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Summary. This article describes definitions of inverse hyperbolic func-
tions and their main properties, as well as some addition formulas with hyperbolic
functions.
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The papers [1], [8], [4], [2], [9], [3], [6], [5], and [7] provide the terminology and
notation for this paper.

1. PRELIMINARIES

In this paper z, y, t denote real numbers.
Next we state a number of propositions:

(1) Ifz >0, then 2 =z

(2) Ifz > 1, then (‘/”";7_1)2<1.
(B) (=)<l
(4)
()

z2+1

Va2 +1>0.
V2 +1+z>0.
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(6) IfyZOandle,thenxTHZO

(7) InyOandle,then%ZO

(8) Ifz>1, then /& > 1.

(9) Ifyanndle,then%zo.

(10) Itz > 1, then \/@+\/§>O.

(11) Ifz?2 <1,thenxz+1>0and 1 —2z > 0.

(12) Ifx #1, then (1 — )2 > 0.

(13) If 2% < 1, then £ > 0.

(14) If 22 <1, then (3%45)% < 1.

(15) If0<xandw<1,thenﬁ—i>0.

(16) If 0 <z and = < 1, then 22 < 1.

(17) If0<xand:n<1,then\/1+7>1.

(18) If 0 < z and = < 1, then 1%:2 > 0.

(19) If0 <z and x < 1, then 0 < (1 — 22)2.

(20) If0 <z and o <1, then 125 > 1.

(21) If 1 <2, then (1)2 < 1.

(22) If0<zand x <1, then 1—22 > 0.

(23) If1 <z, then 0 <z ++a2 - 1.

(24) If1<zand1<y, then0<z-\/y2—1+y Va2 —1.
(25) Ifl1<zand1<yand |y <|z|, then 0 <y —+/y2 — 1.
(26) If1<zand1<yand|y <|z|,then 0 <y -vVaZ—1—z-/y2—1.
(27) If2?2 <1landy?® <1, thenz-y# —1.

(28) If 22 <1and y? <1, then x -y # 1.

(29) If x # 0, then expz # 1.

(30) If 0 # z, then (expx)? — 1 #0.

(31) If0<t¢, then 571 <1.

(32) If -1 <tandt<1,then 0 < .

2. FORMULAS AND IDENTITIES OF INVERSE HYPERBOLIC FUNCTIONS

Let = be a real number. The functor sinh’z yields a real number and is
defined by:

(Def. 1) sinh’z = log,(z + Va2 + 1).

Let = be a real number. The functor cosh) x yielding a real number is defined
by:
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(Def. 2) cosh} z =log,(z + V22 —1).
Let = be a real number. The functor cosh) x yields a real number and is
defined by:

(Def. 3) coshyx = —log,(x + Va2 —1).

Let = be a real number. The functor tanh’z yields a real number and is
defined by:

(Def. 4) tanh’z = % '10ge(%)-
Let = be a real number. The functor coth’ z yielding a real number is defined

as follows:
(Def. 5) coth’z = 3 - log, (£t1).

z—1
Let z be a real number. The functor sech] z yields a real number and is
defined by:
(Def. 6) sech)x = loge(@).
Let = be a real number. The functor sech}, z yielding a real number is defined
as follows:
(Def. 7) sechhx = —loge(@).
Let = be a real number. The functor csch’ z yielding a real number is defined
by:
(Def. 8)(1) csch’x = loge(@) if 0 <,
(ii) csch’x = loge(@) if z <0,
(iii) « <0, otherwise.
The following propositions are true:
If 0 < @, then sinh’ z = cosh) V22 + 1.
If z < 0, then sinh’ z = cosh), V22 + 1.

sinh’ z = tanh/( )

If z > 1, then cosh) z = sinh’ V22 — 1.
If z > 1, then cosh} z = tanh’(¥Z=1),

x

If 2 > 1, then cosh) z = 2 - cosh /ZH.

W W W
T =~ W

w W
~N

w
oo

If 2 > 1, then coshyz = 2 - cosh /ZEL.

A~ N /N /N /N /N /N I/~ /N I/~ o/~~~
e W
S ©
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If 2 > 1, then cosh] z = 2 - sinh’ |/ Z51.

If 22 < 1, then tanh’ 2 = sinh’(\/lf?).

If 0 <  and = < 1, then tanh’ z = cosh} ().

N
—

N
S

V1—z2
43) 1If 2% < 1, then tanh'z = § - sinh’(:2%3).
44) TIf 2 >0 and z < 1, then tanh’z = L - cosh] (1+x2).
2 -y
2.

N
ot

If 22 < 1, then tanh'z = § - tanh'({3%).
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(46) If 22 > 1, then coth’z = tanh'(2).

(47) If 2 > 0 and z < 1, then sech} z = cosh)(2).

(48) If z >0 and = < 1, then sech) z = coshj(2).

(49) If z > 0, then csch’ z = sinh’(1).

(50) Ifz-y+v2Z +1-1/y2 + 1 > 0, then sinh’ z+sinh’y = sinh/(z-/1 + y2+

y-V1+a2).

(51) sinh’x —sinh’y = sinh’(z - /1 +y2 — y - V1 + 22).

(52) If 1 < z and 1 < y, then coshjz + coshjy = coshi(z -y +
V(22 =1)- (42 - 1)).

(53) If 1 < z and 1 < y, then coshbz + coshhy = coshh(z -y +
V(@2 —-1)-(y* - 1)).

(54) If 1 <xand 1<y and |y| < |z|, then cosh] x — cosh| y = cosh)(z -y —
V@2=1)- (2 - 1))

(55) If 1 <xand 1 <y and |y| < |z|, then cosh) x — coshly = cosh)(z -y —

V(@2 =1)- (2 - 1)).

(56) If 22 < 1 and 32 < 1, then tanh’ x + tanh’y = tanh’(l‘f;%’y).

(57) If 22 <1 and y? < 1, then tanh’z — tanh’y = tanh’(lf_:fy).

(58) If 0 < z and (%)2 < 1, then log, x = 2- tanh’(%).

(59) If0 <z and (ﬁzji)z < 1, then log, x = tanh’(iz:).

(60) Ifl<zandl< x;ﬂ;, then log, x = cosh’l(m;j;l).

(61) If0<zandz<landl< m;j;l, then log, z = COShIQ(m;.—;l).

(62) If 0 <z, then log, z = sinh’(x;_;l).

(63) Ify =1 (expz —exp(—x)), then x = log,(y + V2 +1).

(64) Ify =3 - (expz +exp(—z)) and 1 < y, then z = log,(y + V2 —1) or

z = —log.(y+vy?—1).

(65) If y = SReexpl0) yhop o — Lo log, (10),

exp z+exp(—z)’ -y
(66) Ify= %ﬁ{m and z # 0, then = 3 -loge(%).
(67) Iy = speriprsy then @ = log, (VI or & = —log, (VI
2
68) If y = ———=— and =z O,thenx:logworx—
exp z—exp(—=x) e
1—+/14y2
log, (\V1522),

(The function cosh)(2-z) = 1 + 2 - (the function sinh)(z)?2.
(The function cosh)(z)? = 1 + (the function sinh)(z)2.
(The function sinh)(x)? = (the function cosh)(z)? — 1.
sinh(5 - x) = 5-sinha + 20 - (sinhx)? + 16 - (sinh z)°.
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(73) cosh(5-x) = (5-coshx — 20 - (coshx)3) + 16 - (cosh z)>.
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