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Summary. This article introduces the verification of the correctness for
the operations and the specification of the high speed array multiplier. We forma-
lize the concepts of 2-by-2 and 3-by-3 bit Plain array multiplier, 3-by-3 Wallace
tree multiplier circuit, and show that outputs of the array multiplier are equiva-
lent to outputs of normal (sequencial) multiplier.

MML Identifier: GATE_5.

The articles [3], [1], and [2] provide the terminology and notation for this paper.

1. PRELIMINARIES

Let xg, 21, Yo, y1 be sets. The functor MULT910(21, y1, Z0, o) yields a set
and is defined as follows:

(Def. 1) MULTQlo(:L‘l, Y1,T0, yo) = AND2(:UQ, y()).
The functor MULT911 (21, y1, Zo, o) yields a set and is defined by:
(Def. 2) MULT911 (21,91, Zo,y0) = ADD1(AND2(z1,y0), AND2(z0, 1), 0).
The functor MULT212(21, y1, 0, Y0) yielding a set is defined as follows:
(Def. 3) MULT912(21, Y1, Zo,y0) = ADD2(0, AND2(x1, y1), AND2(x1, yo),
AND2(:L‘0, yl), @)
The functor MULT913(21, Y1, Zo, Yo) yields a set and is defined as follows:
(Def. 4) MULT213(x1, 91, 2o, yo) = CARR2(0, AND2(x1,y1), AND2(x1, o),
AND2(£L‘0, yl), (Z))
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We now state the proposition

(1) Let =xo0, 21, w0, Y1, 20, 21, %2, 23, Qo, qi, C1, qi1, Ci1 be
sets such that NE ¢y iff NE AND2(zg,y) and NE ¢ iff NE
XOR3(AND2(z1,y0), AND2(z0,91),0) and NE ¢ iff NE MAJ3(AND2(z1,
y0), AND2(zg,y1),0) and NE ¢11 iff NE XOR3(AND2(x1,91),0,¢1) and
NE ¢11 iff NE MAJ3(AND2(21,41),0,¢1) and NE 2 iff NE ¢o and NE 2,
iff NE ¢1 and NE 2z iff NE ¢11 and NE z3 iff NE ¢q7. Then

(i) NE z iff NE MULT210(1, y1, %0, %0),

(ii) NE Z1 iff NE MULTQH(.Z'l, Y1,Z0, yo),

(111) NE Z9 lff NE MULTng(l‘l, Y1,Z0, yo), and
(IV) NE z3 lff NE MULT213($1, Y1, 0, yo).

Let g, 1, x2, Yo, y1 be sets. The functor MULT310(x2, 21, y1, X0, Yo) yields
a set and is defined by:

(Def. 5) MULTglO (932, T1,Y1, X0, yo) = ANDQ(SCQ, yo).
The functor MULT311 (22, 21, Y1, Zo, Yo) yields a set and is defined as follows:
(Def 6) MULTgH(.’L’Q, T1,Y1, X0, yo) = ADDl(ANDQ(:Cl, yg), ANDQ(CEQ, yl), @)
The functor MULT319(22, 21, Y1, Zo, Yo) yields a set and is defined as follows:
(Def 7) MULTglg(l'Q, T1,Y1,Z0, yo) = ADDQ(ANDQ(JJQ, yo), ANDQ({L‘l, yl),
ANDQ(:El, yo), AND2(.’E0, yl), @)
The functor MULT313(z2, 21, Y1, Zo, Yo) yields a set and is defined as follows:
(Def 8) MULT313(.’L’2, T1,Y1, X0, yo) = ADD3(®, AND2($2, yl), ANDZ(xQ, yo),
AND2(x1,y1), AND2(x1, y0), AND2(xo, y1), ).
The functor MULT314(z2, 21, Y1, To, Yo) yielding a set is defined by:
(Def 9) MULT314(.’L’2, T1,Y1, X0, yo) = CARR?)(@, ANDQ(.Z‘Q, yl), ANDQ(.TQ, yo),
AND2(x1,y1), AND2(x1, y0), AND2(xq, y1), ).
Let zg, 1, T2, Yo, Y1, y2 be sets. The functor MULT 391 (22, y2, 1, Y1, 0, Yo)
yields a set and is defined by:
(Def 10) MULTng(LUQ, Y2,T1,Y1, X0, yo) == ADDl(MULTglg (CL’Q, T1,Y1, X0, yo),
AND2(z0, y2),0).
The functor MULT 392 (22, y2, 21, Y1, T0, Yo) yields a set and is defined by:
(Def. 11)  MULT322(2, y2, 1, Y1, T0, Yo) = ADD2(MULT313(%2, 71, Y1, T0, Y0),
AND2(21,y2), MULT312(22, 71, Y1, Zo, Y0 ), AND2(20, y2), 0).
The functor MULT393(x2, Y2, 1, Y1, 0, Yo) yields a set and is defined as follows:
(Def 12) MULT323(.’L’2, Y2,T1,Y1, X0, yo) = ADD3(MULT314($2, T1,Y1,Xo, yo),
AND2(z2,y2), MULT313(22, 71, Y1, Z0, Y0), AND2(21, y2), MULT312(22, 71,
Y1, 20, Yo), AND2(z0, y2), 0).
The functor MULT394(22, y2, 21, Y1, To, Yo) yielding a set is defined as follows:
(Def. 13) MULT3924(x2, Y2, 1, Y1, 0, yo) = CARR3(MULT314(22, 21, Y1, Z0, ¥0),
AND2(z3, y2), MULT313(22, 71, y1, %0, Yo ), AND2(z1, y2), MULT 312 (2, 21,
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Y1, %0, Yo), AND2(z0,12),0).

