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Summary. This is the next Mizar article in a series aiming at complete
formalization of “General Topology” [14] by Engelking. We cover the second part
of Section 1.3.
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The papers [27], [30], [31], [9], [1], [2], [26], [3], [28], [10], [12], [21], [29], [22], [5],
[16], [6], [23], [32], [11], [20], [17], [18], [19], [7], [13], [25], [24], [15], [4], and [8]
provide the terminology and notation for this paper.

1. PRELIMINARIES

Let T be a 1-sorted structure. The functor TotFam T yielding a family of
subsets of T' is defined by:

(Def. 1) TotFam T = 2the carrier of T'
The following proposition is true
(1) For every set T and for every family F of subsets of 7" holds F' is count-
able iff F° is countable.
Let us note that Q is countable.
The scheme FraenCounll concerns a unary predicate P, and states that:
{{n}; n ranges over elements of Q: P[n]|} is countable
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for all values of the parameters.
One can prove the following proposition

(2) For every non empty topological space T and for every subset A of T
holds Der A = {x; x ranges over points of T: x € A\ {z}}.

Let us note that every topological structure which is finite is also second-
countable.

One can verify that R is non countable.

One can verify the following observations:

* every set which is non countable is also non finite,

% every set which is non finite is also non trivial, and

% there exists a set which is non countable and non empty.

We adopt the following rules: T is a non empty topological space, A, B are
subsets of T', and F', G are families of subsets of 7.

One can prove the following propositions:
(3) A is closed iff Der A C A.

(4) Let T be a non empty topological structure, B be a basis of T, and V' be
a subset of T'. Suppose V is open and V # (). Then there exists a subset
W of T such that W € Band W CV and W # 0.

2. REGULAR FORMALIZATION: SEPARABLE SPACES

The following propositions are true:
(5) density T' < weight T
(6) T is separable iff there exists a subset of T' which is dense and countable.
(7) If T is second-countable, then T is separable.

One can check that every non empty topological space which is second-
countable is also separable.

The following four propositions are true:

(8) Let T be a non empty topological space and A, B be subsets of T'. If A
and B are separated, then Fr(AU B) = Fr AU Fr B.

(9) If F is locally finite, then Fr|J F C |JFr F.
(10) For every discrete non empty topological space T' holds T is separable
iff Qr < No.

(11) For every discrete non empty topological space T holds T is separable
iff T' is countable.
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3. FAMILIES OF SUBSETS CLOSED FOR COUNTABLE UNIONS AND
COMPLEMENT

Let us consider T', F'. We say that F'is all-open-containing if and only if:
(Def. 2) For every subset A of T such that A is open holds A € F.
Let us consider 7', F'. We say that F' is all-closed-containing if and only if:
(Def. 3) For every subset A of T such that A is closed holds A € F.
Let T be a set and let F' be a family of subsets of T'. We say that F' is closed
for countable unions if and only if:
(Def. 4) For every countable family G of subsets of T such that G C F holds
UG e F.
Let T be a set. Note that every o-field of subsets of T" is closed for countable
unions.
One can prove the following proposition
(12) For every set T' and for every family F' of subsets of T such that F is
closed for countable unions holds () € F.

Let T be a set. One can verify that every family of subsets of T" which is
closed for countable unions is also non empty.
Next we state the proposition
(13) Let T be a set and F be a family of subsets of 7. Then F' is a o-field of
subsets of T if and only if F' is closed for complement operator and closed
for countable unions.
Let T be a set and let F' be a family of subsets of T'. We say that F' is closed
for countable meets if and only if:
(Def. 5) For every countable family G of subsets of T' such that G C F holds
NG e F.
Next we state four propositions:
(14) Let F be a family of subsets of T. Then the following statements are
equivalent
(i) F is all-closed-containing and closed for complement operator,
(ii)  F is all-open-containing and closed for complement operator.
(15) For every set T and for every family F' of subsets of T" such that F' is
closed for complement operator holds F' = F*°.
(16) Let T be a set and F', G be families of subsets of T. If F' C G and G is
closed for complement operator, then F°¢ C G.
(17) Let T be a set and F' be a family of subsets of 7. Then the following
statements are equivalent
(i)  F is closed for countable meets and closed for complement operator,
(ii)  F' is closed for countable unions and closed for complement operator.
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Let us consider T'. One can verify that every family of subsets of T which is
all-open-containing, closed for complement operator, and closed for countable
unions is also all-closed-containing and closed for countable meets and every
family of subsets of T' which is all-closed-containing, closed for complement
operator, and closed for countable meets is also all-open-containing and closed
for countable unions.

