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Summary. The SCMFSA computer can prove the correctness of many
algorithms. Unfortunately, it cannot prove the correctness of recursive algorithms.
For this reason, this article improves the SCMFSA computer and presents a
Small Computer Model with Push-Down Stack (called SCMPDS for short). In
addition to conventional arithmetic and ”goto” instructions, we increase two new
instructions such as ”"return” and ”save instruction-counter” in order to be able
to design recursive programs.

MML Identifier: SCMPDS_1.

The articles [15], [21], [8], [13], [22], [5], [6], [20], [12], [16], [2], [17], [1], [3], [14],
[19], [4], [7], [9], [11], [10], and [18] provide the terminology and notation for this

paper.

1. PRELIMINARIES

For simplicity, we follow the rules: x1, x2, x3, x4, x5 are sets, , j, k are natural
numbers, I, Is, I3, I are elements of Z4, i1 is an element of Instr-Locgcm, di,
ds, d3, dy, ds are elements of Data-Locgcom, and k1, ks, k3, k4, ks, kg are integers.

Let z1, x9, x3, x4 be sets. The functor < xx1,x2, x3, T4* > yields a set and
is defined as follows:

(Def. 1) < xx1, 22,23, x4% >= (T1,22,23) ~ (T4).
Let x5 be a set. The functor < *x1, 2, x3, T4, T5* > yielding a set is defined by:
(Def. 2) < xxy1, 2,23, T4, Tox >= (X1, T2,23) " (T4, T5).

! This work was done while the author visited Shinshu University March—April 1999.
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Let x1, x2, x3, x4 be sets. One can verify that < *x1, xo, T3, T4* > is function-
like and relation-like. Let x5 be a set. One can verify that < xz1, 9, 3, T4, T5* >
is function-like and relation-like.

Let x1, x2, x3, x4 be sets. One can verify that < xx1, 9,3, x4% > is finite
sequence-like. Let x5 be a set. One can check that < *xq,x9, T3, T4, x5% > is
finite sequence-like.

Let D be a non empty set and let x1, z2, x3, 4 be elements of D. Then
< *x1, %2, T3, T4x > is a finite sequence of elements of D.

Let D be a non empty set and let x1, x2, x3, 4, 5 be elements of D. Then
< *x1, T2, T3, T4, Tsx > is a finite sequence of elements of D.

One can prove the following propositions:

(1) < s*x1,29, 23, 24% >= (T1,22,23) ~ (x4) and < #x1,T9,x3,T4% >=
(x1,m9) ~ (x3,m4) and < xx1,T9,x3,x4% >= (1) ~ (T2, 23,24) and <
kT, To, T3, Tex >= (x1) " (r2) " (x3) 7 (24).

(2) < *x1,x9,x3, 4, T5% >= (X1, X2, x3) (x4, x5) and < *x1, Ta, T3, Tq, T5* >
=< %1, T2, T3, Tex > “(x5) and < xx1, T2, T3, Tg, Tex >= (x1) " (T2) 7
(x3) ~ (mg) ™ (x5) and < *x71, T2, X3, Tq, T5x >= (r1,22) ~ (23,24, T5) and
< KT1, T2, T3, Tg, Tox >= (X1)" < *Tg, T3, Tq, Tk > .

We adopt the following rules: N; is a non empty set, y1, yo2, ¥3, ¥4, Y5 are
elements of N1, and p is a finite sequence.

We now state several propositions:

(3) p =< xx1,m2,23,24% > iff lenp = 4 and p(1) = z; and p(2) = x5 and
p(3) = 3 and p(4) = z4.

(4) dom < *z1,x9, T3, x4*x >= Seg4.

(5) p=< *x1,x9, 23,24, x5% > iff lenp = 5 and p(1) = 21 and p(2) = x5 and
p(3) = x5 and p(4) = x4 and p(5) = z5.

(6) dom < *z1,x9, T3, T4, 5k >= Segb.

(7)™ < *y1,92,¥3,yax >= y1 and T2 < *y1,Y2,¥3, Yax >= y2 and 713 <
*Y1, Y2, Y3, Yax >=yg and my < *Y1, Y2, Y3, Yax >= Y.

(8) ™1 < *Y1,Y2,Y3,Ya,Ys* >= y1 and T2 < *Y1,Y2,Ys, Y4, Ys* >= ya and
73 < *Y1,Y2,Y3, Y4, Ysk >= y3 and T4 < *Y1,Y2,Ys3, Y4, Ys* >= y4 and
Ts < *Y1, Y2, Y3, Y4, Y5+ >= Ys.

(9) For every integer k holds k € J{Z} UN.

(10) For every integer k holds k € Data-Locgcm U Z.
(11 For every element d of Data-Locgoy holds d € Data-Locgen U Z.

