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Bilinear Functionals in Vector Spaces!
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Summary. The main goal of the article is the presentation of the theory
of bilinear functionals in vector spaces. It introduces standard operations on
bilinear functionals and proves their classical properties. It is shown that quotient
functionals are non-degenerate on the left and the right. In the case of symmetric
and alternating bilinear functionals it is shown that the left and right kernels are
equal.

MML Identifier: BILINEAR.

The papers [13], [6], [17], [12], [4], [18], [11], [2], [16], (3], [9], [19], [5], [7], [1],
[15], [14], [10], and [8] provide the notation and terminology for this paper.

1. Two FORM ON VECTOR SPACES AND OPERATIONS ON THEM

Let K be a 1-sorted structure and let V', W be vector space structures over
K.

(Def. 1) A function from [ the carrier of V, the carrier of W | into the carrier of
K is said to be a form of V, W.

Let K be a non empty zero structure and let V', W be vector space structures
over K. The functor NulForm(V, W) yielding a form of V, W is defined by:

(Def. 2) NulForm(V, W) = [ the carrier of V, the carrier of W ] —— 0.

Let K be a non empty loop structure, let V', W be non empty vector space
structures over K, and let f, g be forms of V, W. The functor f 4 g yields a
form of V, W and is defined as follows:

(Def. 3) For every vector v of V' and for every vector w of W holds (f + g)({v,
w)) = f({v, w)) + g({v, w)).
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Let K be a non empty groupoid, let V', W be non empty vector space
structures over K, let f be a form of V, W, and let a be an element of the
carrier of K. The functor a - f yields a form of V', W and is defined by:

(Def. 4) For every vector v of V' and for every vector w of W holds (a - f)({v,
w)) =a- f({v, w)).
Let K be a non empty loop structure, let V', W be non empty vector space

structures over K, and let f be a form of V., W. The functor — f yielding a form
of V, W is defined as follows:

(Def. 5) For every vector v of V and for every vector w of W holds (—f)({v,
w)) = —f({v, w)).

Let K be an add-associative right zeroed right complementable left distribu-
tive left unital non empty double loop structure, let V', W be non empty vector
space structures over K, and let f be a form of V., W. Then —f is a form of V,
W and it can be characterized by the condition:

(Def. 6) —f=(-1k)- f.
Let K be a non empty loop structure, let V, W be non empty vector space

structures over K, and let f, g be forms of V, W. The functor f — g yields a
form of V., W and is defined by:

(Def. 7) f—g=f+—-g
Let K be a non empty loop structure, let V', W be non empty vector space
structures over K, and let f, g be forms of V, W. Then f — g is a form of V,
W and it can be characterized by the condition:

(Def. 8) For every vector v of V and for every vector w of W holds (f — g)({v,
w)) = f({v, w)) — g({v, w)).

Let K be an Abelian non empty loop structure, let V', W be non empty
vector space structures over K, and let f, g be forms of V, W. Let us notice
that the functor f + ¢ is commutative.

Next we state several propositions:

(1) Let K be a non empty zero structure, V, W be non empty vector space
structures over K, v be a vector of V, and w be a vector of W. Then
(NulForm(V, W))({v, w)) = Ox-.

(2) Let K be a right zeroed non empty loop structure, V., W be non empty
vector space structures over K, and f be a form of V, W. Then f +
NulForm(V, W) = f.

(3) Let K be an add-associative non empty loop structure, V', W be non
empty vector space structures over K, and f, g, h be forms of V', W. Then
(f+g)+h=f+(g+h).

(4) Let K be an add-associative right zeroed right complementable non

empty loop structure, V, W be non empty vector space structures over
K, and f be a form of V; W. Then f — f = NulForm(V, W).
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(5) Let K be a right distributive non empty double loop structure, V', W be
non empty vector space structures over K, a be an element of the carrier
of K, and f, g be forms of V, W. Thena-(f+g)=a-f+a-g.

(6) Let K be a left distributive non empty double loop structure, V., W be
non empty vector space structures over K, a, b be elements of the carrier
of K, and f be a form of V, W. Then (a+0b)-f=a-f+b-f.

(7) Let K be an associative non empty double loop structure, V', W be non
empty vector space structures over K, a, b be elements of the carrier of
K, and f be a form of V, W. Then (a-b)- f=a-(b- f).

(8) Let K be a left unital non empty double loop structure, V', W be non
empty vector space structures over K, and f be a form of V, W. Then

1 - f=F.