4. ON THE FAMILIES OF SUBSETS

Let T be a set and let F' be a countable family of subsets of T. Note that
F° is countable.

Let us consider T'. Note that every family of subsets of T" which is empty is
also open and closed.

Let us consider T. One can check that there exists a family of subsets of T’
which is countable, open, and closed.

We now state the proposition

(18) For every set T holds ) is an empty family of subsets of T.

Let us observe that every set which is empty is also countable.

5. COLLECTIVE PROPERTIES OF FAMILIES

One can prove the following two propositions:
(19) If F = {A}, then A is open iff F' is open.
(20) If FF={A}, then A is closed iff F' is closed.

Let T be a set and let F', G be families of subsets of 7. Then Fm G is a
family of subsets of T'. Then F' U G is a family of subsets of T
Next we state a number of propositions:

(21) If F is closed and G is closed, then F'm G is closed.

(22) 1If F is closed and G is closed, then F'U G is closed.

(23) If F is open and G is open, then F'M G is open.

(24) If F is open and G is open, then F' UG is open.

(25) For every set T and for all families F', G of subsets of T holds F A G <
FF, G.

(26) For every set T and for all families F, G of subsets of T holds F UG <
FF, G.

(27) For all sets F, G holds J(FUG) C|UFUUG.
(28) For all sets F', G such that F' # () and G # 0 holds |y FUU G = J(FUG).
(29) For every set F holds QU F = ().
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(30) For all sets F', G such that F UG = () holds F' = or G = (.

(31) For all sets F, G such that Fm G = ) holds F' = or G = ().

(32) For all sets F, G holds (FUG) CNFUNG.

(33) For all sets F', G such that F' # () and G # () holds (FUG) = " FUNG.
(34) For all sets F', G such that F' # () and G # 0 holds " FN G = N(FAG).

6. F, AND G5 TYPES OF SUBSETS

Let us consider T, A. We say that A is F, if and only if:
(Def. 6) There exists a closed countable family F' of subsets of 7" such that A =

UF.

Let us consider T, A. We say that A is Gy if and only if:
(Def. 7) There exists an open countable family F' of subsets of 7" such that A =

NE

The following propositions are true:
(35) O is Fy.
(36) 07 is Gs.
Let us consider T'. Note that (7 is I, and Gj.

Next we state two propositions:
(37) Qpis Fy,.
(38) Qrp is Gs.
Let us consider T'. One can verify that Qp is F, and Gs.
One can prove the following propositions:
If Ais Fy, then A€ is Gj.
If Ais Gg, then A€ is F,.
If Ais F, and B is F,, then AN B is F,.
If Ais F, and B is F,, then AU B is F,.
If Ais G5 and B is Gg, then AU B is Gs.
If Ais G5 and B is Gg, then AN B is Gs.
For every subset A of T such that A is closed holds A is F.
For every subset A of T" such that A is open holds A is Gs.
For every subset A of R! such that A = Q holds A is F.
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7. T}/, TOPOLOGICAL SPACES

Let T' be a topological space. We say that 1" is T} /5 if and only if:
(Def. 8) For every subset A of T" holds Der A is closed.
We now state three propositions:
(48) For every topological space T such that T is T7 holds 7' is T} /5.
(49) For every non empty topological space T such that 1" is T} /o holds 7" is
To.
(50) For every non empty topological space T' holds every point p of T is
isolated in Q7 or an accumulation point of Q7.

Let us note that every topological space which is T 5 is also Ty and every
topological space which is 77 is also T} 5.

