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Summary. Convexity of a function in a real linear space is defined as
convexity of its epigraph according to “Convex analysis” [24]. The epigraph of
a function is a subset of the product of the function’s domain space and the
space of real numbers. Therefore, the product of two real linear spaces should
be defined. The values of the functions under consideration are extended real
numbers. We define the sum of a finite sequence of extended real numbers and
get some properties of the sum. The relation between notions “function is convex”
and “function is convex on set” (see definition 13 in [21]) is established. We obtain
another version of the criterion for a set to be convex (see theorem 6 in [15] to
compare) that may be more suitable in some cases. Finally, we prove Jensen’s
inequality (both strict and not strict) as criteria for functions to be convex.

MML Identifier: CONVFUN1.

The terminology and notation used here are introduced in the following articles:
[27], 30, [25], 8], [18], [9], [3], [29], [14], [4], [31], [11], [6], [7], [19], [26], [22],
[16], [5], [10], [21], [17], [2], [12], [28], [13], [1], [20], and [23].

1. PropucT OF TwO REAL LINEAR SPACES

Let X, Y be non empty RLS structures. The functor AddInProdRLS(X,Y)
yielding a binary operation on | the carrier of X, the carrier of Y ] is defined by
the condition (Def. 1).

(Def. 1) Let z1, 22 be elements of [the carrier of X, the carrier of Y, x1, x2
be vectors of X, and y;, y2 be vectors of Y. Suppose z; = (x1, y1) and
zo = (22, y2). Then (AddInProdRLS(X,Y))(z1, z2) = ((the addition of
X)({z1, x2)), (the addition of Y)({y1, y2)))-
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Let X, Y be non empty RLS structures. The functor MultInProdRLS(X,Y")
yields a function from [ R, [ the carrier of X, the carrier of Y ] into [ the carrier
of X, the carrier of Y | and is defined by the condition (Def. 2).

(Def. 2) Let a be a real number, z be an element of [ the carrier of X, the carrier
of Y], z be a vector of X, and y be a vector of Y. Suppose z = (z, y).
Then (MultInProdRLS(X,Y))({a, z)) = ((the external multiplication of
X)({a, z)), (the external multiplication of Y)({a, y))).

Let X, Y be non empty RLS structures. The functor ProdRLS(X,Y") yields
an RLS structure and is defined by:

(Def. 3) ProdRLS(X,Y) = ([the carrier of X, the carrier of Y {, (0Ox,
0y), AddInProdRLS(X,Y'), MultInProdRLS(X, Y)).

Let X, Y be non empty RLS structures. Note that ProdRLS(X,Y") is non
empty.
Next we state two propositions:

(1) Let X,Y benon empty RLS structures, = be a vector of X, y be a vector
of Y, u be a vector of ProdRLS(X,Y), and p be a real number. If u = (z,
y), then p-u={(p -z, p-y).

(2) Let X, Y be non empty RLS structures, x1, x2 be vectors of X, y1, yo
be vectors of Y, and u1, uz be vectors of ProdRLS(X,Y). If uy = (x1, 1)
and ug = (2, y2), then uy + uy = (x1 + x2, y1 + ¥2).

Let X, Y be Abelian non empty RLS structures. One can verify that
ProdRLS(X,Y) is Abelian.

Let X, Y be add-associative non empty RLS structures. Observe that
ProdRLS(X,Y) is add-associative.

Let X, Y be right zeroed non empty RLS structures. Observe that
ProdRLS(X,Y) is right zeroed.

Let X, Y be right complementable non empty RLS structures. One can
check that ProdRLS(X,Y") is right complementable.

Let X, Y be real linear space-like non empty RLS structures. Observe that
ProdRLS(X,Y) is real linear space-like.

Next we state the proposition

(3) Let X, Y be real linear spaces, n be a natural number, x be a finite
sequence of elements of the carrier of X, y be a finite sequence of elements
of the carrier of Y, and z be a finite sequence of elements of the carrier of
ProdRLS(X,Y). Suppose lenz = n and leny = n and len z = n and for
every natural number i such that ¢ € Segn holds z(:) = (z(7), y(i)). Then

2z =(X® 2y)
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2. REAL LINEAR SPACE OF REAL NUMBERS

The non empty RLS structure Rrrs is defined as follows:
(Def. 4) Rgrs = <R, 0, +r, 'R>‘
Let us note that Rrrg is Abelian, add-associative, right zeroed, right com-
plementable, and real linear space-like.

