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Summary. In the article we formalized the concept of the Generalized Full
Addition and Subtraction circuits (GFAs), defined the structures of calculation
units for the redundant signed digit (RSD) operations, and proved the stability
of the circuits. Generally, 1-bit binary full adder assumes positive weights to all
of its three binary inputs and two outputs. We obtained four type of 1-bit GFA
to constract the RSD arithmetic logical units that we generalized full adder to
have both positive and negative weights to inputs and outputs.
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The articles [15], [14], [18], [13], [1], [21], [5], [6], [7], [2], [4], [16], [20], [8], [12],
[17], [11], [10], [9], [3], and [19] provide the terminology and notation for this
paper.

1. PRELIMINARIES

In this article we present several logical schemes. The scheme 1AryBooleEx
deals with a unary functor F yielding an element of Boolean, and states that:
There exists a function f from Boolean' into Boolean such that

for every element x of Boolean holds f({x)) = F(x)
for all values of the parameter.
The scheme 1AryBooleUniq deals with a unary functor F yielding an element
of Boolean, and states that:
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Let f1, f2 be functions from Boolean' into Boolean. Suppose for
every element x of Boolean holds fi({xz)) = F(z) and for every
element x of Boolean holds fa({x)) = F(x). Then fi1 = fo
for all values of the parameter.
The scheme 1AryBooleDef deals with a unary functor F yielding an element
of Boolean, and states that:
(i)  There exists a function f from Boolean' into Boolean such
that for every element = of Boolean holds f({x)) = F(x), and
(ii)  for all functions fi, f» from Boolean' into Boolean such
that for every element x of Boolean holds fi((x)) = F(z) and for
every element x of Boolean holds fa({x)) = F(x) holds f1 = fo
for all values of the parameter.
The function invl from Boolean® into Boolean is defined by:

(Def. 1) For every element z of Boolean holds (invl)({z)) = —x.
Next we state the proposition
(1) For every element x of Boolean holds (invl)({x)) = =z and (invl)((z)) =
nands((z,z)) and (inv1)({0)) =1 and (inv1)((1)) = 0.
The function bufl from Boolean' into Boolean is defined by:
(Def. 2) For every element x of Boolean holds (bufl)({(z)) = .
One can prove the following proposition
(2) For every element x of Boolean holds (bufl)({x)) = x and (bufl)((z)) =
ands((x, z)) and (bufl)((0)) = 0 and (bufl)((1)) = 1.
The function and2c from Boolean? into Boolean is defined by:
(Def. 3) For all elements x, y of Boolean holds (and2c)((z,y)) = x A —y.
Next we state the proposition

(3) Let z, y be elements of Boolean. Then (and2c)({x,y)) = x A =y and

(and2c)((z,y)) = (andza)({y, z)) and (and2c)((z,y)) = (norzq)({z,y)) and
(and2¢)((0,0)) = 0 and (and2¢c)({0,1)) = 0 and (and2c)((1,0)) = 1 and
(and2c)((1,1)) = 0.

The function xor2c from Boolean? into Boolean is defined by:
(Def. 4) For all elements x, y of Boolean holds (xor2¢)({x,y)) = x & —y.
We now state several propositions:

(4) Let x, y be elements of Boolean. Then (xor2c)((z,y)) = = & —y and
(xor2c)((z,y)) = (xorz)({z,y)) and (xor2c)((z,y)) = ora({(andz)({z,
y)),anda({x,y)))) and (xor2c)((0,0)) = 1 and (xor2c)({0,1)) = 0 and
(xor2c)((1,0)) = 0 and (xor2c)((1,1)) = 1.

(5) For all elements z, y of Boolean holds —(z®y) = "z Dy and ~(zDy) =
z®-yand "z Py=zPy.
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(6) For all elements x, y of Boolean holds (inv1)((xory((z,y)))) = (xora,)({(z,
y)) and (invl)((xorz2({x,y)))) = (xor2c)({z,y)) and xors({(invl)({x)),
(inv1)({y)))) = xorz({z,y)).

(7) For all elements z, y, z of Boolean holds —(z ® -y ® z) =z ® —~y ® —z.

(8) For all elements z, y, z of Boolean holds (inv1l)((xora(((xor2c)({(z,y)),
2)))) = (xor2e)({(xor2c)((z,y)), 2))-

(9) For all elements z, y, z of Boolean holds ~z ®y ® -z = x @ —y @ —z.
(10) For all elements z, y, z of Boolean holds (xor2c)({(xore,)({x,y)),2)) =
(xor2c)(((xor2c)({(z,y)), 2))-
(11) For all elements z, y, z of Boolean holds ~(-x @ -y ® —z) =z Dy ® z.
(12) For all elements x, y, z of Boolean holds (inv1)({(xor2c)({(xorq)({z,y)),
z)))) = xora({xorz((z,7)), 2)).

2. GENERALIZED FuLL ADDER (GFA) Circuir (TYPE-0)

Let x, y, z be sets. The functor GFAOCarryIStr(x,y, z) yields an unsplit
non void strict non empty many sorted signature with arity held in gates and
Boolean denotation held in gates and is defined by:

(Def. 5)  GFAOCarryIStr(z,y, z) = 1GateCircStr({z, y), anda)+- 1GateCircStr((y,
z),andg)+- 1GateCircStr((z, ), ands).

Let x, y, z be sets. The functor GFAOCarryICirc(z,y, z) yields a strict
Boolean circuit of GFAOCarryIStr(x,y, z) with denotation held in gates and is
defined as follows:

(Def. 6) GFAO0CarrylICirc(zx, y, z) = 1GateCircuit(z, y, ands )+ 1GateCircuit(y, z,
ands)+- 1GateCircuit(z, z, ands).

Let z, y, z be sets. The functor GFAOCarryStr(z,y, z) yields an unsplit
non void strict non empty many sorted signature with arity held in gates and
Boolean denotation held in gates and is defined as follows:

(Def. 7) GFAOCarryStr(z,y,z) = GFAO0CarryIStr(zx,y, z)+- 1GateCircStr({{(z,
y), andsa ), ({y, z), andsy ), ({2, z), ands }), ors).

Let z, y, z be sets. The functor GFAOCarryCirc(z,y, z) yields a strict
Boolean circuit of GFAOCarryStr(z,y, z) with denotation held in gates and is
defined as follows:

(Def. 8) GFAOCarryCirc(z,y, z) = GFA0CarryICirc(z,y, z)+- 1GateCircuit({(z,
y), ands }, ({y, 2), andy ), ((z, x), andy ), ors).

Let z, y, z be sets. The functor GFAO0CarryOutput(z,y,z) yielding an
element of InnerVertices(GFAOCarryStr(z,y, z)) is defined as follows:

(Def. 9) GFAOCarryOutput(z,y,2) = ({{{z,y), anda), ((y, 2), anda ), ((z, z),
and2 )>, ors )
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One can prove the following propositions:

(13) For all sets z, y, z holds InnerVertices(GFAOCarrylIStr(z,y, 2)) = {{(z,
y), andsa ), ((y, 2), andy ), ({2, z), ands ) }.

(14) For all sets x, y, z holds InnerVertices(GFAOCarryStr(z,y, z)) = {((z,
y), ands ), {(y, z), andsa ), ((z, x), ands ) } U {GFAOCarryOutput(zx, y, z) }.

(15) For all sets x, y, z holds InnerVertices(GFAOCarryStr(z, y, z)) is a binary
relation.

(16) For all sets z, y, z such that  # ((y, 2), anda ) and y # ((z,z), anda )
and z # ((z,y), anda) holds InputVertices(GFAOCarryIStr(z,y,z2)) =
{z,y,2}.

(17) For all sets x, y, z such that x # ((y,2), anda ) and y # ((z,x), andy )
and z # ((z,y), ands) holds InputVertices(GFAOCarryStr(z,y,z)) =
{z,y, 2}

(18) For all non pair sets z, y, z holds InputVertices(GFAOCarryStr(z, y, 2))
has no pairs.

(19) Let z, y, z be sets. Then = € the carrier of GFAOCarryStr(z,y, 2)
and y € the carrier of GFAOCarryStr(z,y,z) and z € the
carrier of GFAOCarryStr(z,y,z) and ((z,y), ands) € the car-
rier of GFAOCarryStr(z,y,z) and {((y,z),ands) € the carrier
of GFAOCarryStr(z,y,z) and {((z,z),ands) € the carrier of
GFAOCarryStr(z,y, z) and (({(z,y), anda ), ((y, ), ands }, {(z, z), ands )),
orz ) € the carrier of GFAOCarryStr(z, y, 2).