2. FUNCTIONAL GENERATED BY TwO FORM WHEN THE ONE OF
ARGUMENTS IS FIXED

Let K be a non empty 1-sorted structure, let V., W be non empty vector
space structures over K, let f be a form of V, W, and let v be a vector of V.
The functor f(v,-) yielding a functional in W is defined as follows:

(Def. 9)  f(v,-) = (curry f)(v).
Let K be a non empty 1-sorted structure, let V., W be non empty vector
space structures over K, let f be a form of V', W, and let w be a vector of W.
The functor f(-,w) yields a functional in V' and is defined by:

(Def. 10)  f(-,w) = (curry’ f)(w).
The following propositions are true:

(9) Let K be a non empty 1-sorted structure, V, W be non empty vector
space structures over K, f be a form of V, W, and v be a vector of V.
Then dom f(v, ) = the carrier of W and rng f(v,-) C the carrier of K and
for every vector w of W holds (f(v,-))(w) = f({v, w)).

(10) Let K be a non empty 1-sorted structure, V', W be non empty vector
space structures over K, f be a form of V, W, and w be a vector of W.
Then dom f(-,w) = the carrier of V' and rng f(-,w) C the carrier of K
and for every vector v of V holds (f(-,w))(v) = f({v, w)).

(11) Let K be a non empty zero structure, V', W be non empty vector space
structures over K, f be a form of V, W, and v be a vector of V. Then
NulForm(V, W)(v, -) = OFunctional .

(12) Let K be a non empty zero structure, V', W be non empty vector space
structures over K, f be a form of V', W, and w be a vector of W. Then
NulForm(V, W)(-,w) = OFunctional V.
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(13) Let K be a non empty loop structure, V', W be non empty vector space
structures over K, f, g be forms of V, W, and w be a vector of W. Then
(f + g)('aw) = f('?w) + g('vw)'

(14) Let K be a non empty loop structure, V', W be non empty vector space
structures over K, f, g be forms of V, W, and v be a vector of V. Then
(f+9)(v,) = f(v,) +g(v,).

(15) Let K be a non empty double loop structure, V', W be non empty vector
space structures over K, f be a form of V', W a be an element of the carrier
of K, and w be a vector of W. Then (a- f)(-,w) =a- f(-,w).

(16) Let K be a non empty double loop structure, V', W be non empty vector
space structures over K, f be a form of V', W, a be an element of the carrier
of K, and v be a vector of V. Then (a- f)(v,-) =a- f(v,-).

(17) Let K be a non empty loop structure, V', W be non empty vector space
structures over K, f be a form of V, W, and w be a vector of W. Then
(=) w) =—=f(,w).

(18) Let K be a non empty loop structure, V', W be non empty vector space
structures over K, f be a form of V, W, and v be a vector of V. Then
(=), ) = —f(v,).

(19) Let K be a non empty loop structure, V', W be non empty vector space
structures over K, f, g be forms of V', W, and w be a vector of W. Then
(f=9)(w) = f(-,w) — g(-,w).

(20) Let K be a non empty loop structure, V', W be non empty vector space
structures over K, f, g be forms of V, W, and v be a vector of V. Then

(f - g)(vv ) - f('U,') - g(U, )

3. Two FORM GENERATED BY FUNCTIONALS

Let K be a non empty groupoid, let V', W be non empty vector space
structures over K, let f be a functional in V', and let g be a functional in W.
The functor f ® g yields a form of V', W and is defined as follows:

(Def. 11) For every vector v of V' and for every vector w of W holds f ® g({v,
w)) = f(v) - g(w).
One can prove the following propositions:

(21) Let K be an add-associative right zeroed right complementable right
distributive non empty double loop structure, V', W be non empty vector
space structures over K, f be a functional in V', v be a vector of V, and
w be a vector of W. Then f ® (0Functional W)({v, w)) = Ok

(22) Let K be an add-associative right zeroed right complementable left di-
stributive non empty double loop structure, V, W be non empty vector
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space structures over K, g be a functional in W, v be a vector of V', and
w be a vector of W. Then (0Functional V) ® g({v, w)) = Ok.

(23) Let K be an add-associative right zeroed right complementable ri-
ght distributive non empty double loop structure, V', W be non empty
vector space structures over K, and f be a functional in V. Then
f ® (OFunctional W) = NulForm(V, W).

(24) Let K be an add-associative right zeroed right complementable left
distributive non empty double loop structure, V, W be non empty

vector space structures over K, and g be a functional in W. Then
(OFunctional V') ® g = NulForm(V, W).

(25) Let K be a non empty groupoid, V, W be non empty vector space
structures over K, f be a functional in V', g be a functional in W, and v
be a vector of V. Then (f ® g)(v,-) = f(v) - g.

(26) Let K be a commutative non empty groupoid, V, W be non empty

vector space structures over K, f be a functional in V', g be a functional
in W, and w be a vector of W. Then (f ® g)(-,w) = g(w) - f.

4. BILINEAR FORMS AND THEIR PROPERTIES

Let K be a non empty loop structure, let V, W be non empty vector space
structures over K, and let f be a form of V', W. We say that f is additive wrt.
second argument if and only if:

(Def. 12) For every vector v of V holds f(v,-) is additive.
We say that f is additive wrt. first argument if and only if:
(Def. 13) For every vector w of W holds f(-,w) is additive.
Let K be a non empty groupoid, let V', W be non empty vector space

structures over K, and let f be a form of V', W. We say that f is homogeneous
wrt. second argument if and only if:

(Def. 14) For every vector v of V holds f(v,-) is homogeneous.
We say that f is homogeneous wrt. first argument if and only if:

(Def. 15) For every vector w of W holds f(-,w) is homogeneous.