Next we state the proposition

(2)

Let wo, 1, T2, Yo, Y1, Y2, 20, 21, 22, 23, 24, 25, o, q1, 2, C1, €2,
qi1, q12, €11, €12, Q21, G22, C21, Co be sets such that NE ¢ iff NE
AND2(zg,y0) and NE ¢ iff NE XOR3(AND2(z1,y0), AND2(zg,y1),0)
and NE ¢; if NE MAJ3(AND2(z1,y0), AND2(z9,y1),0) and NE
¢z iff NE XOR3(AND2(z2,v0), AND2(z1,¥1),0) and NE c¢o iff NE
MAJ3(AND2(z2,yo), AND2(x1,91),0) and NE ¢q; iff NE XOR3(g2, AND2
(x0,y2),c1) and NE ¢ iff NE MAJ3(q2, AND2(zg,y2),c1) and
NE q12 iff NE XOR3(AND2($2,yl),AND2(:L‘1,y2),Cg) and NE C12
ifft NE MAJ3(AND2(z2,y1), AND2(z1,y2),c2) and NE g¢op iff NE
XOR3(q12, 0, c11) and NE ¢g; iff NE MAJ3(q12,0, c11) and NE g9 iff NE
XOR3(AND2(JI2, yz), Ca21, 612) and NE C29 iff NE MAJ3(AND2($2, yg), C21,
c12) and NE zg iff NE ¢y and NE z; iff NE ¢; and NE 29 iff NE ¢;; and
NE z3 iff NE ¢o1 and NE z4 iff NE @90 and NE z5 iff NE c92. Then

NE 20 iff NE MULT310($2,$1,y1,x0,y0),

NE z; iff NE MULT311 (22, 21, Y1, 0, Y0),

NE 2 iff NE MULT321 (22, y2, 71, Y1, To, Y0),

NE zZ3 iff NE MULT;),QQ(Q}Q, Y2,%1,Y1, 20, yo),

NE Z4 iff NE MULT323(SL‘2, Y2,T1,Y1, X0, yo), and
NE z5 iff NE MULT324(.7}2, Y2,21,Y1, 20, yo).

2. LoGICAL EQUIVALENCE OF WALLACE TREE MULTIPLIER

One can prove the following proposition

3)

(i)
(i)

Let wo, 1, T2, Yo, Y1, Y2, 20, 21, 22, 23, 24, 25, 0, q1, 42, 43, C1,
c2, €3, 11, 12, 13, C11, Ci2, €13 be sets such that NE ¢y iff NE
AND2(zg,90) and NE ¢ iff NE XOR3(AND2(z1,y0), AND2(zg,y1),0)
and NE ¢; iff NE MAJ3(AND2(z1,y0), AND2(z9,y1),0) and NE
q2 iff NE XOR3(AND2(z2,y0), AND2(z1,y1), AND2(z0,y2)) and NE
cy iff NE MAJ3(AND2(x2,v0), AND2(z1,y1), AND2(z0,y2)) and NE
g3 iff NE XOR3(AND2(zs,y1), AND2(z1,72),0) and NE c; iff NE
MAJ3(AND2(z2, y1), AND2(z1, 1), #) and NE gi1 iff NE XOR3(ga, c1, )
and NE ¢q; iff NE MAJ3(g2, ¢1,0) and NE g2 iff NE XOR3(gs3, ¢2, ¢11) and
NE c15 iff NE MAJ3(gs, ¢2, c11) and NE q13 iff NE XOR3(AND2(z2, 2), ¢,
c12) and NE ¢;3 iff NE MAJ3(AND2(z2,y2), c3,c12) and NE zg iff NE ¢
and NE z; iff NE ¢; and NE 29 iff NE ¢1; and NE z3 iff NE ¢12 and NE
z4 iff NE ¢13 and NE z5 iff NE ¢13. Then

