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Summary. In this article, we introduce the notion of complex linear space
and complex normed space.

MML Identifier: CLVECT_1.

The articles [16], [7], [18], [1], [14], [13], [15], [8], [19], [4], [5], [2], [11], [17], [6],
[10], [9], [3], and [12] provide the terminology and notation for this paper.

1. COMPLEX LINEAR SPACE

We consider CLS structures as extensions of loop structure as systems

( a carrier, a zero, an addition, an external multiplication ),
where the carrier is a set, the zero is an element of the carrier, the addition is
a binary operation on the carrier, and the external multiplication is a function
from [ C, the carrier | into the carrier.

Let us observe that there exists a CLS structure which is non empty.

Let V be a CLS structure. A vector of V is an element of V.

Let V' be a non empty CLS structure, let v be a vector of V', and let z be a
Complex. The functor z - v yielding an element of V is defined as follows:

(Def. 1) z-v = (the external multiplication of V)({z, v)).

Let Z; be a non empty set, let O be an element of Z;, let ' be a binary
operation on Zp, and let G be a function from [ C, Z; ] into Z;. One can verify
that (71,0, F,G) is non empty.

Let I; be a non empty CLS structure. We say that I; is complex linear
space-like if and only if the conditions (Def. 2) are satisfied.
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(Def. 2)(i)  For every Complex z and for all vectors v, w of I} holds z- (v +w) =
2+ z-w,
(ii)  for all Complexes z1, 22 and for every vector v of I; holds (21 + 22) -v =
Z1-v+ 290,
(ili)  for all Complexes z1, z2 and for every vector v of I; holds (z1 - z2) - v =
21+ (22 v), and
(iv)  for every vector v of I holds 1¢ - v = v.

Let us observe that there exists a non empty CLS structure which is non
empty, strict, Abelian, add-associative, right zeroed, right complementable, and
complex linear space-like.

A complex linear space is an Abelian add-associative right zeroed right com-
plementable complex linear space-like non empty CLS structure.

One can prove the following proposition

(1) Let V be a non empty CLS structure. Suppose that for all vectors v,
w of V holds v + w = w + v and for all vectors u, v, w of V holds
(u4v)+w =u+ (v+w) and for every vector v of V holds v+ 0y = v and
for every vector v of V' there exists a vector w of V such that v +w = Oy
and for every Complex z and for all vectors v, w of V holds z - (v 4+ w) =
z-v+ z-w and for all Complexes 21, 29 and for every vector v of V holds
(21 + 22) v = 21 - v + 22 - v and for all Complexes z;, z2 and for every
vector v of V' holds (21 - 22) - v = 21 - (22 - v) and for every vector v of V
holds 1¢ - v = v. Then V is a complex linear space.

We adopt the following convention: V', X, Y are complex linear spaces, u,
v, v1, Vg are vectors of V', and z, z1, z5 are Complexes.
The following propositions are true:

2) If z=0c or v =0y, then z-v = 0y.
3) If z-v =0y, then z =0¢ or v =_0y.
4) —v=(—1¢) v.

5) If v = —wv, then v = Oy.

If v +v = 0y, then v = Oy.
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Let F, G be finite sequences of elements of the carrier of V. Suppose
len F' = len G and for every natural number k and for every vector v of V'
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such that k¥ € dom F' and v = G(k) holds F'(k) = z-v. Then Y F = z-)_ G.
(15) 2 > (E(the carrier of v)) = Ov-.
(16) z-> (v,u)=z-v+2z-u.
(A7) z->{u,v1,v2) =2 -u+z-v) + 2 va.
(18) > (v,v) = (24 0i) - .
(19) > (—v,—v) = (=24 0i) - v.
(20) > (v,v,v) = (3+0i) - v.