Let K be a right zeroed non empty loop structure and let V', W be non
empty vector space structures over K. Note that NulForm(V, W) is additive
wrt. second argument and NulForm(V, W) is additive wrt. first argument.

Let K be a right zeroed non empty loop structure and let V', W be non
empty vector space structures over K. Note that there exists a form of V', W
which is additive wrt. second argument and additive wrt. first argument.

Let K be an add-associative right zeroed right complementable right distri-
butive non empty double loop structure and let V', W be non empty vector
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space structures over K. Observe that NulForm(V, W) is homogeneous wrt. se-
cond argument and NulForm(V, W) is homogeneous wrt. first argument.

Let K be an add-associative right zeroed right complementable right distri-
butive non empty double loop structure and let V', W be non empty vector
space structures over K. One can verify that there exists a form of V', W which
is additive wrt. second argument, homogeneous wrt. second argument, additive
wrt. first argument, and homogeneous wrt. first argument.

Let K be an add-associative right zeroed right complementable right distri-
butive non empty double loop structure and let V', W be non empty vector space
structures over K. A bilinear form of V', W is an additive wrt. first argument
homogeneous wrt. first argument additive wrt. second argument homogeneous
wrt. second argument form of V', W.

Let K be an add-associative right zeroed right complementable right distri-
butive non empty double loop structure, let V', W be non empty vector space
structures over K, let f be an additive wrt. second argument form of V., W
and let v be a vector of V. Note that f(v,-) is additive.

Let K be an add-associative right zeroed right complementable right distri-
butive non empty double loop structure, let V', W be non empty vector space
structures over K, let f be an additive wrt. first argument form of V', W, and
let w be a vector of W. One can check that f(-,w) is additive.

Let K be an add-associative right zeroed right complementable right distri-
butive non empty double loop structure, let V', W be non empty vector space
structures over K, let f be a homogeneous wrt. second argument form of V', W
and let v be a vector of V. Note that f(v,-) is homogeneous.

Let K be an add-associative right zeroed right complementable right distri-
butive non empty double loop structure, let V', W be non empty vector space
structures over K, let f be a homogeneous wrt. first argument form of V', W
and let w be a vector of W. One can verify that f(-,w) is homogeneous.

Let K be an add-associative right zeroed right complementable right distri-
butive non empty double loop structure, let V', W be non empty vector space
structures over K, let f be a functional in V', and let g be an additive functional
in W. One can check that f ® g is additive wrt. second argument.

Let K be an add-associative right zeroed right complementable commutative
right distributive non empty double loop structure, let V, W be non empty
vector space structures over K, let f be an additive functional in V', and let g
be a functional in W. Note that f ® g is additive wrt. first argument.

Let K be an add-associative right zeroed right complementable commutative
associative right distributive non empty double loop structure, let V., W be non
empty vector space structures over K, let f be a functional in V', and let g be
a homogeneous functional in W. Note that f ® g is homogeneous wrt. second
argument.

Let K be an add-associative right zeroed right complementable commutative
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associative right distributive non empty double loop structure, let V', W be non
empty vector space structures over K, let f be a homogeneous functional in
V, and let g be a functional in W. Note that f ® g is homogeneous wrt. first
argument.

Let K be a non degenerated non empty double loop structure, let V' be a non
trivial non empty vector space structure over K, let W be a non empty vector
space structure over K, let f be a functional in V', and let g be a functional in
W. One can verify that f ® g is non trivial.

Let K be a non degenerated non empty double loop structure, let V' be a non
empty vector space structure over K, let W be a non trivial non empty vector
space structure over K, let f be a functional in V, and let g be a functional in
W. One can verify that f ® g is non trivial.

Let K be a field, let V', W be non trivial vector spaces over K, let f be a non
constant 0-preserving functional in V', and let g be a non constant O-preserving
functional in W. Observe that f ® ¢ is non constant.

Let K be a field and let V', W be non trivial vector spaces over K. Observe
that there exists a form of V', W which is non trivial, non constant, additive
wrt. second argument, homogeneous wrt. second argument, additive wrt. first
argument, and homogeneous wrt. first argument.

Let K be an Abelian add-associative right zeroed non empty loop structure,
let V, W be non empty vector space structures over K, and let f, g be additive
wrt. first argument forms of V', W. Observe that f + g is additive wrt. first
argument.

Let K be an Abelian add-associative right zeroed non empty loop structure,
let V., W be non empty vector space structures over K, and let f, g be additive
wrt. second argument forms of V', W. Observe that f+ g is additive wrt. second
argument.