(20) For all sets z, y, z holds ((z,y), ands ) € InnerVertices(GFAOCarryStr(z,
y,z)) and {(y, z), ands ) € InnerVertices(GFAOCarryStr(z,y, z)) and ((z,
x), andy ) € InnerVertices(GFAOCarryStr(zx, y, z)) and GFAO0CarryOutput
(x,y, z) € InnerVertices(GFAOCarryStr(z,y, z)).

(21) For all sets =, y, z such that x # ((y,2), anda ) and y # ((z,z), anda )
and z # ((z,y), andy ) holds = € InputVertices(GFAOCarryStr(z,y, z))
and y € InputVertices(GFAOCarryStr(z,y, z)) and
z € InputVertices(GFAOCarryStr(z, y, z)).

(22) For all non pair sets z, y, z holds InputVertices(GFAOCarryStr(zx, y, z)) =
{z,y, z}.

(23) Let z, y, z be sets, s be a state of GFAOCarryCirc(z, y, ), and a1, ag, a3
be elements of Boolean. Suppose a; = s(z) and as = s(y) and az = s(z).
Then (Following(s))({(z,y), anda)) = a1 A a2 and (Following(s))({(y, 2),
ands )) = az A ag and (Following(s))({(z,x), anday)) = ag A a;.

(24) Let =z, y, z be sets, s be a state of GFAOCarryCirc(z,y,2),
and aj, a2, as be elements of Boolean. If ar = s({{(z,v),
andg )) and ay = s({(y,2), andz)) and a3 = s({(z,x), andz)), then
(Following(s))(GFAOCarryOutput(z,y,2)) = a1 V a2 V ag3.
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(25) Let x, y, z be sets. Suppose x # ((y,z), andy ) and y # ((z,x), ands )
and z # ((z,y), anda ). Let s be a state of GFAOCarryCirc(z,y, z) and
ai, az, az be elements of Boolean. Suppose a; = s(z) and ay = s(y)
and ag = s(z). Then (Following(s,2))(GFA0CarryOutput(z,y, 2)) = a1 A
az Vaz AagV az Aap and (Following(s,2))({(x,y), and2)) = a1 A az and
(Following(s, 2))({(y, 2), anda )) = aa A a3 and (Following(s,2))({(z, z),
ands )) =az ANaj.

(26) For all sets z, y, z such that  # ((y, z), anda ) and y # ((z,z), anda )
and z # ((z,y), and2 ) and for every state s of GFAOCarryCirc(z,y, 2)
holds Following(s, 2) is stable.

Let z, y, z be sets. The functor GFAOAdderStr(z,y, z) yielding an unsplit
non void strict non empty many sorted signature with arity held in gates and
Boolean denotation held in gates is defined as follows:

(Def. 10) GFAOAdderStr(x,y, z) = 2GatesCircStr(z, y, z, x0r).

Let z, y, z be sets. The functor GFAOAdderCirc(z, y, z) yielding a strict
Boolean circuit of GFAOAdderStr(x, y, z) with denotation held in gates is defined
by:

(Def. 11) GFAO0AdderCirc(z, y, z) = 2GatesCircuit(z, y, z, xorz).

Let z, y, z be sets. The functor GFAOAdderOutput(z,y, z) yielding an

element of InnerVertices(GFAOAdderStr(x,y, z)) is defined by:

(Def. 12) GFAO0AdderOutput(z, y, z) = 2GatesCircOutput(z, y, z, xors).
Next we state a number of propositions:
(27) For all sets x, y, z holds InnerVertices(GFAOAdderStr(x,y, z)) = {{(z,
y), xora ) } U{GFAO0AdderOutput(z,y, z)}.
(28) For all sets z, y, z holds InnerVertices(GFAOAdderStr(z, y, z)) is a binary
relation.
(29) For all sets z, y, =z such that z # ((z,y), xora) holds
InputVertices(GFAOAdderStr(z, y, 2)) = {x,y, z}.
(30) For all non pair sets z, y, z holds InputVertices(GFAOAdderStr(z, y, 2))
has no pairs.
(31) Let x, y, z be sets. Then
(i)  x € the carrier of GFAOAdderStr(z, y, z),
(ii) y € the carrier of GFAOAdderStr(z,y, 2),
(iii)  z € the carrier of GFAOAdderStr(z,y, z),
(iv)  {(z,y), xora ) € the carrier of GFAOAdderStr(z,y, z), and
(v)  (({{z,y), xora ), z), xory ) € the carrier of GFAOAdderStr(z,y, 2).
(32) For all sets x, y, z holds ((z,y), xors ) € InnerVertices(GFAOAdderStr(z, y,
z)) and GFAOAdderOutput(z,y, z) € InnerVertices(GFAOAdderStr(z,y, 2)).
(33) For all sets x, y, z such that z # ((z,y), xorg) holds =z €
InputVertices(GFAOAdderStr(z, y, z)) and

=
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y € InputVertices(GFAOAdderStr(z, y, z)) and
z € InputVertices(GFAOAdderStr(zx, y, z)).

(34) For all non pair sets z, y, z holds Input Vertices(GFAOAdderStr(z, y, z)) =
{z,y,2}.

(35) Let z, y, z be sets. Suppose z # ((z,y), xorz ). Let s be a state of
GFAOAdderCirc(z,y, z) and ay, az, as be elements of Boolean. Suppose
a; = s(z) and ay = s(y) and az = s(z). Then (Following(s))({(z,y),
xors )) = a1 @ ag and (Following(s))(x) = a1 and (Following(s))(y) = a2
and (Following(s))(z) = as.

(36) Let x, y, z be sets. Suppose z # ((z,y), xora ). Let s be a state of
GFAOAdderCirc(z,y, z) and a4, a1, az, az be elements of Boolean. If
ay = s({(z,y), xory)) and a; = s(z) and az = s(y) and ag = s(z), then
(Following(s))(GFAOAdderOutput(z,y, z)) = a4 & as.

(37) Let =z, y, z be sets. Suppose z # {((z,y), xorg). Let s be
a state of GFAOAdderCirc(x,y,z) and aj, az, as be elements of
Boolean.  Suppose a1 = s(z) and a2 = s(y) and az = s(2).
Then (Following(s,2))(GFAOAdderOutput(z,y,z)) = a1 @ as & ag and
(Following(s, 2))({(z, y), xor2 )) = a1 @® a2 and (Following(s,2))(z) = ai
and (Following(s,2))(y) = az and (Following(s,2))(z) = as.

(38) For all sets z, y, z such that z # ((x,y), xora ) and for every state s of
GFAO0AdderCirc(z, y, z) holds Following(s, 2) is stable.

Let x, y, z be sets. The functor BitGFAOStr(z,y, z) yielding an unsplit
non void strict non empty many sorted signature with arity held in gates and
Boolean denotation held in gates is defined as follows:

(Def. 13) BitGFAO0Str(z,y, z) = GFAOAdderStr(zx, y, z)+- GFAOCarryStr(z, y, 2).

Let z, y, z be sets. The functor BitGFAOCirc(z,y, z) yielding a strict
Boolean circuit of BitGFAOStr(z,y, z) with denotation held in gates is defined
by:

(Def. 14) BitGFAO0Circ(z, y, z) = GFAOAdderCirc(z, y, z)+- GFA0CarryCirc(z, y, 2).

We now state several propositions:

(39) For all sets x, y, z holds InnerVertices(BitGFAO0Str(z,y, 2)) = {{{(z,v),
xorg ) JU{GFAOAdderOutput(z, y, z) fU{{{z,y), ands ), {(y, z), anda ), {(z,
x), andg ) } U {GFAOCarryOutput(z, y, 2)}.

(40) For all sets z, y, z holds InnerVertices(BitGFAOStr(z,y, 2)) is a binary
relation.

(41) For all sets =, y, z such that z # {((z,y), xor2) and = # ((y,
z),andy) and y # ((z,z),ands) and z # ((x,y),ands) holds
InputVertices(BitGFAOStr(z, v, 2)) = {z,y, z}.

(42) For all non pair sets z, y, z holds InputVertices(BitGFAOStr(z,y, 2)) =
{z,y,2}.
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(43) For all non pair sets x, y, z holds InputVertices(BitGFAO0Str(z, y, z)) has
no pairs.