NE 29 iff NE MULT310(22, 1, Y1, %0, Y0),
NE Z1 iff NE MULT311($2,£1,y1,x0,y0),
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) NE z9 iff NE MULTng(IQ,yQ,:El,yl,xo,yo),
(iv)  NE z3 iff NE MULT392(x2, Y2, 1, Y1, 0, Y0 ),
) NE zZ4 iﬁ NE MULngg(xg,yg,xl,yl,xo,yo), and
(Vi) NE z5 iff NE MULT324($2, Y2,T1,Y1, L0, yo).
Let ay, b1, ¢ be sets. We introduce CLAADDI1(aq,b1,¢) as a synonym of
XOR3(a1, b1, c). We introduce CLACARR1(aq, b1, ¢) as a synonym of MAJ3(ay,
bl, C).
Let a1, b1, aa, ba, ¢ be sets. The functor CLAADD2(ag, be, a1, by, c) yields a
set and is defined by:
(Def. 16)1 CLAADDQ(CLQ, bQ, ai, bl, C) = XOR3(CL2, bg, MAJS(al, bl, C))
The functor CLACARR2(azg, ba, a1, b1, ¢) yields a set and is defined by:

(Def. 17) CLACARRQ(CLQ, bg, ai, bl, C) = OR2<AND2(CL2, bQ), AND2(OR2(G2, bg),
MAJ3(CL1, bl, C)))

Let a1, b1, ag, ba, as, bs, ¢ be sets. The functor CLAADD3(as, b3, as, ba, a1, by,
¢) yielding a set is defined as follows:

(Def. 18) CLAADD3((13, b3, ag, bQ, ai, bl, C) = XOR?)(ag, b3, CLACARRZ(GQ, bg, ai,
bl, C))

The functor CLACARR3(as, bs, as, b, a1, by, ¢) yields a set and is defined by:

(Def. 19) CLACARR3(G3, b3, as, bg, ai, bl, C) = OR3(AND2(CL3, bg), ANDQ(ORQ((L:J,,
bg), AND2(a2, bg)), AND3(OR2(CL3, bg), ORQ(GQ, bg), MAJ3(CL1, bl, C)))

Let ay, by, ag, ba, as, bs, ay, by, ¢ be sets. The functor CLAADD4(ay, by, as, bs,
az, be,ay,by, c) yielding a set is defined by:

(Def. 20) CLAADD4(CL4, b4, as, bg, ag, bg, ai, bl, C) == XORB((L4, b4, CLACARR3(6L3,
b3, az, b, a1, by, c)).

The functor CLACARRA4(ay, by, as, bs, az, ba, a1, by, ¢) yielding a set is defined as
follows:

(Def. 21) CLACARRA4(ay, by, as, b3, az,be,a1,b1,c) = OR4(AND2(ay, by), AND2
(OR2(ay4,bs), AND2(as, b3)), AND3(OR2(a4, bs), OR2(as, b3), AND2(as,
b2)), AND4(OR2(a4, by), OR2(as, b3), OR2(ag, b2), MAJ3(a1, b1, ¢))).

One can prove the following proposition
(4) Let wo, 1, z2, Yo, Y1, Y2, 20, 21, 22, 23, 24, 25, 4o, q1, G2
g3, c1, c2, cs3 be sets such that NE ¢o iff NE AND2(xg,yo)
and NE ¢ iff NE XOR3(AND2(z1,y0), AND2(z0,v1),0) and NE
¢p iff NE MAJ3(AND2(z1,y0), AND2(x0,41),0) and NE ¢o iff NE

XOR3(AND2(z2,y0), AND2(z1,y1), AND2(x0,y2)) and NE ¢y iff NE

MAJ3(AND2(z2,y0), AND2(z1,y1), AND2(20,72)) and NE ¢z iff NE

XOR3(AND2(z2,y1), AND2(z1,y2),0) and NE ¢3 iff NE MAJ3(AND2(z5,

!The definitions (Def. 14) and (Def. 15) have been removed.
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y1), AND2(z1,y2),0) and NE 2z iff NE ¢p and NE z; iff NE ¢; and NE 2z,
ifft NE CLAADDI1(qg,¢1,0) and NE z3 iff NE CLAADD2(gs, ¢2, g2, ¢1,0)
and NE z4 iff NE CLAADD3(AND2(x2, 32), 3, g3, C2, G2, ¢1,)) and NE z5
iff NE CLACARR3(AND2(x2,y2), ¢3,43, €2, g2, ¢1, D). Then
) NE 20 iff NE MULT310 xg,xl,yl,a:g,yo),
) NE Z1 iff NE MULT311 xg,wl,yl,xo,yo),
(iii) NE z9 iff NE MULT321 2,Y2,T1,Y1, L0, yo),
) NE z3 iff NE MULT392 (22, y2, %1, Y1, Z0, Y0),
) NE Z4 iff NE MULT323 T2,Y2,T1,Y1,T0, yo), and
) NE z5 iff NE MULT324 ZEQ,yQ,ZL‘l,yl,Io,yo).

o~ o~~~ o~
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