Let K be a right distributive right zeroed non empty double loop structure,
let V', W be non empty vector space structures over K, let f be an additive
wrt. first argument form of V., W, and let a be an element of the carrier of K.
Observe that a - f is additive wrt. first argument.

Let K be a right distributive right zeroed non empty double loop structure,
let V., W be non empty vector space structures over K, let f be an additive
wrt. second argument form of V', W, and let a be an element of the carrier of
K. Observe that a - f is additive wrt. second argument.

Let K be an Abelian add-associative right zeroed right complementable non
empty loop structure, let V', W be non empty vector space structures over K,
and let f be an additive wrt. first argument form of V', W. One can verify that
—f is additive wrt. first argument.

Let K be an Abelian add-associative right zeroed right complementable non
empty loop structure, let V', W be non empty vector space structures over K,
and let f be an additive wrt. second argument form of V', W. One can check
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that — f is additive wrt. second argument.

Let K be an Abelian add-associative right zeroed right complementable non
empty loop structure, let V', W be non empty vector space structures over K,
and let f, g be additive wrt. first argument forms of V., W. Observe that f —g
is additive wrt. first argument.

Let K be an Abelian add-associative right zeroed right complementable non
empty loop structure, let V', W be non empty vector space structures over K,
and let f, g be additive wrt. second argument forms of V', W. Note that f — g
is additive wrt. second argument.

Let K be an add-associative right zeroed right complementable right distri-
butive non empty double loop structure, let V, W be non empty vector space
structures over K, and let f, g be homogeneous wrt. first argument forms of V,
W. One can verify that f + ¢ is homogeneous wrt. first argument.

Let K be an add-associative right zeroed right complementable right distri-
butive non empty double loop structure, let V., W be non empty vector space
structures over K, and let f, g be homogeneous wrt. second argument forms of
V, W. Note that f + g is homogeneous wrt. second argument.

Let K be an add-associative right zeroed right complementable associative
commutative right distributive non empty double loop structure, let V., W be
non empty vector space structures over K, let f be a homogeneous wrt. first
argument form of V', W, and let a be an element of the carrier of K. One can
check that a - f is homogeneous wrt. first argument.

Let K be an add-associative right zeroed right complementable associative
commutative right distributive non empty double loop structure, let V., W be
non empty vector space structures over K, let f be a homogeneous wrt. second
argument form of V', W, and let a be an element of the carrier of K. One can
check that a - f is homogeneous wrt. second argument.

Let K be an add-associative right zeroed right complementable right distri-
butive non empty double loop structure, let V, W be non empty vector space
structures over K, and let f be a homogeneous wrt. first argument form of V,
W. One can verify that —f is homogeneous wrt. first argument.

Let K be an add-associative right zeroed right complementable right distri-
butive non empty double loop structure, let V, W be non empty vector space
structures over K, and let f be a homogeneous wrt. second argument form of
V, W. Note that —f is homogeneous wrt. second argument.

Let K be an add-associative right zeroed right complementable right distri-
butive non empty double loop structure, let V, W be non empty vector space
structures over K, and let f, g be homogeneous wrt. first argument forms of V',
W. One can check that f — g is homogeneous wrt. first argument.

Let K be an add-associative right zeroed right complementable right distri-
butive non empty double loop structure, let V., W be non empty vector space
structures over K, and let f, g be homogeneous wrt. second argument forms of
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V', W. One can check that f — g is homogeneous wrt. second argument.
We now state a number of propositions:

(27) Let K be a non empty loop structure, V', W be non empty vector space
structures over K, v, u be vectors of V', w be a vector of W, and f be a form
of V, W. If f is additive wrt. first argument, then f({v + u, w)) = f({v,
w)) + f({u, w)).

(28) Let K be a non empty loop structure, V', W be non empty vector space
structures over K, v be a vector of V', u, w be vectors of W, and f be a form
of V, W.If f is additive wrt. second argument, then f({v, u+w)) = f({v,

u)) + f({v, w)).

(29) Let K be a right zeroed non empty loop structure, V', W be non empty
vector space structures over K, v, u be vectors of V', w, t be vectors of W,
and f be an additive wrt. first argument additive wrt. second argument
form of V., W. Then f({v + u, w +t)) = f({v, w)) + f({v, t)) + (f({u,
w)) + F({u, £))).

(30) Let K be an add-associative right zeroed right complementable non
empty double loop structure, V', W be right zeroed non empty vector
space structures over K, f be an additive wrt. second argument form of
V, W, and v be a vector of V. Then f({v, Ow)) = Ok.

(31) Let K be an add-associative right zeroed right complementable non
empty double loop structure, V, W be right zeroed non empty vector
space structures over K, f be an additive wrt. first argument form of V,
W, and w be a vector of W. Then f((Ov, w)) = Ok.

(32) Let K be a non empty groupoid, V, W be non empty vector space
structures over K, v be a vector of V, w be a vector of W, a be an
element of the carrier of K, and f be a form of V, W. If f is homogeneous
wrt. first argument, then f({a-v, w)) =a- f({v, w)).