(44) Let z, y, z be sets. Then = € the carrier of BitGFAO0Str(z,y, 2)
and y € the carrier of BitGFAOStr(z,y,z) and z € the carrier of
BitGFAOStr(x,y, z) and ((z,y), xorz ) € the carrier of BtGFAO0Str(z,y, z)
and ((((z,y), xora ), z), xory) € the carrier of BitGFAOStr(z,y,2) and
((z,y), anda ) € the carrier of BitGFAOStr(x,y, z) and ((y, z), and2) €
the carrier of BitGFAOStr(z,y,z) and ((z,z), and2) € the carrier
of BitGFAOStr(z,y, z) and {(({{z,y), ands ), ((y, 2), anda ), ({2, x), anda )),
org) € the carrier of BitGFAO0Str(x,y, 2).

(45) Letx,y, z besets. Then ((x,y), xory ) € InnerVertices(BitGFA0Str(z, y,
z)) and GFAOAdderOutput(z,y,z) € InnerVertices(BitGFAO0Str(x,y, z))
and ((z,y), and2) € InnerVertices(BitGFAOStr(x,y,z)) and {((y,z),
andg) € InnerVertices(BitGFAOStr(x,y,2)) and ((z,z), ands) €
InnerVertices(BitGFAOStr(z,y, z)) and GFAOCarryOutput(z,y,z) €
InnerVertices(BitGFA0Str(z, y, 2)).

(46) Let =z, vy, =z Dbe sets. Suppose z # ({(x,y), xora) and
x # {((y,z),and2) and y # ((z,z),and2) and z # ((z,
y), anda ). Then z € InputVertices(BitGFAOStr(x,y,2)) and y €
InputVertices(BitGFAOStr(z, y, 2)) and z € InputVertices(BitGFAOStr(z,

Y, 2)).
Let x, y, z be sets. The functor BitGFAOCarryOutput(z,y, z) yielding an
element of InnerVertices(BitGFAOStr(z,y, z)) is defined as follows:
(Def. 15) BitGFAOCarryOutput(z,y, z) = (({{(z,y), anda ), ((y, 2), andz ), ((z, z),
and2 )>, ors )
Let x, y, z be sets. The functor BitGFAOAdderOutput(z,y, z) yielding an
element of InnerVertices(BitGFAOStr(x,y, z)) is defined as follows:

(Def. 16) BitGFAO0AdderOutput(z,y, z) = 2GatesCircOutput(z, y, z, xors).
One can prove the following two propositions:

(47) Let x, y, z be sets. Suppose z # ((z,y), xorz) and = # {((y,
z),andy) and y # ((z,x),and2) and z # ((z,y), ands). Let s
be a state of BitGFAOCirc(z,y,z) and aj, az, az be elements of
Boolean.  Suppose a1 = s(z) and az = s(y) and az = s(z).
Then (Following(s,2))(GFAOAdderOutput(z,y,z)) = a1 @ az ® ag and
(Following(s, 2))(GFAOCarryOutput(z,y, 2)) = a1 Aaz Vaz Aag VvV az Aaj.

(48) Let x, y, z be sets. Suppose z # {((z,y), xory) and = # ({y,z),
andy ) and y # ((z,z), and2) and z # ((z,y), ands ). Let s be a state
of BitGFAOCirc(z,y, z). Then Following(s, 2) is stable.
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3. GENERALIZED FuLL ADDER (GFA) Circuir (TYPE-1)

Let z, y, z be sets. The functor GFA1CarryIStr(z,y, z) yielding an unsplit
non void strict non empty many sorted signature with arity held in gates and
Boolean denotation held in gates is defined by:

(Def. 17) GFA1CarrylStr(x,y, z) = 1GateCircStr(({x, y), and2c)+- 1GateCircStr((y,
z), andg, )+- 1GateCireStr((z, x), ands).

Let x, y, z be sets. The functor GFA1CarryICirc(z,y, z) yields a strict
Boolean circuit of GFA1CarryIStr(x,y, z) with denotation held in gates and is
defined as follows:

(Def. 18) GFA1CarrylICirc(z,y, z) = 1GateCircuit(z, y, and2c)+- 1GateCircuit(y,
z,andg, )+ 1GateCircuit(z, z, ands).

Let x, y, z be sets. The functor GFA1CarryStr(x,y, z) yielding an unsplit
non void strict non empty many sorted signature with arity held in gates and
Boolean denotation held in gates is defined by:

(Def. 19) GFAl1CarryStr(z,y,z) = GFA1CarryIStr(z,vy, z)+- 1GateCircStr(({(z,
y), and2c ), ((y, z), anda, ), ({2, z), ands }), ors).

Let xz, y, z be sets. The functor GFA1CarryCirc(z,y, z) yielding a strict
Boolean circuit of GFA1CarryStr(zx, y, z) with denotation held in gates is defined
by:

(Def. 20) GFA1CarryCirc(z,y, z) = GFA1CarryICirc(x, y, z)+- 1GateCircuit({(z,
y), and2c ), ((y, ), anda, ), ((z, x), andy ), ors).

Let z, y, z be sets. The functor GFA1CarryOutput(z,y,z) yielding an
element of InnerVertices(GFA1CarryStr(z,y, z)) is defined as follows:

(Def. 21) GFAlCarryOutput(z,y,z) = (({{z,y), and2c), ((y, z), anda, ), ({2, z),
andsp )), ors ).

We now state a number of propositions:

(49) For all sets x, y, z holds InnerVertices(GFA1CarryIStr(z,y, z)) = {{(z,
y), and2c ), ((y, z), anda, ), {(z, ), andz ) }.

(50) For all sets z, y, z holds InnerVertices(GFA1CarryStr(z,y, 2)) = {{(z,
y), and2c ), ({y, ), anda, ), ({2, ), andy ) JU{GFA1CarryOutput(zx,y, ) }.

(51) For all sets x, y, z holds InnerVertices(GFA1CarryStr(z, y, z)) is a binary
relation.

(52) For all sets z, y, z such that x # ((y, z), anda, ) and y # ((z,z), anda )
and z # ((z,y), and2c) holds InputVertices(GFA1CarryIStr(z,y,2)) =
{:1:7 y7 Z}'

(53) For all sets z, y, z such that « # ((y, z), anda, ) and y # ((z,z), anda )
and z # ((z,y), and2c) holds InputVertices(GFA1CarryStr(z,y,2)) =
{:'U7 y7 Z}'
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(54) For all non pair sets z, y, z holds InputVertices(GFA1CarryStr(z, y, 2))
has no pairs.

(55) Let z, y, z be sets. Then z € the carrier of GFA1CarryStr(z,y, 2)
and y € the carrier of GFAlCarryStr(x,y,z) and z € the
carrier of GFAlCarryStr(z,y,z) and ((z,y), and2c) € the car-
rier of GFAlCarryStr(x,y,z) and ((y,z), ands,) € the carrier
of GFAlCarryStr(z,y,z) and ((z,z),and2) € the carrier of
GFA1CarryStr(z,y, z) and ({({{z,y), and2c), ((y, z), anda, ), ({2, z), anda )),
orz ) € the carrier of GFA1CarryStr(z,y, 2).

(56) For all sets z, y, z holds ((x,y), and2c) € InnerVertices(GFA1CarryStr(z,
y,z)) and ((y, z), anda, ) € InnerVertices(GFA1CarryStr(z,y, z)) and ((z,
x), ands ) € InnerVertices(GFA1CarryStr(z,y, z)) and GFA1CarryOutput
(x,y,2) € InnerVertices(GFA1CarryStr(z, vy, z)).

(57) For all sets z, y, z such that z # ((y, ), anda, ) and y # ((z, ), andy )
and z # ((z,y), and2c) holds =z € InputVertices(GFA1CarryStr(z,y, z))
and y € InputVertices(GFA1CarryStr(z,y, z)) and
z € InputVertices(GFA1CarryStr(z,y, 2)).

(58) For all non pair sets z, y, z holds InputVertices(GFA1CarryStr(zx, y, z)) =
{z,y, z}.

(59) Let z, y, z be sets, s be a state of GFA1CarryCirc(z, y, ), and a1, ag, a3
be elements of Boolean. Suppose a; = s(z) and az = s(y) and az = s(z).
Then (Following(s))({(z,y), and2c)) = a1 A —az and (Following(s))({(y,
z), anda, )) = —ag A ag and (Following(s))({(z,z), anda)) = az A a;.

(60) Let =, y, z be sets, s be a state of GFAlCarryCirc(z,y,z),
and aj, a2, az be elements of Boolean. If a9 = s({{z,v),
and2c)) and a2 = s({(y,z2), ands, )) and a3 = s({(z,x), ands )), then
(Following(s))(GFA1CarryOutput(z,y, z)) = a1 V a2 V as.