2. SUBSPACE AND COSETS OF SUBSPACES IN COMPLEX LINEAR SPACE

In the sequel Vi, V5, V3 are subsets of V.
Let us consider V, V. We say that Vj is linearly closed if and only if the
conditions (Def. 3) are satisfied.
(Def. 3)(i) For all vectors v, u of V' such that v € V; and u € V; holds v+u € Vi,
and
(ii)  for every Complex z and for every vector v of V such that v € V; holds
z-v€EW.
Next we state several propositions:
(21) 1If V4 # 0 and V; is linearly closed, then Oy € V4.
(22) If V; is linearly closed, then for every vector v of V' such that v € V;
holds —v € V.
(23) If Vi is linearly closed, then for all vectors v, u of V' such that v € V}
and u € V] holds v —u € V7.
(24) {0y} is linearly closed.
(25) If the carrier of V = Vi, then V; is linearly closed.
(26) If V; is linearly closed and V5 is linearly closed and V3 = {v 4+ u : v €
Vi A u € Va}, then V3 is linearly closed.
(27) If Vj is linearly closed and V5 is linearly closed, then Vj N V4 is linearly
closed.
Let us consider V. A complex linear space is said to be a subspace of V if it
satisfies the conditions (Def. 4).
(Def. 4)(i)  The carrier of it C the carrier of V,
(ii)  the zero of it = the zero of V,
(iii)  the addition of it = (the addition of V')[} the carrier of it, the carrier
of it J, and
(iv)  the external multiplication of it = (the external multiplication of
V)| C, the carrier of it ].
We use the following convention: W, Wi, Wy denote subspaces of V, x
denotes a set, and w, wi, we denote vectors of W.
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We now state a number of propositions:

N
(@)

IfueW and v € W, then u+v € W.
Ifve W, then z-v e W.
If v € W, then —v € W.
IfueW and v € W, then u —v € W.

In the sequel D denotes a non empty set, d; denotes an element of D, A
denotes a binary operation on D, and M denotes a function from [ C, D ] into
D.

Next we state several propositions:

(44) Suppose Vi = D and d; = Oy and A = (the addition of V')[[ V4, V1 ] and
M = (the external multiplication of V)[} C, V1 . Then (D,d;, A, M) is a
subspace of V.

(45) V is a subspace of V.

(46) Let V, X be strict complex linear spaces. If V' is a subspace of X and
X is a subspace of V, then V = X.

(47) If V is a subspace of X and X is a subspace of Y, then V' is a subspace
of Y.

(48) If the carrier of Wy C the carrier of Wa, then Wy is a subspace of Wh.

(49) If for every v such that v € Wj holds v € Wy, then W is a subspace of
Wa.

Let us consider V. Observe that there exists a subspace of V' which is strict.

TN
N

(28) If x € Wy and W) is a subspace of Wa, then = € Wh.
(29) Ifx € W, thenz e V.

(30) w is a vector of V.

(31) Ow = Oy

(32) Oy = Ogura)-

(33) If wy = v and we = u, then wy + we = v + w.
(34) Ifw=w, then z-w=z-v.

(35) If w=v, then —v = —w.

(36) If w; = v and wy = u, then w; — wy = v — u.
(37) Oy € W.

(38) Owy) € W

(39) Ow e V.

(40)

(41)

(42)

(
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The following propositions are true:
(50) For all strict subspaces Wi, Wy of V' such that the carrier of Wi = the
carrier of W5 holds Wy = Whs.
(51) For all strict subspaces W1, Wy of V' such that for every v holds v € W)
iff ve W5 holds W7 = Wh.
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(52) Let V be a strict complex linear space and W be a strict subspace of V.
If the carrier of W = the carrier of V', then W = V.

(53) Let V be a strict complex linear space and W be a strict subspace of V.
If for every vector v of V holds v € W if v € V|, then W = V.

(54) If the carrier of W = Vi, then V] is linearly closed.

(55) If V5 # 0 and V; is linearly closed, then there exists a strict subspace W
of V such that V; = the carrier of W.

Let us consider V. The functor Oy yields a strict subspace of V and is defined
by:
(Def. 5) The carrier of Oy = {0y }.