(33) Let K be a non empty groupoid, V, W be non empty vector space
structures over K, v be a vector of V, w be a vector of W, a be an
element of the carrier of K, and f be a form of V, W. If f is homogeneous
wrt. second argument, then f({v, a-w)) =a- f({v, w)).

(34) Let K be an add-associative right zeroed right complementable associa-
tive left unital distributive non empty double loop structure, V., W be
add-associative right zeroed right complementable vector space-like non
empty vector space structures over K, f be a homogeneous wrt. first ar-
gument form of V, W, and w be a vector of W. Then f({Oy, w)) = Ok.

(35) Let K be an add-associative right zeroed right complementable associa-
tive left unital distributive non empty double loop structure, V', W be
add-associative right zeroed right complementable vector space-like non
empty vector space structures over K, f be a homogeneous wrt. second

7



78 JAROSLAW KOTOWICZ

argument form of V, W, and v be a vector of V. Then f({v, Ow)) = Ok

(36) Let K be an add-associative right zeroed right complementable Abelian
associative left unital distributive non empty double loop structure, V., W
be vector spaces over K, v, u be vectors of V, w be a vector of W, and f
be an additive wrt. first argument homogeneous wrt. first argument form
of V, W. Then f({v—u, w)) = f({v, w)) — f({u, w)).

(37) Let K be an add-associative right zeroed right complementable Abelian
associative left unital distributive non empty double loop structure, V., W
be vector spaces over K, v be a vector of V, w, t be vectors of W, and f
be an additive wrt. second argument homogeneous wrt. second argument
form of V', W. Then f((v, w —t)) = f({v, w)) — f({v, t)).

(38) Let K be an add-associative right zeroed right complementable Abelian
associative left unital distributive non empty double loop structure, V., W
be vector spaces over K, v, u be vectors of V', w, t be vectors of W, and
f be a bilinear form of V, W. Then f({v—u, w—1t)) = f({v, w)) — f({v,
t)) = (f ({u, w)) = f({u, t))).

(39) Let K be an add-associative right zeroed right complementable associa-
tive left unital distributive non empty double loop structure, V., W be
add-associative right zeroed right complementable vector space-like non
empty vector space structures over K, v, u be vectors of V, w, t be vec-
tors of W, a, b be elements of the carrier of K, and f be a bilinear form of
V,W. Then f((v+a-u, w+b-t)) = f({v, w)) +b- f({v, t)) + (a- f({u,
w)) +a- (b F((u, 1))).

(40) Let K be an add-associative right zeroed right complementable Abelian
associative left unital distributive non empty double loop structure, V., W
be vector spaces over K, v, u be vectors of V, w, t be vectors of W, a, b
be elements of the carrier of K, and f be a bilinear form of V', W. Then
f((v—a-u, w_b't» = f((’l), ’w))—b‘f((’l), t))_(a'f(<u7 w))_a'(b‘f((uv
0))).

(41) Let K be an add-associative right zeroed right complementable non
empty double loop structure, V, W be right zeroed non empty vector
space structures over K, and f be a form of V', W. Suppose f is additive
wrt. second argument and additive wrt. first argument. Then f is constant
if and only if for every vector v of V' and for every vector w of W holds

f({v, w)) = Ok

5. LEFT AND RIGHT KERNEL OF FORM. KERNEL OF “DIAGONAL”

Let K be a zero structure, let V, W be non empty vector space structures
over K, and let f be a form of V, W. The functor leftker f yields a subset of
the carrier of V and is defined as follows:
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(Def. 16) leftker f = {v;v ranges over vectors of V: A, . iector of w J({v, w)) =
Ok}
Let K be a zero structure, let V, W be non empty vector space structures
over K, and let f be a form of V', W. The functor rightker f yielding a subset
of the carrier of W is defined by:

(Def. 17) rightker f = {w;w ranges over vectors of W: A, . cctor of v f({V, w)) =
Ok}
Let K be a zero structure, let V' be a non empty vector space structure over
K, and let f be a form of V', V. The functor diagker f yielding a subset of the
carrier of V is defined by:

(Def. 18) diagker f = {v;v ranges over vectors of V: f({v, v)) = O0x}.

Let K be an add-associative right zeroed right complementable right distri-
butive non empty double loop structure, let V' be a right zeroed non empty
vector space structure over K, let W be a non empty vector space structure
over K, and let f be an additive wrt. first argument form of V', W. Note that
leftker f is non empty.

Let K be an add-associative right zeroed right complementable associative
left unital distributive non empty double loop structure, let V' be an add-
associative right zeroed right complementable vector space-like non empty vector
space structure over K, let W be a non empty vector space structure over K,
and let f be a homogeneous wrt. first argument form of V', W. Observe that
leftker f is non empty.