2. THE CONSTRUCTION OF SCM WITH PUSH-DOWN STACK

The subset SCMPDS — Instr of [ Z14, ((J{Z} UN)*] is defined by the condition
(Def. 3).
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(Def. 3) SCMPDS — Instr = {(0, (I)) : [ ranges over integers} U {(1, (s1)) : s1
ranges over elements of Data-Locsom} U {{I, (v,¢)); I ranges over ele-
ments of Zi14, v ranges over elements of Data-Locgcn, ¢ ranges over inte-
gers: I € {2,3}}U{(I, (v,c1,c2)); I ranges over elements of Z14, v ranges
over elements of Data-Locgon, €1 ranges over integers, co ranges over
integers: I € {4,5,6,7,8}} U{(I, < xv1,v9,c1,co%x > ); I ranges over ele-
ments of Zi4, vy ranges over elements of Data-Locgcn, ve ranges over
elements of Data-Locgcn, ¢1 ranges over integers, co ranges over integers:
I€{9,10,11,12,13}}.

We now state two propositions:
(12) SCMPDS —Instr = {(0, (k1))} U {(1, (d))} U {(Ja, {do,ka)) : I €
{2,3}} U {(Ig, <d3, ks, ]C4>) I3 € {4, 5,6,7, 8}} U {(14, < *xdy, ds, ks, kgx >
y: Iy € {9,10,11,12,13}}.
(13) (0, (0)) € SCMPDS — Instr.

One can verify that SCMPDS — Instr is non empty.
We now state three propositions:
(14) k =0 or there exists j such that k = 2-j + 1 or there exists j such that
k=2-j+2.
(15) If & = 0, then it is not true that there exists j such that k = 2.5+ 1
and it is not true that there exists j such that k =235 4 2.
(16)(1)  If there exists j such that k = 2-j 4 1, then k # 0 and it is not true
that there exists j such that k =25 4+ 2, and
(ii)  if there exists j such that k = 2-j + 2, then k # 0 and it is not true
that there exists j such that k =235+ 1.
The function SCMPDS — OK from N into {Z}U{SCMPDS — Instr, Instr-Locgcm }
is defined as follows:

(Def. 4) (SCMPDS — OK)(0) = Instr-Locgcym and for every natural number k
holds (SCMPDS — OK)(2 -k +1) =Z and (SCMPDS — OK)(2 -k +2) =
SCMPDS — Instr.

A SCMPDS-State is an element of [[ SCMPDS — OK.
Next we state several propositions:

(17) Instr-Locgcm # SCMPDS — Instr and SCMPDS — Instr # Z.

(18) (SCMPDS — OK)(i) = Instr-Locgcyy iff i = 0.

(19) (SCMPDS — OK)(i) = Z iff there exists k such that i =2 -k + 1.

(20) (SCMPDS — OK)(z) = SCMPDS — Instr iff there exists k such that i =

2-k+2.
(21) (SCMPDS — OK)(d;) = Z.
(22) (SCMPDS — OK)(i;) = SCMPDS — Instr.
(23) 7o [[SCMPDS — OK = Instr-Locgc.
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(24) 74, [[SCMPDS — OK = Z.
(25) m, [[SCMPDS — OK = SCMPDS — Instr.

Let s be a SCMPDS-State. The functor IC; yielding an element of
Instr-Locgcv is defined as follows:

(Def. 5) IC, = s(0).

Let s be a SCMPDS-State and let u be an element of Instr-Locgcnm. The

functor Chggon (s, ) yielding a SCMPDS-State is defined as follows:
(Def. 6) Chggom(s, u) = s+-(0——u).

We now state three propositions:

(26) For every SCMPDS-State s and for every element u of Instr-Locgom
holds (Chggcyi(s,u))(0) = u.

(27) For every SCMPDS-State s and for every element u of Instr-Locgon and
for every element m; of Data-Locgonm holds (Chggon(s, w))(my) = s(my).

(28) For every SCMPDS-State s and for all elements u, v of Instr-Locgcym
holds (Chgge(s, u))(v) = s(v).

Let s be a SCMPDS-State, let ¢ be an element of Data-Locgcm, and let u be
an integer. The functor Chggcon(s, ¢, u) yields a SCMPDS-State and is defined
as follows:

(Def. 7)  Chggonm(s, t,u) = s+ (t——u).

The following propositions are true:

(29) For every SCMPDS-State s and for every element ¢ of Data-Locgcn and
for every integer u holds (Chggon(s,t,u))(0) = s(0).

(30) For every SCMPDS-State s and for every element ¢ of Data-Locgonm and
for every integer u holds (Chggcon (s, t,w))(t) = u.