(61) Let x, y, z be sets. Suppose = # ((y, z), andz, ) and y # ((z,x), andy )
and z # ((z,y), and2c). Let s be a state of GFA1CarryCirc(z,y, z) and
ay, az, ag be elements of Boolean. Suppose a; = s(x) and ay = s(y) and
a3 = s(z). Then (Following(s, 2))(GFA1CarryOutput(x, y, z)) = a1 A—agV
—ag A as V az A a; and (Following(s,2))({{z,y), and2c)) = a1 A —a2 and
(Following(s, 2))({(y, z), anda, }) = —az A az and (Following(s, 2))({(z, z),
ands )) = asg A ay.

(62) For all sets z, y, z such that x # ((y, ), anda, ) and y # ((z, ), andy )
and z # ((x,y), and2c) and for every state s of GFA1CarryCirc(z,y, 2)
holds Following(s, 2) is stable.

Let z, y, z be sets. The functor GFA1AdderStr(zx,y, z) yields an unsplit
non void strict non empty many sorted signature with arity held in gates and
Boolean denotation held in gates and is defined as follows:
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(Def. 22) GFA1AdderStr(z,y, z) = 2GatesCircStr(z, y, z, xor2c).

Let z, y, z be sets. The functor GFA1AdderCirc(z, y, z) yielding a strict
Boolean circuit of GFA1AdderStr(x, y, z) with denotation held in gates is defined
by:

(Def. 23) GFA1AdderCirc(z, y, z) = 2GatesCircuit(z, y, z, xor2c).

Let z, y, z be sets. The functor GFA1AdderOutput(zx, y, z) yields an element
of InnerVertices(GFA1AdderStr(z,y, z)) and is defined as follows:

(Def. 24) GFA1AdderOutput(z, y, z) = 2GatesCircOutput(z, y, z, xor2c).
We now state a number of propositions:

(63) For all sets x, y, z holds InnerVertices(GFA1AdderStr(x,y, z)) = {{(z,
y), xor2c )} U {GFA1AdderOutput(z,y, 2)}.
(64) For all sets x, y, z holds InnerVertices(GFA1AdderStr(z, y, z)) is a binary
relation.
(65) For all sets x, y, =z such that z # ((z,y), xor2c) holds
InputVertices(GFA1AdderStr(z, y, 2)) = {x,y, z}.
(66) For all non pair sets x, y, z holds InputVertices(GFA1AdderStr(z,y, 2))
has no pairs.
(67) Let x, y, z be sets. Then
)« € the carrier of GFA1AdderStr(z,y, 2),
)y € the carrier of GFA1AdderStr(z,y, z),
(iii) 2z € the carrier of GFA1AdderStr(z,y, z),
) {(z,y), xor2c) € the carrier of GFA1AdderStr(z,y, z), and
) {({{{z,y), xor2c), z), xor2c) € the carrier of GFA1AdderStr(z,y, z).
(68) For all sets z, y, z holds ((x, y), xor2c) € InnerVertices(GFA1AdderStr(z,
y,z)) and GFA1AdderOutput(z, y, z) € InnerVertices(GFA1AdderStr(x, y,
(69) For all sets z, y, z such that z # ((x,y), xor2c) holds = €
InputVertices(GFA1AdderStr(z, y, z)) and
y € InputVertices(GFA1AdderStr(z,y, 2)) and
z € InputVertices(GFA1AdderStr(z, y, 2)).
(70) For all non pair sets z, y, z holds InputVertices(GFA1AdderStr(z, y, z)) =
{1.7 y7 Z}'
(71) Let x, y, z be sets. Suppose z # ((z,y), xor2c). Let s be a state of
GFA1AdderCirc(z,y, z) and aj, ag, as be elements of Boolean. Suppose
a; = s(z) and az = s(y) and az = s(z). Then (Following(s))({(x,y),
xor2c )) = a;®—ay and (Following(s))(z) = a1 and (Following(s))(y) = aa
and (Following(s))(z) = as.
(72) Let z, y, z be sets. Suppose z # ((z,y), xor2c). Let s be a state of
GFAlAdderCirc(z,y, z) and a4, a1, a2, az be elements of Boolean. If
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ay = s({{z,y), xor2c)) and a; = s(z) and az = s(y) and az = s(z), then
(Following(s))(GFA1AdderOutput(z,y, 2)) = as4 ® —as.

(73) Let x, y, z be sets. Suppose z # ((x,y), xor2c). Let s be
a state of GFAlAdderCirc(z,y,z) and aj, az, as be elements of
Boolean. Suppose a; = s(x) and a2 = s(y) and ag = s(z). Then
(Following(s, 2))(GFA1AdderOutput(z,y,2)) = a1 & —az & —as and
(Following(s, 2))({(z,y), xor2c)) = a1 ®—ag and (Following(s,2))(z) = a1
and (Following(s,2))(y) = a2 and (Following(s, 2))(z) = as.

(74) Let =z, y, z be sets. Suppose z # ((z,y), xor2c). Let s be
a state of GFAlAdderCirc(z,y,z) and aj, az, az be elements of
Boolean. If a7 = s(zr) and aa = s(y) and a3 = s(z), then
(Following(s, 2))(GFA1AdderOutput(z,y, 2)) = —(a1 ® —~az ® a3).

(75) For all sets x, y, z such that z # ((x,y), xor2c) and for every state s of
GFA1AdderCirc(z, y, z) holds Following(s, 2) is stable.

Let z, y, z be sets. The functor BitGFA1Str(x,y, z) yields an unsplit non
void strict non empty many sorted signature with arity held in gates and Boolean
denotation held in gates and is defined as follows:

(Def. 25) BitGFA1Str(z,y, z) = GFA1AdderStr(x, y, z)+- GFA1CarryStr(z, y, 2).

Let z, y, z be sets. The functor BitGFA1Circ(x,y, z) yielding a strict
Boolean circuit of BitGFA1Str(z,y, z) with denotation held in gates is defined
by:

(Def. 26) BitGFA1Circ(z,y, z) = GFA1AdderCirc(z, y, )+ GFA1CarryCirc(z, y, 2).

We now state several propositions:

(76) For all sets z, y, z holds InnerVertices(BitGFA1Str(x,y,z)) =
{{{x,y), xor2c ) }U{GFA1AdderOutput(z, y, z) }U{{{z,y), and2c ), ((y, 2),
ands, ), ((z,x), andy ) } U {GFA1CarryOutput(z,y, z) }.

(77) For all sets z, y, z holds InnerVertices(BitGFA1Str(z,y, 2)) is a binary
relation.

(78) For all sets x, y, z such that z # ((z,y), xor2c) and = # {((y,
z), andg, ) and y # ((z,x),ands) and z # ((z,y), and2c) holds
InputVertices(BitGFA1Str(z, vy, 2)) = {x,y, z}.

(79) For all non pair sets z, y, z holds InputVertices(BitGFA1Str(z,y, z)) =
{z,y,2}.

(80) For all non pair sets z, y, z holds InputVertices(BitGFA1Str(z, y, z)) has
no pairs.

(81) Let z, y, z be sets. Then = € the carrier of BitGFA1Str(z,y, 2)
and y € the carrier of BitGFA1Str(z,y,z) and z € the
carrier of BitGFA1Str(z,y,z) and ((z,y), xor2c) € the car-
rier of BitGFA1Str(x,y,z) and (({((z,y), xor2c),z), xor2c) € the
carrier of BitGFA1Str(z,y,z) and ((z,y), and2c) € the car-
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rier of BitGFA1Str(x,y,2z) and ((y,z), ands,) € the carrier of
BitGFA1Str(z,y, z) and {(z, x), anda ) € the carrier of BtGFA1Str(z,y, 2)
and ((((z,y), and2c), ({y, z), anda, ), ((z,x), anda )), orz) € the carrier
of BitGFA1Str(z,y, z).

(82) Let z, y, z be sets. Then ((z,y), xor2c) € InnerVertices(BitGFA1Str(z,
y,z)) and GFA1AdderOutput(z,y, z) € InnerVertices(BitGFA1Str(z, vy, z))
and ((z,y), and2c) € InnerVertices(BitGFA1Str(z,y,z2)) and ((y,z),
anda, ) € InnerVertices(BitGFA1Str(x,y,z)) and ((z,z), andy) €
InnerVertices(BitGFA1Str(z,y,2)) and GFAlCarryOutput(z,y,z) €
InnerVertices(BitGFA1Str(z, y, 2)).