8. CONDENSATION POINTS

Let us consider T', A and let x be a point of T. We say that x is a conden-
sation point of A if and only if:

(Def. 9) For every neighbourhood N of = holds N N A is not countable.

In the sequel x denotes a point of T'.
One can prove the following proposition

(51) If x is a condensation point of A and A C B, then x is a condensation
point of B.

Let us consider T, A. The functor A° yielding a subset of T is defined as
follows:

(Def. 10) For every point x of T holds = € A iff 2 is a condensation point of A.
The following propositions are true:

(52) For every point p of T" such that p is a condensation point of A holds p
is an accumulation point of A.

53) A% C Der A.

54) A0 = AO,

55) If A C B, then A° C BY.

56) If = is a condensation point of AU B, then z is a condensation point of
A or a condensation point of B.

(57) AuBY= AU BY.

(58) If A is countable, then there exists no point of 7" which is a condensation

point of A.

(59) If A is countable, then A° = 0.

(
(
(
(
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Let us consider 7" and let A be a countable subset of 7. Note that A is
empty.
The following proposition is true

(60) If T is second-countable, then there exists a basis of T which is countable.

Let us mention that there exists a topological space which is second-countable
and non empty.

9. BOREL FAMILIES OF SUBSETS

Let us consider T'. Observe that TotFam T is non empty, all-open-containing,
closed for complement operator, and closed for countable unions.
We now state four propositions:

(61) For every set T' and for every sequence A of subsets of 7" holds rng A is
a countable non empty family of subsets of T.

(62) Let T, F be sets. Then F is a o-field of subsets of T' if and only if F' is
a closed for complement operator o-field of subsets-like non empty family
of subsets of T

(63) For all families F', G of subsets of T such that F' is all-open-containing
and F' C G holds G is all-open-containing.

(64) Let F, G be families of subsets of T. Suppose F' is all-closed-containing
and F' C G. Then G is all-closed-containing.

Let T be a 1-sorted structure. A o-field of subsets of T' is a o-field of subsets
of the carrier of T

Let T be a non empty topological space. Note that there exists a family
of subsets of T' which is closed for complement operator, closed for count-
able unions, closed for countable meets, all-closed-containing, and all-open-
containing.

We now state the proposition

(65) o(TotFam T) is all-open-containing, closed for complement operator, and
closed for countable unions.

Let us consider T'. One can verify that o(TotFam T') is all-open-containing,
closed for complement operator, and closed for countable unions.

Let T be a non empty 1-sorted structure. Note that there exists a family
of subsets of T" which is o-field of subsets-like, closed for complement operator,
closed for countable unions, and non empty.

Let T be a non empty topological space. One can verify that every o-field
of subsets of T is closed for countable unions.

We now state the proposition
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(66) Let T be a non empty topological space and F' be a family of subsets of
T. Suppose F' is closed for complement operator and closed for countable
unions. Then F' is a o-field of subsets of T'.

Let T be a non empty topological space. Note that there exists a o-field of
subsets of T which is all-open-containing.
Let T be a non empty topological space. Note that Topology(7’) is open and
all-open-containing.
We now state the proposition
(67) Let X be a family of subsets of T. Then there exists an all-open-
containing closed for complement operator closed for countable unions
family Y of subsets of T" such that
(i) X CY, and
(ii)  for every all-open-containing closed for complement operator closed for
countable unions family Z of subsets of T" such that X C Z holds Y C Z.

Let us consider T. The functor BorelSetsT yields an all-open-containing
closed for complement operator closed for countable unions family of subsets of
T and is defined by the condition (Def. 11).

(Def. 11) Let G be an all-open-containing closed for complement operator closed
for countable unions family of subsets of 1. Then BorelSetsT C G.

Next we state three propositions:
(68) For every closed family F' of subsets of T" holds F' C BorelSets T
(69) For every open family F' of subsets of T' holds F' C BorelSets T.
(70) BorelSets T = o(Topology(T)).
Let us consider T\, A. We say that A is Borel if and only if:
(Def. 12) A € BorelSets T

Let us consider T'. Note that every subset of T" which is F, is also Borel.
Let us consider T'. Note that every subset of T" which is Gy is also Borel.
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