Let us consider V. The functor €y yields a strict subspace of V and is
defined as follows:

(Def. 6) Qy = the CLS structure of V.

We now state several propositions:
56
57
58
59
60
61

Let us consider V and let us consider v, W. The functor v + W yielding a
subset of V' is defined by:

(Def. 7) v+ W ={v+u:ueW}
Let us consider V' and let us consider W. A subset of V is called a coset of
W if:
(Def. 8) There exists v such that it = v+ W.

In the sequel B, C' denote cosets of W.
The following propositions are true:

Ow = Oy

Ow) = Oqwa).

Oy is a subspace of V.
Oy is a subspace of W.
O(w,) is a subspace of Wa.

(
(
(
(
(
(
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Every strict complex linear space V is a subspace of 2y .

62) Oy ev+WifveW.

63) vev+W.

64) Oy + W = the carrier of W.
65) v+ 0y = {v}.

D
(=2}

v + Qy = the carrier of V.

Oy € v+ W iff v+ W = the carrier of W.

v € W iff v + W = the carrier of W.

If v € W, then z - v+ W = the carrier of W.

If 2 #0c and z - v + W = the carrier of W, then v € W.
v e W iff —v+ W = the carrier of W.
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) ueWif v+W =v+u+W.
) veWifo+W=(v—u)+W.
) veu+Wifu+W =v+W.
) v+W=—v+Wiff vel
) Ifuewvy+W and u € vg + W, then v1 + W = vg + W.
) fuev+Wandue —v+ W, then v e W.
) Ifz#1cand z-v € v+ W, then v e W.
) IfveW, then z-vev+W.
) —vev+WiffveW.
81) ut+vev+Wiff ueW.
) v—uev+Wiffue W
) u € v+ W iff there exists v1 such that vy € W and u = v + vy.
) u € v+ W iff there exists v1 such that vy € W and u = v — vy.
) There exists v such that vy € v+ W and vo € v+ W iff v1 — vy € W.
) If v+ W = u+ W, then there exists v such that v; € W and v+v; = u.
) If v+ W = u+ W, then there exists v; such that v; € W and v —v; = u.
) For all strict subspaces Wy, Wy of V holds v+ W7 = v+ Wa iff Wi = W,
)

For all strict subspaces W7, Wy of V' such that v + W7 = u + W5 holds
Wi = Whs.

(90) C is linearly closed iff C' = the carrier of W.

(91) For all strict subspaces Wi, Wa of V' and for every coset Cy of Wi and
for every coset C of Wy such that C; = C9 holds W, = Wh.

) {v} is a coset of Oy .
) If V1 is a coset of Oy, then there exists v such that V; = {v}.
) The carrier of W is a coset of W.
) The carrier of V' is a coset of Qy.
) If V1 is a coset of Qy, then V; = the carrier of V.
97) 0Oy € C iff C = the carrier of W.
) ueCiftC=u+W.
) Ifu € Cand v € C, then there exists vy such that v; € W and u+v; = v.
) Ifu € Cand v € C, then there exists vy such that v; € W and u—v; = v.
) There exists C such that v; € C and vy € C iff v; — vy € W.
) Ifue BandueC,then B=C.
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3. CoOMPLEX NORMED SPACE

We consider complex normed space structures as extensions of CLS structure
as systems

( a carrier, a zero, an addition, an external multiplication, a norm ),
where the carrier is a set, the zero is an element of the carrier, the addition is
a binary operation on the carrier, the external multiplication is a function from
t C, the carrier ] into the carrier, and the norm is a function from the carrier
into R.

Let us mention that there exists a complex normed space structure which is
non empty.

In the sequel X is a non empty complex normed space structure and z is a
point of X.

Let us consider X, z. The functor ||z| yielding a real number is defined by:

(Def. 9)  ||z|| = (the norm of X)(x).