3. SuM OF FINITE SEQUENCE OF EXTENDED REAL NUMBERS

Let F be a finite sequence of elements of R. The functor > F yields an
extended real number and is defined by the condition (Def. 5).

(Def. 5) There exists a function f from N into R such that Y F = f(len F)
and f(0) = Og and for every natural number 4 such that ¢ < len ' holds
fla+1)=f@)+ F@E+1).

We now state several propositions:

) 2(er) = Og:

5) For every extended real number a holds ) (a) = a.

6) For all extended real numbers a, b holds ) (a,b) = a + b.

)

N

7

A~ Y~ I/~

For all finite sequences F, G of elements of R such that —oo ¢ rng F
and —oo ¢ rng G holds Y J(F~G) =>_F+ > G.
(8) Let F, G be finite sequences of elements of R and s be a permutation of
domF.If G=F-sand —oco ¢ rngF, then > F =5 G.

4. DEFINITION OF CONVEX FUNCTION

Let X be a non empty RLS structure and let f be a function from the carrier
of X into R. The functor epigraph f yielding a subset of ProdRLS(X, Rrrg) is
defined as follows:

(Def. 6) epigraph f = {(z, y); x ranges over elements of X, y ranges over elements
of R: f(x) < R(y)}.

Let X be a non empty RLS structure and let f be a function from the carrier

of X into R. We say that f is convex if and only if:
(Def. 7) epigraph f is convex.

The following two propositions are true:

(9) Let X be anon empty RLS structure and f be a function from the carrier
of X into R. Suppose that for every vector x of X holds f(x) # —oo.
Then f is convex if and only if for all vectors z, x2 of X and for every
real number p such that 0 < p and p < 1 holds f(p-z1 + (1 —p) - z2) <
R(p) - f(21) + R(1 = p) - f(z2).
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(10) Let X be a real linear space and f be a function from the carrier of X
into R. Suppose that for every vector z of X holds f(z) # —oo. Then
f is convex if and only if for all vectors z1, xo of X and for every real
number p such that 0 < p and p < 1 holds f(p-z1 + (1 —p) - z2) <
R(p) - f(z1) + R(1 = p) - f(z2).

5. RELATION BETWEEN NOTIONS “FUNCTION IS CONVEX”
AND “FUNCTION IS CONVEX ON SET”

We now state the proposition

(11) Let f be a partial function from R to R, g be a function from the carrier
of Rrrs into R, and X be a subset of Rrrs. Suppose X C dom f and for
every real number z holds if z € X, then g(z) = f(x) and if z ¢ X, then
g(z) = +o0. Then g is convex if and only if the following conditions are
satisfied:

(i)  fis convex on X, and
(ii) X is convex.

6. THEOREM 6 FROM [15] IN OTHER WORDS

One can prove the following proposition

(12) Let X be a real linear space and M be a subset of X. Then M is convex
if and only if for every non empty natural number n and for every finite
sequence p of elements of R and for all finite sequences ¥y, z of elements
of the carrier of X such that lenp = n and leny = n and lenz = n and
> p =1 and for every natural number i such that i € Segn holds p(i) > 0
and z(i) = p(i) - y; and y; € M holds Yz € M.

7. JENSEN’S INEQUALITY

One can prove the following two propositions:

(13) Let X be a real linear space and f be a function from the carrier of X
into R. Suppose that for every vector z of X holds f(x) # —oco. Then f
is convex if and only if for every non empty natural number n and for
every finite sequence p of elements of R and for every finite sequence F
of elements of R and for all finite sequences y, z of elements of the carrier
of X such that lenp =n and len F' =n and leny = n and lenz = n and
> p =1 and for every natural number ¢ such that i € Segn holds p(i) > 0

and z(i) = p(i) - y; and F(i) = R(p(4)) - f(y;) holds f(3_z) <> F.
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(14) Let X be a real linear space and f be a function from the carrier of X

into R. Suppose that for every vector z of X holds f(x) # —oc. Then f
is convex if and only if for every non empty natural number n and for
every finite sequence p of elements of R and for every finite sequence F
of elements of R and for all finite sequences y, z of elements of the carrier
of X such that lenp =n and len F' = n and leny = n and lenz = n and
> p =1 and for every natural number ¢ such that i € Segn holds p(i) > 0

and z(i) = p(i) - y; and F(i) = R(p(7)) - f(y;) holds f(3_2) <X F.
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