(31) Let s be a SCMPDS-State, ¢t be an element of Data-Locgcm, u be
an integer, and m; be an element of Data-Locgonm. If mi # t, then
(CthCM(S7 t, u))(m1> - S(ml)'

(32) Let s be a SCMPDS-State, ¢ be an element of Data-Locgcy, u be an
integer, and v be an element of Instr-Locgcn. Then (Chggon (s, ¢, w))(v) =
s(v).

Let s be a SCMPDS-State and let ¢ be an element of Data-Locgcy. Then
s(a) is an integer.

Let s be a SCMPDS-State, let a be an element of Data-Locgcwm, and let n be
an integer. The functor Address_Add(s, a,n) yields an element of Data-Locgcm
and is defined by:

(Def. 8) Address_Add(s,a,n) =2-|s(a) +n|+ 1.

Let s be a SCMPDS-State and let n be an integer. The functor

jump_address(s,n) yielding an element of Instr-Locgcy is defined as follows:
(Def. 9) jump_address(s,n) = |((ICs qua natural number)—2) + 2 - n| + 2.
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Let d be an element of Data-Locgcyr and let s be an integer. Then (d, s) is
a finite sequence of elements of Data-Locgcy U Z.

Let & be an element of SCMPDS — Instr. Let us assume that there exist
an element my of Data-Locgom and I such that x = (I, (my)). The functor
x address; yielding an element of Data-Locgcn is defined as follows:

(Def. 10) There exists a finite sequence f of elements of Data-Locgonm such that
f = x2 and z address; = 7y f.
The following proposition is true
(33) For every element z of SCMPDS — Instr and for every element m; of
Data-Locgon such that @ = (I, (m;)) holds x address; = m;.

Let = be an element of SCMPDS — Instr. Let us assume that there exist
an integer r and I such that = = (I, (r)). The functor z const_INT yielding an
integer is defined by:

(Def. 11) There exists a finite sequence f of elements of Z such that f = xo and
xconst INT = 7y f.
The following proposition is true
(34) For every element z of SCMPDS — Instr and for every integer k such
that x = (I, (k)) holds z const INT = k.

Let = be an element of SCMPDS — Instr. Let us assume that there exist an
element m; of Data-Locgcowm, an integer 7, and I such that « = (I, (m,r)). The
functor x P21address yielding an element of Data-Locgcy is defined as follows:

(Def. 12) There exists a finite sequence f of elements of Data-Locgcm U Z such
that f = x2 and x P21address = 7 f.

The functor x P22const yielding an integer is defined as follows:

(Def. 13) There exists a finite sequence f of elements of Data-Locgem U Z such
that f = x2 and z P22const = mo f.
The following proposition is true
(35) Let x be an element of SCMPDS — Instr, m; be an element
of Data-Locgom, and r be an integer. If = = (I, (my,r)), then
z P2laddress = m; and x P22const = r.

Let x be an element of SCMPDS — Instr. Let us assume that there exist an
element mgo of Data-Locgon, integers ki, ko, and I such that x = (I, (ma, k1,
k2)). The functor x P3laddress yielding an element of Data-Locgcyy is defined
as follows:

(Def. 14) There exists a finite sequence f of elements of Data-Locgem U Z such
that f = x2 and x P3laddress = 71 f.
The functor z P32const yielding an integer is defined as follows:

(Def. 15) There exists a finite sequence f of elements of Data-Locgconm U Z such
that f = x9 and z P32const = mo f.
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The functor z P33const yields an integer and is defined by:
(Def. 16) There exists a finite sequence f of elements of Data-Locgem U Z such
that f = 22 and z P33const = 73 f.
We now state the proposition
(36) Let x be an element of SCMPDS — Instr, d; be an element of
Data-Locgom, and ki, k2 be integers. If x = (I, (di,k1,ke)), then
x P3laddress = d; and x P32const = k1 and xz P33const = ko.

Let x be an element of SCMPDS — Instr. Let us assume that there exist
elements mo, ms3 of Data-Locgcn, integers ki, ko, and I such that x =
(I, < smg,ms,ki,kox > ). The functor xP4laddress yields an element of
Data-Locscy and is defined by:

(Def. 17) There exists a finite sequence f of elements of Data-Locgonm U Z such
that f = 22 and z P41laddress = 71 f.
The functor z P42address yields an element of Data-Locgoym and is defined as
follows:
(Def. 18) There exists a finite sequence f of elements of Data-Locgonm U Z such
that f = x2 and x P42address = mo f.
The functor z P43const yielding an integer is defined as follows:
(Def. 19) There exists a finite sequence f of elements of Data-Locgon U Z such
that f = 22 and z P43const = 73 f.
The functor x P44const yielding an integer is defined as follows:
(Def. 20) There exists a finite sequence f of elements of Data-Locgem U Z such
that f = x9 and x P44const = w4 f.
We now state the proposition
(37) Let = be an element of SCMPDS — Instr, di, d2 be elements of
Data-Locgom, and ki, ko be integers. If © = (I, < *dy,da, k1, kax > ),
then x P41laddress = d; and x P42address = do and x P43const = k; and
x P44const = ko.