Let I} be a non empty complex normed space structure. We say that I is
complex normed space-like if and only if:

(Def. 10) For all points x, y of I} and for every z holds |z| = 0 iff z = 0,y and
Iz - 2| = |2 - [lz]| and ||z 4 y[| < [[=]| + |ly-

One can verify that there exists a non empty complex normed space structure
which is complex normed space-like, complex linear space-like, Abelian, add-
associative, right zeroed, right complementable, and strict.

A complex normed space is a complex normed space-like complex linear
space-like Abelian add-associative right zeroed right complementable non empty
complex normed space structure.

We follow the rules: ('3 is a complex normed space and z, y, w, g are points

of Cs.
The following propositions are true:
103) HO(Cs)” =0.
=z =[]
lz =yl <=l + llyll-
0<|z.
l21 -+ 22 - yl| < lza| - [l2]| + [22] - [[y]]-
|z —yl| =0iff z = y.
lz —yll = lly — |
]l = Iyl < llz = yll.
izl =1yl < llz = yll-
2 —wl| < lz =yl + [y — wl.
If x # y, then ||z — y|| # 0.

—_ =
o O O O O
o ~J O Ot
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—_ = = =
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N = O O
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We adopt the following rules: S, S, So are sequences of C'3, n, m are natural
numbers, and r is a real number.

One can prove the following proposition
(114) There exists S such that tng S = {0}

In this article we present several logical schemes. The scheme ExCNSSeq
deals with a complex normed space A and a unary functor F yielding a point
of A, and states that:

There exists a sequence S of A such that for every n holds S(n) =
F(n)
for all values of the parameters.

The scheme ExCLSSeq deals with a complex linear space A and a unary
functor F yielding an element of A, and states that:

There exists a sequence S of A such that for every n holds S(n) =
F(n)
for all values of the parameters.

Let C3 be a complex linear space and let S7, So be sequences of C3. The

functor S7 + 59 yielding a sequence of C5 is defined by:
(Def. 11) For every n holds (S1 4+ S2)(n) = S1(n) + Sa(n).

Let C5 be a complex linear space and let S1, So be sequences of C3. The

functor S7 — 5o yielding a sequence of C5 is defined by:
(Def. 12)  For every n holds (51 — S2)(n) = Si(n) — Sa(n).

Let C3 be a complex linear space, let S be a sequence of C3, and let = be an

element of Cs. The functor S — x yielding a sequence of C is defined by:
(Def. 13) For every n holds (S — z)(n) = S(n) — .

Let ('3 be a complex linear space, let S be a sequence of C3, and let us

consider z. The functor z - S yields a sequence of C3 and is defined as follows:
(Def. 14) For every n holds (z-S)(n) =z - S(n).

Let us consider C3 and let us consider S. We say that S is convergent if and

only if:
(Def. 15) There exists g such that for every r such that 0 < r there exists m such
that for every n such that m < n holds [|S(n) —g|| <.
The following four propositions are true:
115) If Sy is convergent and S9 is convergent, then S7 + Sy is convergent.
116) If Sp is convergent and So is convergent, then S — Sy is convergent.
117) If S is convergent, then S — x is convergent.
118) If S is convergent, then z - S is convergent.

Let us consider C5 and let us consider S. The functor ||S|| yielding a sequence
of real numbers is defined as follows:

(Def. 16) For every n holds ||S||(n) = ||S(n)]].
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The following proposition is true
(119) If S is convergent, then ||.S]| is convergent.

Let us consider C'5 and let us consider S. Let us assume that S is convergent.
The functor lim S yields a point of C'5 and is defined as follows:

(Def. 17) For every r such that 0 < r there exists m such that for every n such
that m < n holds ||S(n) — lim S| < r.

The following propositions are true:

(120) If S is convergent and lim S = g, then ||S — g|| is convergent and lim||S —

gl =o.

(121) If S; is convergent and Sy is convergent, then lim(S; + S2) = lim S; +
lim SQ.

(122) 1If S; is convergent and Sy is convergent, then lim(S; — S3) = lim Sy —
lim SQ.

(123) If S is convergent, then lim(S — z) =lim S — z.
(124) If S is convergent, then lim(z - S) = z-lim S.
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