Let K be an add-associative right zeroed right complementable right distri-
butive non empty double loop structure, let V' be a non empty vector space
structure over K, let W be a right zeroed non empty vector space structure
over K, and let f be an additive wrt. second argument form of V', W. One can
verify that rightker f is non empty.

Let K be an add-associative right zeroed right complementable associative
left unital distributive non empty double loop structure, let V' be a non empty
vector space structure over K, let W be an add-associative right zeroed right
complementable vector space-like non empty vector space structure over K, and
let f be a homogeneous wrt. second argument form of V', W. One can check
that rightker f is non empty.

Let K be an add-associative right zeroed right complementable non empty
double loop structure, let V' be a right zeroed non empty vector space structure
over K, and let f be an additive wrt. second argument form of V', V. Note that
diagker f is non empty.

Let K be an add-associative right zeroed right complementable non empty
double loop structure, let V' be a right zeroed non empty vector space structure
over K, and let f be an additive wrt. first argument form of V', V. Note that
diagker f is non empty.
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Let K be an add-associative right zeroed right complementable associative
left unital distributive non empty double loop structure, let V be an add-
associative right zeroed right complementable vector space-like non empty vector
space structure over K, and let f be a homogeneous wrt. second argument form
of V, V. One can check that diagker f is non empty.

Let K be an add-associative right zeroed right complementable associative
left unital distributive non empty double loop structure, let V be an add-
associative right zeroed right complementable vector space-like non empty vector
space structure over K, and let f be a homogeneous wrt. first argument form
of V, V. One can check that diagker f is non empty.

We now state three propositions:

(42) Let K be a zero structure, V' be a non empty vector space structure over
K, and f be a form of V, V. Then leftker f C diagker f and rightker f C
diagker f.

(43) Let K be an add-associative right zeroed right complementable right
distributive non empty double loop structure, V', W be non empty vector
space structures over K, and f be an additive wrt. first argument ho-
mogeneous wrt. first argument form of V', W. Then leftker f is linearly
closed.

(44) Let K be an add-associative right zeroed right complementable right
distributive non empty double loop structure, V', W be non empty vector
space structures over K, and f be an additive wrt. second argument ho-
mogeneous wrt. second argument form of V', W. Then rightker f is linearly
closed.

Let K be an add-associative right zeroed right complementable Abelian as-
sociative left unital distributive non empty double loop structure, let V be a
vector space over K, let W be a non empty vector space structure over K, and
let f be an additive wrt. first argument homogeneous wrt. first argument form of
V', W. The functor LKer f yielding a strict non empty subspace of V is defined
by:

(Def. 19) The carrier of LKer f = leftker f.

Let K be an add-associative right zeroed right complementable Abelian as-
sociative left unital distributive non empty double loop structure, let V be a
non empty vector space structure over K, let W be a vector space over K, and
let f be an additive wrt. second argument homogeneous wrt. second argument
form of V', W. The functor RKer f yielding a strict non empty subspace of W
is defined by:

(Def. 20) The carrier of RKer f = rightker f.

Let K be an add-associative right zeroed right complementable Abelian as-
sociative left unital distributive non empty double loop structure, let V be a
vector space over K, let W be a non empty vector space structure over K, and
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let f be an additive wrt. first argument homogeneous wrt. first argument form
of V., W. The functor LQForm(f) yields an additive wrt. first argument homo-
geneous wrt. first argument form of V' /1 xe; #, W and is defined by the condition
(Def. 21).

(Def. 21) Let A be a vector of V/LKerf, w be a vector of W, and v be a vector of
V. If A=wv+ LKer f, then (LQForm(f))({4, w)) = f({v, w)).

Let K be an add-associative right zeroed right complementable Abelian as-
sociative left unital distributive non empty double loop structure, let V be a
non empty vector space structure over K, let W be a vector space over K, and
let f be an additive wrt. second argument homogeneous wrt. second argument
form of V; W. The functor RQForm(f) yielding an additive wrt. second argu-
ment homogeneous wrt. second argument form of V, W /rxe; 7 is defined by the
condition (Def. 22).

(Def. 22) Let A be a vector of W/RKerf, v be a vector of V', and w be a vector of
W.If A=w+ RKer f, then (RQForm(f))({v, A)) = f({v, w)).

Let K be an add-associative right zeroed right complementable Abelian as-
sociative left unital distributive non empty double loop structure, let V, W
be vector spaces over K, and let f be a bilinear form of V, W. Note that
LQForm(f) is additive wrt. second argument and homogeneous wrt. second ar-
gument and RQForm(f) is additive wrt. first argument and homogeneous wrt.
first argument.

Let K be an add-associative right zeroed right complementable Abelian as-
sociative left unital distributive non empty double loop structure, let V, W
be vector spaces over K, and let f be a bilinear form of V', W. The functor
QForm(f) yields a bilinear form of V' /pker I3 W /RKer ¢ and is defined by the
condition (Def. 23).

