dom f(0) ∩GTE-dom(lim sup f,R(r)).

(22) Let f be a sequence of partial functions from X into R, F be a sequence
of subsets of S, and r be a real number. Suppose that for every natural
number n holds F (n) = dom f(0)∩GT-dom((the inferior real sequence of
f)(n),R(r)). Then

⋃
rngF = dom f(0) ∩GT-dom(lim inf f,R(r)).

(23) Let f be a sequence of partial functions fromX into R with the same dom
and E be an element of S. Suppose dom f(0) = E and for every natural
number n holds f(n) is measurable on E. Then lim sup f is measurable on
E.

(24) Let f be a sequence of partial functions fromX into R with the same dom
and E be an element of S. Suppose dom f(0) = E and for every natural
number n holds f(n) is measurable on E. Then lim inf f is measurable on
E.

(25) Let f be a sequence of partial functions from X into R with the same
dom and E be an element of S. Suppose that
(i) dom f(0) = E,
(ii) for every natural number n holds f(n) is measurable on E, and
(iii) for every element x of X such that x ∈ E holds f#x is convergent.
Then lim f is measurable on E.

(26) Let f be a sequence of partial functions from X into R with the same
dom, g be a partial function from X to R, and E be an element of S.
Suppose that
(i) dom f(0) = E,
(ii) for every natural number n holds f(n) is measurable on E,
(iii) dom g = E, and
(iv) for every element x of X such that x ∈ E holds f#x is convergent and
g(x) = lim(f#x).
Then g is measurable on E.

(27) Let f be a sequence of partial functions from X into R and g be a partial
function from X to R. Suppose that for every element x of X such that
x ∈ dom g holds f#x is convergent to finite number and g(x) = lim(f#x).
Then g is finite.
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2. Egoroff’s Theorem

The following three propositions are true:

(28) Let M be a σ-measure on S, f be a sequence of partial functions from
X into R with the same dom, g be a partial function from X to R, and E
be an element of S. Suppose that
(i) M(E) < +∞,
(ii) dom f(0) = E,
(iii) for every natural number n holds f(n) is measurable on E and f(n) is
finite,

(iv) dom g = E, and
(v) for every element x of X such that x ∈ E holds f#x is convergent to
finite number and g(x) = lim(f#x).
Let r, e be real numbers. Suppose 0 < r and 0 < e. Then there exists an
element H of S and there exists a natural number N such that

(vi) H ⊆ E,
(vii) M(H) < r, and
(viii) for every natural number k such that N < k and for every element x
of X such that x ∈ E \H holds |f(k)(x)− g(x)| < e.

(29) Let X, Y be non empty sets, E be a set, and F , G be functions from
X into Y . If for every element x of X holds G(x) = E \ F (x), then⋃
rngG = E \

⋂
rngF.

(30) Let M be a σ-measure on S, f be a sequence of partial functions from
X into R with the same dom, g be a partial function from X to R, and E
be an element of S. Suppose that
(i) dom f(0) = E,
(ii) for every natural number n holds f(n) is measurable on E,
(iii) M(E) < +∞,
(iv) for every natural number n there exists an element L of S such that
L ⊆ E and M(E \ L) = 0 and for every element x of X such that x ∈ L
holds |f(n)(x)| < +∞, and

(v) there exists an element G of S such that G ⊆ E and M(E \ G) = 0
and for every element x of X such that x ∈ E holds f#x is convergent
to finite number and dom g = E and for every element x of X such that
x ∈ G holds g(x) = lim(f#x).
Let e be a real number. Suppose 0 < e. Then there exists an element F of
S such that

(vi) F ⊆ E,
(vii) M(E \ F ) ≤ e, and
(viii) for every real number p such that 0 < p there exists a natural number
N such that for every natural number n such that N < n and for every
element x of X such that x ∈ F holds |f(n)(x)− g(x)| < p.
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