(83) Let =z, wy, z be sets. Suppose z # {((z,y), xor2c) and
€z 7é <<y72>7 and?a) and Yy 75 (<Z,$>, al’ld2> and =z 7é (<33,
y), and2c). Then z € InputVertices(BitGFA1Str(z,y,2)) and y €
InputVertices(BitGFA1Str(z,y, 2)) and z € InputVertices(BitGFA1Str(z,
Y, 2))-

Let x, y, z be sets. The functor BitGFA1CarryOutput(z,y, z) yielding an
element of InnerVertices(BitGFA1Str(x,y, z)) is defined as follows:
(Def. 27) BitGFA1CarryOutput(z,y,z) = ({({{(z,y), and2c), ({(y, ), andag ), {(z,
x), anda )), ors ).
Let x, y, z be sets. The functor BitGFA1AdderOutput(z, y, z) yielding an
element of InnerVertices(BitGFA1Str(x,y, z)) is defined as follows:
(Def. 28) BitGFA1AdderOutput(z, y, z) = 2GatesCircOutput(z, y, z, xor2c).
The following two propositions are true:

(84) Let =z, y, z be sets. Suppose z # {((z,y), xor2c) and =z # ((y,
z),andy, ) and y # ((z,z),andy) and z # {((z,y), and2c). Let s
be a state of BitGFA1Circ(z,y,2) and a1, as, as be elements of
Boolean. Suppose a1 = s(x) and a2 = s(y) and ag = s(z). Then
(Following(s, 2))(GFA1AdderOutput(z,y,2)) = —(a1 ® —az  a3) and
(Following(s, 2))(GFA1CarryOutput(z, y, z)) = a1 A—azV-azAazVasAay.

(85) Let =z, y, z be sets. Suppose z # ({(z,y), xor2c) and = # ((y,=2),
andy, ) and y # ((z,z), ands ) and z # ((z,y), and2c). Let s be a state
of BitGFA1Circ(z,y, z). Then Following(s, 2) is stable.

4. GENERALIZED FuLL ADDER (GFA) Circuir (TYPE-2)

Let z, y, z be sets. The functor GFA2CarrylIStr(z,y, z) yields an unsplit
non void strict non empty many sorted signature with arity held in gates and
Boolean denotation held in gates and is defined by:

(Def. 29) GFA2CarrylStr(x,y, z) = 1GateCircStr({x, y), anda, )+ 1GateCircStr((y,
z),and2c)+- 1GateCircStr((z, z), andgp).
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Let x, y, z be sets. The functor GFA2CarrylICirc(z,y, z) yielding a strict
Boolean circuit of GFA2CarryIStr(z,y, z) with denotation held in gates is de-
fined as follows:

(Def. 30) GFA2CarrylCirc(z, y, z) = 1GateCircuit(x, y, anda, )+- 1GateCircuit(y,
z,and2c)+- 1GateCircuit(z, z, andgp).

Let x, y, z be sets. The functor GFA2CarryStr(x,y, z) yielding an unsplit
non void strict non empty many sorted signature with arity held in gates and
Boolean denotation held in gates is defined as follows:

(Def. 31) GFA2CarryStr(z,y,z) = GFA2CarryIStr(z,vy, z)+- 1GateCircStr(({(z,
y), anda, ), ((y, 2), and2c), ((z, z), andgy, )), nors).

Let x, y, z be sets. The functor GFA2CarryCirc(x,y, z) yields a strict
Boolean circuit of GFA2CarryStr(z,y, z) with denotation held in gates and is
defined as follows:

(Def. 32) GFA2CarryCirc(z,y, z) = GFA2CarryICirc(z,y, z)+- 1GateCircuit({(z,
y), anda, ), ((y, 2), and2c), ((z, z), andgy ), nors).

Let z, y, z be sets. The functor GFA2CarryOutput(z, y, z) yields an element
of InnerVertices(GFA2CarryStr(z, y, z)) and is defined by:

(Def. 33) GFA2CarryOutput(z,y,z) = {(({{x,y), anda, ), ({y, 2), and2c ), {(z, =),
andgy )), nors ).

We now state a number of propositions:

(86) For all sets z, y, z holds InnerVertices(GFA2CarryIStr(z,y, z)) = {{{(z,
y), anda, ), ((y, 2), and2¢c), ((z, z), andgy ) }.
(87) For all sets z, y, z holds InnerVertices(GFA2CarryStr(z, vy, 2)) = {{(z,

561

y), anda, ), ((y, z), and2c), ((z, z), andg, ) JU{GFA2CarryOutput(z,y, z)}.

(88) For all sets z, y, z holds InnerVertices(GFA2CarryStr(x, y, z)) is a binary
relation.

(89) For all sets z, y, z such that x # ((y, 2), and2c) and y # ((z,z), andg )
and z # ((z,y), anda, ) holds InputVertices(GFA2CarryIStr(z,y, z)) =
{z,y,2}.

(90) For all sets z, y, z such that x # ((y, z), and2c) and y # ((z,z), andg )
and z # ((z,y), andy, ) holds InputVertices(GFA2CarryStr(z,y,z2)) =
{z,y,2}.

(91) For all non pair sets x, y, z holds InputVertices(GFA2CarryStr(z,y, 2))
has no pairs.

(92) Let z, y, z be sets. Then = € the carrier of GFA2CarryStr(z,y, 2)
and y € the carrier of GFA2CarryStr(z,y,z) and z € the
carrier of GFA2CarryStr(z,y,z) and ((z,y), anda,) € the car-
rier of GFA2CarryStr(z,y,z) and ((y,z),and2c) € the -car-
rier of GFA2CarryStr(x,y,z) and ((z,z), andy,) € the carrier
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of GFA2CarryStr(z,y,z) and {{{{(z,y), anda, ), ({y, z), and2c), ((z, x),
andgy )), nors ) € the carrier of GFA2CarryStr(z, y, 2).

(93) For all sets z, y, z holds ((x,y), andy, ) € InnerVertices(GFA2CarryStr(z,
y,z)) and {(y, z), and2c) € InnerVertices(GFA2CarryStr(z,y, z)) and {(z,
x), andgy ) € InnerVertices(GFA2CarryStr(z,y, z)) and GFA2CarryOutput
(x,y, z) € InnerVertices(GFA2CarryStr(z, y, z)).

(94) For all sets x, y, z such that x # ((y, z), and2c) and y # ((z,z), andg )
and z # ((z,y), andg, ) holds = € InputVertices(GFA2CarryStr(x,y, 2))
and y € InputVertices(GFA2CarryStr(z,y, z)) and
z € InputVertices(GFA2CarryStr(z, y, z)).

(95) For all non pair sets z, y, z holds InputVertices(GFA2CarryStr(z, y, z)) =
{z,y, z}.

(96) Let x, y, z be sets, s be a state of GFA2CarryCirc(z, y, ), and a1, az, as
be elements of Boolean. Suppose a; = s(x) and ay = s(y) and a3 = s(z).
Then (Following(s))({{(z,y), anda, }) = —a1 A ag and (Following(s))({(y,
z), and2c)) = ag A —ag and (Following(s))({(z,x), andg }) = —az A —ay.

(97) Let z, y, z be sets, s be a state of GFA2CarryCirc(z,y,2), and
ay, az, az be elements of Boolean. If a1 = s({{z,y), anda,))
and az = s({(y,z), and2c)) and a3 = s({(z,x), andg)), then
(Following(s))(GFA2CarryOutput(z,y, 2)) = =(a1 V az V as).

(98) Let x, y, z be sets. Suppose x # {(y, z), and2¢) and y # {(z, z), andg, )
and z # ((z,y), andg, ). Let s be a state of GFA2CarryCirc(z,y, z) and
ai, az, ag be elements of Boolean. Suppose a; = s(z) and a2 = s(y) and
a3 = s(z). Then (Following(s, 2))(GFA2CarryOutput(z,y, z)) = —=(—a; A
asVaz A—asV-agA-ayp) and (Following(s, 2))({(z,y), anda, )) = —a1 Aaz
and (Following(s, 2))({(y, z), and2c¢)) = agA—asz and (Following(s, 2))({(z,
x), andgy )) = —as A —ay.

(99) For all sets x, y, z such that x # ((y, z), and2c¢) and y # ((z,x), andg, )
and z # ((x,y), andy, ) and for every state s of GFA2CarryCirc(z,y, z)
holds Following(s, 2) is stable.

