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Summary. The article is a translation of [5, 92-93].

MML Identifier: WAYBEL16.

The terminology and notation used here are introduced in the following articles:
[16], [1], [14], [12], [15], [13], [3], [4], [9], [6], [10], [11], [2], [7], and [8].

1. PRELIMINARIES

The following propositions are true:

(1) For every sup-semilattice L and for all elements x, y of L holds [ ]r(TxN
Ty) =z Uy.

(2) For every semilattice L and for all elements z, y of L holds | |, (lzN|y) =
rlly.

(3) Let L be a non empty relational structure and x, y be elements of L. If
x is maximal in (the carrier of L) \ Ty, then Tz \ {z} = Tz N 1y.

(4) Let L be a non empty relational structure and z, y be elements of L. If
x is minimal in (the carrier of L) \ |y, then |z \ {z} = |z N |y.

(5) Let L be a poset with lL.u.b.’s, X, Y be subsets of L, and X', Y’ be
subsets of LP. If X = X' and Y =Y’ then X UY = X' Y’

(6) Let L be a poset with g.l.b.’s; X, Y be subsets of L, and X', Y’ be
subsets of LP. If X = X’ and Y =Y/, then X NY = X' UY".

(7) For every non empty reflexive transitive relational structure L holds
Filt(L) = Ids(L°P).
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(8) For every non empty reflexive transitive relational structure L holds
Ids(L) = Filt(L°P).

2. FREE GENERATION SET

Let S, T be complete non empty posets. A map from S into T is said to be
a CLHomomorphism of S, T if:

(Def. 1) Tt is directed-sups-preserving and infs-preserving.

Let S be a continuous complete non empty poset and let A be a subset of
S. We say that A is a free generator set if and only if the condition (Def. 2) is
satisfied.

(Def. 2) Let T be a continuous complete non empty poset and f be a function
from A into the carrier of T'. Then there exists a CLHomomorphism A of
S, T such that h|A = f and for every CLHomomorphism h’ of S, T such
that h'[A = f holds h' = h.
Let L be an upper-bounded non empty poset. One can check that Filt(L) is
non empty.
The following propositions are true:

(9) For every set X and for every non empty subset Y of (Filt(Zé ), €) holds
(Y is a filter of Zé.

(10) For every set X and for every non empty subset Y of (Filt(2é ), €) holds

inf Y exists in <Filt(2é), C) and H((Filt(?g),g))y =NY.

(11) For every set X holds 2% is a filter of 2.

(12) For every set X holds {X} is a filter of éé( .

(13) For every set X holds (Filt(2%), C) is upf_)er—bounded.

(14) For every set X holds (Filt(2§), C) is lower-bounded.

(15) For every set X holds T (rile2X),c) = 2X.

(16) For every set X holds L (Filt(?;(),g) ={X}.

(17) For every non empty set X and for every non empty subset Y of (X, C)

such that sup Y exists in (X, C) holds | JY CsupY.

(18) For every upper-bounded semilattice L holds (Filt(L), C) is complete.
Let L be an upper-bounded semilattice. Note that (Filt(L),C) is complete.

3. COMPLETELY-IRREDUCIBLE ELEMENTS

Let L be a non empty relational structure and let p be an element of L. We
say that p is completely-irreducible if and only if:
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(Def. 3) Min Tp\ {p} exists in L.
We now state the proposition
(19) Let L be a non empty relational structure and p be an element of L. If
p is completely-irreducible, then [ |1 (Tp \ {p}) # p.

Let L be a non empty relational structure. The functor Irr L yielding a subset
of L is defined by:

(Def. 4) For every element x of L holds x € Irr L iff x is completely-irreducible.
The following propositions are true:

(20) Let L be a non empty poset and p be an element of L. Then p is
completely-irreducible if and only if there exists an element ¢ of L such
that p < ¢ and for every element s of L such that p < s holds ¢ < s and
Tp={p}UTq

(21) For every upper-bounded non empty poset L holds Ty, ¢ Irr L.

(22) For every semilattice L holds Irr L C IRR(L).

(23) For every semilattice L and for every element x of L such that z is
completely-irreducible holds z is irreducible.

(24) Let L be a non empty poset and x be an element of L. Suppose x is
completely-irreducible. Let X be a subset of L. If inf X exists in L and
r = inf X, then z € X.

(25) For every non empty poset L and for every subset X of L such that X
is order-generating holds Irr L. C X.