(Def. 23) Let A be a vector of V/LKerfa B be a vector of W/RKerf> v be a vector
of V, and w be a vector of W. If A = v+ LKer f and B = w 4+ RKer f,

then (QForm(f))({(4, B)) = f({v, w)).

One can prove the following propositions:

(45) Let K be an add-associative right zeroed right complementable Abelian
associative left unital distributive non empty double loop structure, V' be
a vector space over K, W be a non empty vector space structure over K,
and f be an additive wrt. first argument homogeneous wrt. first argument
form of V', W. Then rightker f = rightker(LQForm(f)).

(46) Let K be an add-associative right zeroed right complementable Abelian
associative left unital distributive non empty double loop structure, V' be
a non empty vector space structure over K, W be a vector space over
K, and f be an additive wrt. second argument homogeneous wrt. second
argument form of V, W. Then leftker f = leftker(RQForm(f)).
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(47) Let K be an add-associative right zeroed right complementable Abelian
associative left unital distributive non empty double loop structure, V,
W be vector spaces over K, and f be a bilinear form of V', W. Then
RKer f = RKer(LQForm(f)).

(48) Let K be an add-associative right zeroed right complementable Abelian
associative left unital distributive non empty double loop structure, V,
W be vector spaces over K, and f be a bilinear form of V', W. Then
LKer f = LKer(RQForm(f)).

(49) Let K be an add-associative right zeroed right complementable Abe-
lian associative left unital distributive non empty double loop struc-
ture, V, W be vector spaces over K, and f be a bilinear form of
V, W. Then QForm(f) = RQForm(LQForm(f)) and QForm(f) =
LQForm(RQForm(f)).

(50) Let K be an add-associative right zeroed right complementable Abe-
lian associative left unital distributive non empty double loop struc-
ture, V, W be vector spaces over K, and f be a bilinear form of
V, W. Then leftker(QForm(f)) = leftker(RQForm(LQForm(f))) and
rightker(QForm(f)) = rightker(RQForm(LQForm(f))) and leftker(QForm
(f)) = leftker(LQForm(RQForm(f))) and rightker(QForm(f)) =
rightker(LQForm(RQForm(f))).

(51) Let K be an add-associative right zeroed right complementable distri-
butive non empty double loop structure, V', W be non empty vector space

structures over K, f be a functional in V', and g be a functional in W.
Then ker f C leftker(f ® g).

(52) Let K be an add-associative right zeroed right complementable associa-
tive commutative left unital field-like distributive non empty double loop
structure, V, W be non empty vector space structures over K, f be a
functional in V', and g be a functional in W. If g # 0Functional W, then
leftker(f ® g) = ker f.

(53) Let K be an add-associative right zeroed right complementable distri-
butive non empty double loop structure, V', W be non empty vector space
structures over K, f be a functional in V', and g be a functional in W.
Then ker g C rightker(f ® g).

(54) Let K be an add-associative right zeroed right complementable associa-
tive commutative left unital field-like distributive non empty double loop
structure, V, W be non empty vector space structures over K, f be a
functional in V', and g be a functional in W. If f # OFunctional V, then
rightker(f ® g) = ker g.

(55) Let K be an add-associative right zeroed right complementable com-
mutative Abelian associative left unital distributive field-like non empty
double loop structure, V be a vector space over K, W be a non empty
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vector space structure over K, f be a linear functional in V, and g be
a functional in W. If g # 0Functional W, then LKer(f ® g) = Ker f and
LQForm(f ® g) = (CQFunctional f) ® g.

(56) Let K be an add-associative right zeroed right complementable com-
mutative Abelian associative left unital distributive field-like non empty
double loop structure, V be a non empty vector space structure over K,
W be a vector space over K, f be a functional in V', and g be a linear
functional in W. If f # OFunctional V, then RKer(f ® g) = Kerg and
RQForm(f ® g) = f ® (CQFunctional g).

(57) Let K be a field, V, W be non trivial vector spaces over K, f be a non
constant linear functional in V', and g be a non constant linear functional

in W. Then QForm(f ® g) = (CQFunctional f) ® (CQFunctional g).

Let K be a zero structure, let V, W be non empty vector space structures
over K, and let f be a form of V, W. We say that f is degenerated on left if
and only if:

(Def. 24) leftker f # {0y }.
We say that f is degenerated on right if and only if:
(Def. 25) rightker f # {Ow }.

Let K be an add-associative right zeroed right complementable Abelian as-
sociative left unital distributive non empty double loop structure, let V be a
vector space over K, let W be a right zeroed non empty vector space structure
over K, and let f be an additive wrt. first argument homogeneous wrt. first
argument form of V', W. Note that LQForm(f) is non degenerated on left.

Let K be an add-associative right zeroed right complementable Abelian as-
sociative left unital distributive non empty double loop structure, let V be a
right zeroed non empty vector space structure over K, let W be a vector space
over K, and let f be an additive wrt. second argument homogeneous wrt. second
argument form of V', W. Note that RQForm(f) is non degenerated on right.