Let z, y, z be sets. The functor GFA2AdderStr(x,y, z) yields an unsplit
non void strict non empty many sorted signature with arity held in gates and
Boolean denotation held in gates and is defined as follows:

(Def. 34) GFA2AdderStr(z,y, z) = 2GatesCircStr(z, y, z, xor2c).

Let x, y, z be sets. The functor GFA2AdderCirc(z,y, z) yielding a strict
Boolean circuit of GFA2AdderStr(z, y, z) with denotation held in gates is defined
as follows:

(Def. 35) GFA2AdderCirc(z, y, z) = 2GatesCircuit(z, y, z, xor2c).

Let z, y, z be sets. The functor GFA2AdderOutput(z, y, z) yields an element
of InnerVertices(GFA2AdderStr(z, y, z)) and is defined by:
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(Def. 36) GFA2AdderOutput(z,y, z) = 2GatesCircOutput(z, y, z, xor2c).
One can prove the following propositions:
(100) For all sets x, y, z holds InnerVertices(GFA2AdderStr(z,y, z)) = {{(z,
y), xor2c )} U{GFA2AdderOutput(z,y, z)}.
(101) For all sets x, y, z holds InnerVertices(GFA2AdderStr(x, y, 2z)) is a binary
relation.
(102) For all sets z, y, z such that z # ((z,y), xor2c) holds
InputVertices(GFA2AdderStr(z,y, 2)) = {z,y, z}.
(103) For all non pair sets x, y, z holds InputVertices(GFA2AdderStr(z, y, z))
has no pairs.
(104) Let x, y, z be sets. Then
(i) =z € the carrier of GFA2AdderStr(zx, y, z),
(ii)  y € the carrier of GFA2AdderStr(z, vy, 2),
(ili) 2z € the carrier of GFA2AdderStr(z, y, z),
)
)

. =

(iv)  {(z,y), xor2c) € the carrier of GFA2AdderStr(z,y, z), and
(v)  (({{z,y), xor2c), z), xor2c) € the carrier of GFA2AdderStr(z, y, ).

(105) For all sets x, y, z holds {{x, y), xor2c) € InnerVertices(GFA2AdderStr(z,
y,z)) and GFA2AdderOutput(z, y, z) € InnerVertices(GFA2AdderStr(z, y,

(106) For all sets z, y, z such that z # ((x,y), xor2c) holds z= €
InputVertices(GFA2AdderStr(z, y, z)) and
y € InputVertices(GFA2AdderStr(z, y, z)) and
z € InputVertices(GFA2AdderStr(x, y, z)).

(107) For all non pair sets z, y, z holds InputVertices(GFA2AdderStr(x,y, z)) =
{z,y,2}.

(108) Let x, y, z be sets. Suppose z # ((z,y), xor2c). Let s be a state of
GFA2AdderCirc(z, y, z) and a1, ag, az be elements of Boolean. Suppose
a; = s(z) and ay = s(y) and az = s(z). Then (Following(s))({(z,y),
xor2c)) = a; ®—ag and (Following(s))(z) = a; and (Following(s))(y) = as
and (Following(s))(z) = as.

(109) Let x, y, z be sets. Suppose z # {(z,y), xor2c). Let s be a state of
GFA2AdderCirc(x,y, z) and a4, a1, a2, asz be elements of Boolean. If
as = s({(z,y), xor2c)) and a1 = s(z) and az = s(y) and az = s(z), then
(Following(s))(GFA2AdderOutput(z,y, 2)) = asg ® —as.

(110) Let z, y, z be sets. Suppose z # ((z,y), xor2c). Let s be
a state of GFA2AdderCirc(z,y,z) and ai, az, az be elements of
Boolean. Suppose a1 = s(z) and az = s(y) and a3 = s(z). Then
(Following(s, 2))(GFA2AdderOutput(x,y,z)) = a1 & —az & —as and
(Following(s, 2))({(x,y), xor2c)) = a1 ®ag and (Following(s, 2))(z) = a;
and (Following(s,2))(y) = a2 and (Following(s, 2))(z) = as.
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(111) Let z, y, z be sets. Suppose z #* {((x,y), xor2c). Let s be
a state of GFA2AdderCirc(z,y,z) and aj, ag, a3 be elements of
Boolean. If a; = s(zx) and as = s(y) and a3 = s(z), then
(Following(s, 2))(GFA2AdderOutput(z,y, z)) = —a1 @ az & —as.

(112) For all sets z, y, z such that z # ((z,y), xor2c) and for every state s of
GFA2AdderCirc(z, y, z) holds Following(s, 2) is stable.

Let z, y, z be sets. The functor BitGFA2Str(z,y, z) yielding an unsplit
non void strict non empty many sorted signature with arity held in gates and
Boolean denotation held in gates is defined as follows:

(Def. 37) BitGFA2Str(z,y, z) = GFA2AdderStr(x, y, z)+- GFA2CarryStr(z, y, 2).

Let z, y, z be sets. The functor BitGFA2Circ(zx, y, z) yields a strict Boolean
circuit of BitGFA2Str(x,y, z) with denotation held in gates and is defined by:

(Def. 38) BitGFA2Circ(x,y, z) = GFA2AdderCirc(z, y, z)+- GFA2CarryCirc(z, y, 2).
Next we state several propositions:

(113) For all sets x, y, z holds InnerVertices(BitGFA2Str(x,y,2)) =
{{{z,y), xor2c ) }U{GFA2AdderOutput(z, y, z) }U{{{z,y), andaq ), (v, 2),
and2c), ((z, x), andg, ) } U {GFA2CarryOutput(z,y, ) }.

(114) For all sets x, y, z holds InnerVertices(BitGFA2Str(z,y, z)) is a binary
relation.

(115) For all sets x, y, z such that z # ((z,y), xor2c) and =z # ((y,
z),and2c) and y # ((z,z),andg) and z # ((x,y), andy,) holds
InputVertices(BitGFA2Str(z,y, 2)) = {z,y, z}.

(116) For all non pair sets z, y, z holds InputVertices(BitGFA2Str(x,y, z)) =
{z,y, 2}

(117) For all non pair sets x, y, z holds Input Vertices(BitGFA2Str(z, y, z)) has
no pairs.

(118) Let z, y, z be sets. Then z € the carrier of BitGFA2Str(z,y, 2)
and y € the carrier of BitGFA2Str(z,y,z) and z € the
carrier of BitGFA2Str(z,y,z) and ((x,y), xor2c) € the -car-
rier of BitGFA2Str(z,y,z) and (({((z,y), xor2c), z), xor2c) € the
carrier of BitGFA2Str(z,y,z) and ((z,y), ands,) € the car-
rier of BitGFA2Str(z,y,z) and ((y,z), and2c) € the carrier of
BitGFA2Str(x, y, z) and ((z, ), andg, ) € the carrier of BitGFA2Str(x, y, z)
and (({(x,y), andy, ), ({y, 2), and2c ), ((z,x), andgy )), nors ) € the carrier
of BitGFA2Str(z, vy, 2).

(119) Let z, y, z be sets. Then ((x,y), xor2c) € InnerVertices(BitGFA2Str(z,
y, z)) and GFA2AdderOutput(z, y, z) € InnerVertices(BitGFA2Str(x, y, z))
and ((z,y), anda, ) € InnerVertices(BitGFA2Str(x,y,2)) and ((y,z),
and2c) € InnerVertices(BitGFA2Str(z,y,2)) and ((z,z), andgy) €
InnerVertices(BitGFA2Str(z,y,2)) and GFA2CarryOutput(z,y,z) €
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InnerVertices(BitGFA2Str(z, y, 2)).

(120) Let =z, wy, =z be sets. Suppose z # ((z,y), xor2c) and
x # ((y,z),and2c) and y # ((z,2),andgy) and z # {((z,
y), anda, ). Then z € InputVertices(BitGFA2Str(z,y,2)) and y €
InputVertices(BitGFA2Str(z, y, 2)) and z € InputVertices(BitGFA2Str(z,
Y,2))-
Let z, y, z be sets. The functor BitGFA2CarryOutput(z,y, z) yields an
element of InnerVertices(BitGFA2Str(x,y, z)) and is defined by:
(Def. 39) BitGFA2CarryOutput(z,y,z) = ({({(z,y), anda, ), ((y, ), and2c ), ((z,
x), andgy )), nors ).
Let z, y, z be sets. The functor BitGFA2AdderOutput(z,y, z) yielding an
element of InnerVertices(BitGFA2Str(x,y, z)) is defined by:
(Def. 40) BitGFA2AdderOutput(z, y, z) = 2GatesCircOutput(z, y, z, xor2c).
Next we state two propositions:

(121) Let =z, y, z be sets. Suppose z # ((z,y), xor2c) and =z # {((y,
z),and2c) and y # ((z,z), andgy) and z # ((z,y), anda,). Let s
be a state of BitGFA2Circ(x,y,z) and aj, ag, az be elements of
Boolean. Suppose a; = s(x) and a2 = s(y) and ag = s(z). Then
(Following(s, 2))(GFA2AdderOutput(z,y,2)) = -a; & az & —az and
(Following(s, 2))(GFA2CarryOutput(z,y, z)) = —(-a1 A az V az A —as V
I EWA —|a1).