(26) Let L be a complete lattice and p be an element of L. Given an element k
of L such that p is maximal in (the carrier of L)\ Tk. Then p is completely-
irreducible.

(27) Let L be a transitive antisymmetric relational structure with lL.u.b.’s and
D, ¢, u be elements of L. Suppose p < q and for every element s of L such
that p < s holds ¢ < s and v € p. Then pllu = qUu.

(28) Let L be a distributive lattice and p, ¢, u be elements of L. Suppose
p < q and for every element s of L such that p < s holds ¢ < s and u € p.
Then u Mg < p.

(29) Let L be a distributive complete lattice. Suppose L°P is meet-continuous.
Let p be an element of L. Suppose p is completely-irreducible. Then (the
carrier of L)\ |p is an open filter of L.

(30) Let L be a distributive complete lattice. Suppose L°P is meet-continuous.
Let p be an element of L. Suppose p is completely-irreducible. Then there
exists an element k of L such that k € the carrier of CompactSublatt(L)
and p is maximal in (the carrier of L) \ Tk.

(31) Let L be a lower-bounded algebraic lattice and z, y be elements of
L. Suppose y £ x. Then there exists an element p of L such that p is
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completely-irreducible and z < p and y £ p.

(32) Let L be alower-bounded algebraic lattice. Then Irr L is order-generating
and for every subset X of L such that X is order-generating holds Irr L C
X.

(33) For every lower-bounded algebraic lattice L and for every element s of

Lholds s =[|p(TsNIrr L).

(34) Let L be a complete non empty poset, X be a subset of L, and p be an
element of L. If p is completely-irreducible and p = inf X, then p € X.

(35) Let L be a complete algebraic lattice and p be an element of L. Suppose
p is completely-irreducible. Then p = [ |, {x; x ranges over elements of L:
€MD N Vi.olement of 1, (K € the carrier of CompactSublatt(L) A x is
maximal in (the carrier of L)\ 1k)}.

(36) Let L be a complete algebraic lattice and p be an element of L.
Then there exists an element k& of L such that & € the carrier of
CompactSublatt(L) and p is maximal in (the carrier of L) \ Tk if and
only if p is completely-irreducible.

REFERENCES

[1] Grzegorz Bancerek. Complete lattices. Formalized Mathematics, 2(5):719-725, 1991.
| Grzegorz Bancerek. Bounds in posets and relational substructures. Formalized Mathe-

matics, 6(1):81-91, 1997.

[3] Grzegorz Bancerek. Directed sets, nets, ideals, filters, and maps. Formalized Mathematics,

6(1):93-107, 1997.

] Czestaw Byliniski. Galois connections. Formalized Mathematics, 6(1):131-143, 1997.

[5] G. Gierz, K.H. Hofmann, K. Keimel, J.D. Lawson, M. Mislove, and D.S. Scott. A Com-
pendium of Continuous Lattices. Springer-Verlag, Berlin, Heidelberg, New York, 1980.

[6] Adam Grabowski. Auxiliary and approximating relations. Formalized Mathematics,
6(2):179-188, 1997.

[7] Adam Grabowski and Robert Milewski. Boolean posets, posets under inclusion and pro-
ducts of relational structures. Formalized Mathematics, 6(1):117-121, 1997.

[8] Artur Kornilowicz. Definitions and properties of the join and meet of subsets. Formalized

Mathematics, 6(1):153-158, 1997.

[9] Artur Kornitowicz. Meet—continuous lattices. Formalized Mathematics, 6(1):159-167,
1997.
[10] Beata Madras. Irreducible and prime elements. Formalized Mathematics, 6(2):233-239,
1997.
[11] Robert Milewski. Algebraic lattices. Formalized Mathematics, 6(2):249-254, 1997.
[12] Beata Padlewska. Families of sets. Formalized Mathematics, 1(1):147-152, 1990.

1990.

[14] Wojciech A. Trybulec. Partially ordered sets. Formalized Mathematics, 1(2):313-319,
1990.

[15] Zinaida Trybulec. Properties of subsets. Formalized Mathematics, 1(1):67-71, 1990.

]
I
]
[13} Andrzej Trybulec. Tarski Grothendieck set theory. Formalized Mathematics, 1(1):9-11,
]
]
I

Zinaida Trybulec and Halina Swiegczkowska. Boolean properties of sets. Formalized Ma-
thematics, 1(1):17-23, 1990.

Received February 9, 1998



