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Summary. An extension of [9]. As the example of complex norm spaces,
we introduce the arithmetic addition and multiplication in the set of absolute
summable complex sequences and also introduce the norm.

MML Identifier: CSSPACE2.

The papers [18], [21], [5], [17], [10], [22], [3], [4], [20], [19], [13], [11], [12], [15],
2], [1], [14], [16], [6], [8], and [7] provide the notation and terminology for this
paper.

1. HILBERT SPACE OF COMPLEX SEQUENCES

One can prove the following propositions:

(1) The carrier of Complex]2-Space = the set of 12-complex sequences and
for every set x holds x is an element of Complex]2-Space iff x is a com-
plex sequence and |idgeq()||idseq(2)| is summable and for every set x
holds z is an element of Complexl2-Space iff x is a complex sequence and
idgeq () idseq(x) is absolutely summable and Ocomplexi2-Space = CZeroseq
and for every vector u of Complex]2-Space holds u = idgeq(u) and for
all vectors u, v of Complex]2-Space holds u + v = idseq(u) + idseq(v)
and for every Complex r and for every vector u of Complexl2-Space
holds 7 - u = 7 idseq(u) and for every vector u of Complexl2-Space holds
—u = —idgeq(u) and idgeq(—u) = —idseq(u) and for all vectors w, v of
Complexl2-Space holds u — v = idgeq(u) — idseq(v) and for all vectors v,
w of ComplexI2-Space holds |idseq(v)| |idseq(w)| is summable and for all
vectors v, w of Complexl2-Space holds (v|w) = ) (idseq(v) idseq(w)).

(2) Let x, y, z be points of Complex]2-Space and a be a Complex. Then
(z]z) = 0 iff & = Ocomplexi2-Space and R((z|z)) > 0 and F((z|z)) = 0 and

(zly) = (ylz) and ((z +y)|z) = (z[2) + (yl2) and ((a - 2)|y) = a - (z|y).
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One can verify that Complexl2-Space is complex unitary space-like.
Next we state the proposition

(3) For every sequence v; of Complex]2-Space such that v; is Cauchy holds
v1 is convergent.

Let us mention that Complex]2-Space is Hilbert.

2. SOME COROLLARIES OF COMPLEX SEQUENCES

Next we state a number of propositions:

(4) For all Complexes z1, 22 such that R(z1) - S(22) = R(z2) - (1) and
R(z1) - N(22) + S(21) - S(22) = 0 holds |z1 + 22| = |21] + |22].

(5) For all Complexes z, y holds 2 - |z - y| < |z|% + |y|?.

(6) For all Complexes x, y holds |z +y| - |z +y| <2-|z|-|z|+2-|y| - |y| and
|z - 2] <2- |z —yl-|e—y[+2- [yl |yl

(7) For every complex sequence s; holds s; = 357 .

(8) For every complex sequence s1 holds
(Xm0 31(a))ken = (Xon—o(51)(@))sen-

(9) Let s1 be a complex sequence and n be a natural number. Suppose that
for every natural number ¢ holds R(s1)(¢) > 0 and J(s1)(i) = 0. Then
[(Xa=o(s1)(@))renl(n) = (Xa—g [s11(a))xen(n).

(10) For every complex sequence s; such that s; is summable holds ) 57 =
Z S1.

(11) For every complex sequence s; such that s; is absolutely summable holds
| 221 < X lsal.

(12) Let s; be a complex sequence. Suppose s; is summable and for every
natural number n holds R(s1)(n) > 0 and I(s1)(n) = 0. Then | > s1| =
> Is1l-

(13) For every complex sequence s; and for every natural number n holds
R(s151)(n) > 0 and Y(s151)(n) =0.

(14) Let s; be a complex sequence. Suppose $1 is absolutely summable and
> |s1] = 0. Let n be a natural number. Then s;(n) = Oc.

(15) For every complex sequence s; holds |s1| = [357].

(16) Let ¢ be a Complex and s; be a complex sequence. Suppose s; is conver-
gent. Let 71 be a sequence of real numbers. Suppose that for every natural
number m holds 71 (m) = [s1(m) — ¢| - |s1(m) — ¢|. Then ry is convergent
and limry = [lims; — ¢| - |lims; — ¢|.

(17) Let ¢ be a Complex, s2 be a sequence of real numbers, and s; be a
complex sequence. Suppose s1 is convergent and s is convergent. Let 7
be a sequence of real numbers. Suppose that for every natural number 4
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holds (i) = [s1(¢) — ¢ - [s1(¢) — ¢| + s2(¢). Then 71 is convergent and
limr = [lims; —¢| - [lim sy — ¢| 4 lim s9.

(18) Let ¢ be a Complex and s; be a complex sequence. Suppose s; is conver-

gent. Let 71 be a sequence of real numbers. Suppose that for every natural
number m holds r1(m) = [s1(m) — ¢| - |s1(m) — ¢|. Then r; is convergent
and limry = [lims; — ¢| - |lim s; — ¢|.

(19) Let ¢ be a Complex, s2 be a sequence of real numbers, and s; be a

complex sequence. Suppose s1 is convergent and sy is convergent. Let ry
be a sequence of real numbers. Suppose that for every natural number 4

holds (%) = [s1(2) — ¢| - [s1(¢) — ¢| + s2(¢). Then 71 is convergent and
limr; = |lims; —¢| - [lim s; — ¢| 4 lim s5.
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