(122) Let x, y, z be sets. Suppose z # ((z,y), xor2c) and = # ((y, z), and2c)
and y # ((z,x), andgy ) and z # ((x,y), ands, ). Let s be a state of
BitGFA2Circ(z,y, z). Then Following(s, 2) is stable.

5. GENERALIZED FuLL ADDER (GFA) CircuiT (TYPE-3)

Let z, y, z be sets. The functor GFA3CarryIStr(x,y, z) yielding an unsplit
non void strict non empty many sorted signature with arity held in gates and
Boolean denotation held in gates is defined by:

(Def. 41) GFA3CarrylStr(x, y, z) = 1GateCircStr({x, y), andg)+- 1GateCircStr((y,
z), andgp)+- 1GateCircStr((z, z), andgy).

Let z, y, z be sets. The functor GFA3CarryICirc(z,y, z) yielding a strict
Boolean circuit of GFA3CarrylIStr(z,y, z) with denotation held in gates is de-
fined by:

(Def. 42) GFA3CarrylCirc(z, y, z) = 1GateCircuit(z, y, andg,)+- 1GateCircuit(y,
z, andgp)+- 1GateCircuit(z, x, andgy).

Let z, y, z be sets. The functor GFA3CarryStr(x,y, z) yielding an unsplit
non void strict non empty many sorted signature with arity held in gates and
Boolean denotation held in gates is defined by:
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(Def. 43) GFA3CarryStr(z,y,z) = GFA3CarrylStr(z,y, z)+- 1GateCircStr({{(z,

y>7 and?b )7 (<Z/, Z>7 and2b )7 (<Z7 $>, aHde )>7 HOI'?,).
Let z, y, z be sets. The functor GFA3CarryCirc(z,y, z) yielding a strict

Boolean circuit of GFA3CarryStr(z, y, z) with denotation held in gates is defined
by:

(Def. 44) GFA3CarryCirc(z,y, 2) = GFA3CarrylCirc(z,y, 2)+- 1GateCircuit({(z,

y>7 anday )7 <<y7 Z>7 anday, )’ (<Z7 $>, andyy, )7 IlOI'3).
Let x, y, z be sets. The functor GFA3CarryOutput(z, y, z) yields an element
of InnerVertices(GFA3CarryStr(z,y, z)) and is defined as follows:

(Def. 45) GFA3CarryOutput(z,y,z) = (({{z,y), andgy ), ((y, 2), andgp ), ((z, z),

andgy )), nors ).
The following propositions are true:
(123) For all sets z, y, z holds InnerVertices(GFA3CarryIStr(z,y, 2)) = {{(z,
y>7 anday )a <<y7 Z>7 anday, )7 (<Z, 33‘>, andayp )}
(124) For all sets z, y, z holds InnerVertices(GFA3CarryStr(z, vy, 2)) = {{(z,
y), andgp ), ((y, 2), andgy ), ((z, z), andgy ) JU{GFA3CarryOutput(z, y, 2) }.
(125) For all sets x, y, z holds InnerVertices(GFA3CarryStr(z, y, z)) is a binary
relation.

(126) For all sets x, y, z such that x # ((y, z), andg, ) and y # {((z, ), andgy, )
and z # ((z,y), andg, ) holds InputVertices(GFA3CarrylStr(z,y,2)) =
{z,y, 2}

(127) For all sets x, y, z such that = # ((y, z), andg, ) and y # ((z, =), andyy, )
and z # ((z,y), andgy ) holds InputVertices(GFA3CarryStr(z,y, 2)) =
{z,y,2}.

(128) For all non pair sets xz, y, z holds InputVertices(GFA3CarryStr(z,y, z))
has no pairs.

(129) Let z, y, z be sets. Then = € the carrier of GFA3CarryStr(z,y, 2)
and y € the carrier of GFA3CarryStr(z,y,z) and z € the
carrier of GFA3CarryStr(x,y,z) and ((x,y), andg,) € the car-
rier of GFA3CarryStr(z,y,z) and ((y,z), andy,) € the carrier
of GFA3CarryStr(x,y,z) and ((z,z),andy) € the carrier of
GFA3CarryStr(z,y, z) and (({(z,y), andy, ), {{y, 2), andgy, ), ({2, ), andgy )),
nors ) € the carrier of GFA3CarryStr(z, y, z).

(130) For all sets z, y, z holds ((x, y), andg, ) € InnerVertices(GFA3CarryStr(z,
y,z)) and ((y, z), andgp ) € InnerVertices(GFA3CarryStr(x,y, z)) and ((z,
x), andgy ) € InnerVertices(GFA3CarryStr(z,y, z)) and GFA3CarryOutput
(x,y, z) € InnerVertices(GFA3CarryStr(z,y, z)).

(131) For all sets x, y, z such that = # ((y, z), andg, ) and y # ((z, z), andy, )
and z # ((x,y), andg, ) holds x € InputVertices(GFA3CarryStr(x,y, z))
and y € InputVertices(GFA3CarryStr(z,y, z)) and
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z € InputVertices(GFA3CarryStr(z,y, 2)).

(132) For all non pair sets x, y, z holds Input Vertices(GFA3CarryStr(x, y, z)) =
{z,y,2}.

(133) Let z, y, z be sets, s be a state of GFA3CarryCirc(zx, y, z), and a1, ag, a3
be elements of Boolean. Suppose a; = s(x) and ay = s(y) and a3 = s(z).
Then (Following(s))({(z,y), andgp )) = —a1 A —az and (Following(s))({(y,
z), andgy )) = —ag A —as and (Following(s))({(z, z), andgp )) = —as A —ay.

(134) Let x, y, z be sets, s be a state of GFA3CarryCirc(z,y,z), and
ai, a2, az be elements of Boolean. If a1 = s({(z,y), andgy ))
and as = s({(y,2), andg)) and a3 = s({(z,z), andg)), then
(Following(s))(GFA3CarryOutput(x,y, 2)) = —(a1 V az V a3).

(135) Let x, y, z be sets. Suppose = # ((y, z), andg, ) and y # ((z,x), andy )
and z # ((x,y), andg, ). Let s be a state of GFA3CarryCirc(z,y, z) and
ai, ag, az be elements of Boolean. Suppose a; = s(z) and ay = s(y)
and ag = s(z). Then (Following(s,2))(GFA3CarryOutput(z,y,z)) =
—(mayr A —ag V —ag A —ag Vo —as A —ap) and (Following(s, 2))(((z, y),
andgy, )) = —a; A —ag and (Following(s, 2))({(y, ), andgp )) = —az A —as
and (Following(s,2))({(z,z), andg )) = —az A —ay.

(136) For all sets z, y, z such that = # ((y, z), andg ) and y # ((z, x), andy )
and z # ((z,y), andg, ) and for every state s of GFA3CarryCirc(z,y, 2)
holds Following(s, 2) is stable.

Let z, y, z be sets. The functor GFA3AdderStr(z,y, z) yields an unsplit
non void strict non empty many sorted signature with arity held in gates and
Boolean denotation held in gates and is defined by:

(Def. 46) GFA3AdderStr(z,y, z) = 2GatesCircStr(x, y, z, xors).

Let x, y, z be sets. The functor GFA3AdderCirc(z,y, z) yielding a strict
Boolean circuit of GFA3AdderStr(x, y, z) with denotation held in gates is defined
by:

(Def. 47) GFA3AdderCirc(z, y, z) = 2GatesCircuit(z, y, z, xors).

Let x, y, z be sets. The functor GFA3AdderOutput(z,y, z) yielding an

element of InnerVertices(GFA3AdderStr(z,y, 2)) is defined by:

(Def. 48) GFA3AdderOutput(z,y, z) = 2GatesCircOutput(zx, y, z, xors).