Let K be an add-associative right zeroed right complementable Abelian as-
sociative left unital distributive non empty double loop structure, let V, W
be vector spaces over K, and let f be a bilinear form of V', W. Observe that
QForm(f) is non degenerated on left and non degenerated on right.

Let K be an add-associative right zeroed right complementable Abelian as-
sociative left unital distributive non empty double loop structure, let V., W be
vector spaces over K, and let f be a bilinear form of V', W. One can verify that
RQForm(LQForm(f)) is non degenerated on left and non degenerated on right
and LQForm(RQForm(f)) is non degenerated on left and non degenerated on
right.

Let K be a field, let V', W be non trivial vector spaces over K, and let f be
a non constant bilinear form of V', W. Note that QForm(f) is non constant.
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6. BILINEAR SYMMETRIC AND ALTERNATING FORMS

Let K be a 1-sorted structure, let V' be a vector space structure over K, and
let f be a form of V|, V. We say that f is symmetric if and only if:

(Def. 26) For all vectors v, w of V holds f({v, w)) = f({w, v)).

Let K be a zero structure, let V' be a vector space structure over K, and let
f be a form of V, V. We say that f is alternating if and only if:

(Def. 27) For every vector v of V holds f({v, v)) = 0.

Let K be a non empty zero structure and let V' be a non empty vector space
structure over K. Observe that NulForm(V, V') is symmetric and NulForm(V, V)
is alternating.

Let K be a non empty zero structure and let V be a non empty vector space
structure over K. Observe that there exists a form of V', V' which is symmetric
and there exists a form of V', V which is alternating.

Let K be an add-associative right zeroed right complementable right distri-
butive non empty double loop structure and let V' be a non empty vector space
structure over K. Note that there exists a form of V', V which is symmetric,
additive wrt. second argument, homogeneous wrt. second argument, additive
wrt. first argument, and homogeneous wrt. first argument and there exists a
form of V', V which is alternating, additive wrt. second argument, homogeneous
wrt. second argument, additive wrt. first argument, and homogeneous wrt. first
argument.

Let K be a field and let V' be a non trivial vector space over K. Observe
that there exists a form of V', V' which is symmetric, non trivial, non constant,
additive wrt. second argument, homogeneous wrt. second argument, additive
wrt. first argument, and homogeneous wrt. first argument.

Let K be an add-associative right zeroed right complementable non empty
loop structure and let V' be a non empty vector space structure over K. Note
that there exists a form of V, V which is alternating, additive wrt. second
argument, and additive wrt. first argument.

Let K be a non empty loop structure, let V' be a non empty vector space
structure over K, and let f, g be symmetric forms of V', V. One can check that
f + g is symmetric.

Let K be a non empty double loop structure, let V' be a non empty vector
space structure over K, let f be a symmetric form of V, V', and let a be an
element of the carrier of K. One can check that a - f is symmetric.

Let K be a non empty loop structure, let V' be a non empty vector space
structure over K, and let f be a symmetric form of V, V. Note that —f is
symmetric.

Let K be a non empty loop structure, let V' be a non empty vector space
structure over K, and let f, g be symmetric forms of V', V. Observe that f — g
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is symmetric.

Let K be a right zeroed non empty loop structure, let V be a non empty
vector space structure over K, and let f, g be alternating forms of V', V. One
can check that f + g is alternating.

Let K be an add-associative right zeroed right complementable right distri-
butive non empty double loop structure, let V be a non empty vector space
structure over K, let f be an alternating form of V', V, and let a be a scalar of
K. One can verify that a - f is alternating.

Let K be an add-associative right zeroed right complementable non empty
loop structure, let V' be a non empty vector space structure over K, and let f
be an alternating form of V', V. Note that — f is alternating.

Let K be an add-associative right zeroed right complementable non empty
loop structure, let V' be a non empty vector space structure over K, and let f,
g be alternating forms of V', V. Observe that f — g is alternating.

One can prove the following two propositions:

(58) Let K be an add-associative right zeroed right complementable right
distributive non empty double loop structure, V' be a non empty vector
space structure over K, and f be a symmetric bilinear form of V', V. Then
leftker f = rightker f.

(59) Let K be an add-associative right zeroed right complementable non
empty loop structure, V' be a non empty vector space structure over
K, f be an alternating additive wrt. first argument additive wrt. se-
cond argument form of V, V, and v, w be vectors of V. Then f((v,
w)) = —f((w, v)).

Let K be a Fanoian field, let V' be a non empty vector space structure over
K, and let f be an additive wrt. first argument additive wrt. second argument

form of V', V. Let us observe that f is alternating if and only if:

(Def. 28) For all vectors v, w of V holds f({v, w)) = —f({w, v)).
Next we state the proposition

(60) Let K be an add-associative right zeroed right complementable right
distributive non empty double loop structure, V' be a non empty vector
space structure over K, and f be an alternating bilinear form of V', V.
Then leftker f = rightker f.
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