Let s be a SCMPDS-State and let a be an element of Data-Locgoy. The
functor PopInstrLoc(s, a) yielding an element of Instr-Locgcy is defined as fol-
lows:

(Def. 21) PoplnstrLoc(s,a) =2 (|s(a)| +2) + 4.
The natural number RetSP is defined as follows:
(Def. 22) RetSP = 0.
The natural number RetlC is defined as follows:
(Def. 23) RetIC = 1.

Let x be an element of SCMPDS — Instr and let s be a SCMPDS-State. The
functor Exec-Resscm(z, s) yielding a SCMPDS-State is defined as follows:
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(Def. 24) Exec-Resscm(z, s) =
[ Chggep (s, jump_address(s, « const_INT)), if there exists k; such that
z = (0, (k1)),

Chggcni(Chggon (s, x P21address, x P22const), Next(ICy)), if there exist
dl,k‘l such that z = (2, <d1,]€1>),

Chggcn(Chggon (s, Address_Add(s, x P21address, z P22const), (IC; qua natural

number)), Next(ICy)), if there exist dy, k1 such that = = (3, (d1, k1)),

Chggcn(Chggen (s, x addressy, s(Address_Add(s, z address;, RetSP))), PopInstrLoc
(s, Address_Add(s, z address;, RetIC))), if there exists d; such that x = (1, (d1)),

Chggen (s, (s(Address_Add(s, x P31laddress, 2 P32const)) = 0 — Next(IC;), jump-
address(s, z P33const))), if there exist di, k1, k2 such that x = (4, (d1, k1, k2)),

Chggen(s, (s(Address_Add(s, x P31laddress, z P32const)) > 0 — Next(ICy), jump-
address(s, z P33const))), if there exist dy, k1, k2 such that = = (5, (di, k1, k2)),

Chggen(s, (0 > s(Address_Add(s, z P31address, x P32const)) — Next(IC;), jump_
address(s, z P33const))), if there exist dy, k1, ko such that x = (6, (d1, k1, k2)),

Chggcn (Chggen (s, Address_Add(s, x P31address, z P32const), 2 P33const),
Next(ICy)), if there exist di, k1, ko such that = = (7, (dy, k1, k2)),

Chggcn(Chggeni (s, Address_Add(s, x P31address, z P32const),
s(Address_Add(s, z P31address, x P32const)) + z P33const), Next(ICy)),

if there exist dy, k1, ko such that = = (8, (d1, k1, k2)),

Chggcni(Chggon (s, Address_Add(s, x P41laddress, z P43const), s(Address_Add
(s, P4laddress, x P43const)) + s(Address_Add(s, x P42address, x P44const))),
Next(ICy)), if there exist dy,ds, k1, ko such that x = (9, < *dy, da, k1, kax > ),

Chggcn(Chggon (s, Address_Add(s, x P41address, © P43const), s(Address_Add
(s, z P41laddress, 2 P43const)) — s(Address_Add(s, z P42address, x P44const))),
Next(ICy)), if there exist dy, ds, k1, ko such that x = (10, < *dy, dg, k1, kox > ),

Chggen(Chggen (s, Address_Add(s, x P41address, z P43const), s(Address_Add
(s,x P4laddress, z P43const)) - s(Address_Add(s, x P42address, z P44const))),
Next(ICy)), if there exist dy, da, k1, ko such that x = (11, < *dy,dg, k1, kox > ),

Chggcni(Chggen (s, Address_Add(s, x P41address, z P43const),
s(Address_Add(s, z P42address, z P44const))), Next(ICy)), if there exist di, da,
k1, ko such that x = (13, < *dy,do, k1, kox > ),

Chggcn (Chggon (Chggon (s, Address_Add(s, z P4laddress,  P43const),
s(Address_Add(s, x P41laddress, z P43const)) + s(Address_Add(s, x P42address,
x P44const))), Address_Add(s, z P42address, x P44const), s(Address_Add(s,

x P4laddress, 2 P43const)) mod s(Address_Add(s, x P42address, x P44const))),
Next(ICy)), if there exist dy,da, k1, ko such that x = (12, < *dy, da, k1, kax > ),
s, otherwise.
Let f be a function from SCMPDS — Instr into
([T SCMPDS — OK)IISCMPDS=OK 41d Jet & be an element of SCMPDS — Instr.
Note that f(x) is function-like and relation-like.
The function SCMPDS — Exec from SCMPDS — Instr into
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([TSCMPDS — OK)IISCMPDS-OK g defined by:

(Def. 25) For every element x of SCMPDS — Instr and for every SCMPDS-State
y holds (SCMPDS — Exec)(z)(y) = Exec-Resscm(, y).
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