One can prove the following propositions:

(137) For all sets x, y, z holds InnerVertices(GFA3AdderStr(x,y, z)) = {((z,
y), xorz ) } U{GFA3AdderOutput(z,y, ) }.

(138) For all sets z, y, z holds InnerVertices(GFA3AdderStr(z, y, z)) is a binary
relation.

(139) For all sets =z, y, =z such that z # ((z,y), xorz) holds
InputVertices(GFA3AdderStr(z,y, 2)) = {z,y, 2}
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(140) For all non pair sets x, y, z holds InputVertices(GFA3AdderStr(z,y, z))
has no pairs.

(141) Let x, y, z be sets. Then
)z € the carrier of GFA3AdderStr(x,y, 2),
)y € the carrier of GFA3AdderStr(z,y, z),
(iii) 2z € the carrier of GFA3AdderStr(z,y, z),
) {{x,y), xors ) € the carrier of GFA3AdderStr(x,y, z), and
) {{{({(z,y), xora ), z), xorg ) € the carrier of GFA3AdderStr(z,y, z).

(142) For all sets z, y, z holds ((x,y), xory ) € InnerVertices(GFA3AdderStr(z,
y,z)) and GFA3AdderOutput(zx, y, z) € InnerVertices(GFA3AdderStr(z, y,
z)).

(143) For all sets z, y, z such that z # ((x,y), xora) holds = €
InputVertices(GFA3AdderStr(z, y, z)) and
y € InputVertices(GFA3AdderStr(z,y, z)) and
z € InputVertices(GFA3AdderStr(x, y, z)).

(144) For all non pair sets z, y, z holds InputVertices(GFA3AdderStr(zx, y, z)) =
{z,y, 2}

(145) Let z, y, z be sets. Suppose z # ((z,y), xora ). Let s be a state of
GFA3AdderCirc(z,y, z) and aj, ag, as be elements of Boolean. Suppose
a; = s(z) and az = s(y) and az = s(z). Then (Following(s))({(x,y),
xory )) = a; @ az and (Following(s))(z) = a1 and (Following(s))(y) = as
and (Following(s))(z) = as.

(146) Let z, y, z be sets. Suppose z # ((z,y), xory ). Let s be a state of
GFA3AdderCirc(z,y, z) and a4, a1, a2, az be elements of Boolean. If
ay = s({(z,y), xory)) and a; = s(z) and ag = s(y) and ag = s(z), then
(Following(s))(GFA3AdderOutput(z,y, z)) = a4 & as.

(147) Let =z, y, z be sets.  Suppose z # ((z,y), xora). Let s be
a state of GFA3AdderCirc(x,y,z) and aj, az, ag be elements of
Boolean.  Suppose a1 = s(z) and a2 = s(y) and az = s(2).
Then (Following(s,2))(GFA3AdderOutput(z,y,z)) = a1 @ az ® ag and
(Following(s, 2))({({x,y), xora)) = a1 @ az and (Following(s,2))(x) = a1
and (Following(s, 2))(y) = a2 and (Following(s, 2))(z) = as.

(148) Let =z, y, z be sets. Suppose z # ((x,y), xory). Let s be
a state of GFA3AdderCirc(z,y,z) and aj, az, as be elements of
Boolean. If a; = s(x) and aa = s(y) and a3 = s(z), then
(Following(s, 2))(GFA3AdderOutput(z,y, z)) = =(—a1 & —as ® —as3).

(149) For all sets z, y, z such that z # ((x,y), xory ) and for every state s of
GFA3AdderCirc(z, y, z) holds Following(s, 2) is stable.

Let z, y, z be sets. The functor BitGFA3Str(z,y, z) yielding an unsplit
non void strict non empty many sorted signature with arity held in gates and
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Boolean denotation held in gates is defined by:
(Def. 49) BitGFA3Str(z,y, z) = GFA3AdderStr(x, y, z)+- GFA3CarryStr(z, y, z).
Let z, y, z be sets. The functor BitGFA3Circ(x, y, z) yields a strict Boolean

circuit of BitGFA3Str(z,y, z) with denotation held in gates and is defined as
follows:

(Def. 50) BitGFA3Circ(z,y, z) = GFA3AdderCirc(z, y, z)+- GFA3CarryCirc(z, y, 2).
One can prove the following propositions:

(150) For all sets x, y, z holds InnerVertices(BitGFA3Str(x,y,z))
{{{z,y), xorz )} U{GFA3AdderOutput(x,y, 2) } U {{{(z,y), andsy ), {{y, 2),
andgy, ), ((z, ), andgy ) } U {GFA3CarryOutput(z,y, 2)}.

(151) For all sets z, y, z holds InnerVertices(BitGFA3Str(z,y, z)) is a binary
relation.

(152) For all sets z, y, z such that z # {((z,y), xor2) and = # ((y,
z),andg ) and y # ((z,x), andy ) and z # ((z,y), andg ) holds
InputVertices(BitGFA3Str(z, y, 2)) = {x,y, z}.

(153) For all non pair sets z, y, z holds InputVertices(BitGFA3Str(x,y, z)) =
{z,y,2}.

(154) For all non pair sets z, y, z holds InputVertices(BitGFA3Str(x, y, z)) has
no pairs.

(155) Let z, y, z be sets. Then z € the carrier of BitGFA3Str(z,y, 2)
and y € the carrier of BitGFA3Str(x,y,z) and z € the carrier of
BitGFA3Str(z,y, z) and ({x,y), xors ) € the carrier of BitGFA3Str(z, y, z)
and ((((z,y), xora ), z), xory ) € the carrier of BitGFA3Str(z,y,z) and
((z,y), andgy ) € the carrier of BitGFA3Str(x,y, z) and ((y, z), andg ) €
the carrier of BitGFA3Str(x,y,z) and ((z,z), andg,) € the carrier of
BitGFA3Str(x,y, z) and (({(x,y), anda ), ((y, 2), andap ), ((z, z), anday )),
norg ) € the carrier of BitGFA3Str(z, vy, 2).

(156) Let x, y, z be sets. Then ((z,y), xors ) € InnerVertices(BitGFA3Str(z, y,
z)) and GFA3AdderOutput(z,y,z) € InnerVertices(BitGFA3Str(x,y, z))
and ((z,y), andg,) € InnerVertices(BitGFA3Str(z,y,z)) and {((y, 2),
andg, ) € InnerVertices(BitGFA3Str(x,y,z)) and ((z,x), andy) €
InnerVertices(BitGFA3Str(z,y, z)) and GFA3CarryOutput(z,y,z) €
InnerVertices(BitGFA3Str(z, y, 2)).

(157) Let =, y, =z be sets. Suppose z # ({(x,y), xora) and
x # {(y,2),ands) and y # ((z,z),andy) and 2z # {((x,
y), andgp ). Then z € InputVertices(BitGFA3Str(z,y,2)) and y €
InputVertices(BitGFA3Str(z, v, z)) and z € InputVertices(BitGFA3Str(z,
Y, 2))-

Let z, y, z be sets. The functor BitGFA3CarryOutput(z,y, z) yields an
element of InnerVertices(BitGFA3Str(x,y, z)) and is defined by:
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(Def. 51) BitGFA3CarryOutput(z,y,z) = ({{{x,y), andsy ), ({y, 2), andy }, ({2,
x), andgy }), nors ).
Let z, y, z be sets. The functor BitGFA3AdderOutput(z, y, z) yielding an
element of InnerVertices(BitGFA3Str(x,y, 2)) is defined by:

(Def. 52) BitGFA3AdderOutput(x, y, z) = 2GatesCircOutput(z, y, z, xors).
Next we state two propositions:

(158) Let x, y, z be sets. Suppose z # ((z,y), xorz) and =z # ({y,
z), andgy ) and y # ((z,z), andg,) and z # ((z,y), andgy). Let s
be a state of BitGFA3Circ(z,y,z) and a1, az, a3 be elements of
Boolean. Suppose a1 = s(x) and az = s(y) and ag = s(z). Then
(Following(s, 2))(GFA3AdderOutput(zx, y, z)) = —(—a; & —az & —a3) and
(Following(s, 2))(GFA3CarryOutput(z, y, 2)) = —(—a1 A—ag V —az A —as V
—as A —aq).

(159) Let z, y, z be sets. Suppose z # ((z,y), xore ) and = # ((y, ), anday, )
and y # ((z,x), andg, ) and z # ((z,y), andgy ). Let s be a state of
BitGFA3Circ(z, y, z). Then Following(s,2) is stable.
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