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1. PRELIMINARIES

One can verify that there exists a non empty category structure which is
transitive, associative, and strict and has units.

Let A be a non empty transitive category structure and let B be a non empty
category structure with units. One can verify that there exists a functor struc-
ture from A to B which is strict, comp-preserving, comp-reversing, precovariant,
precontravariant, and feasible.

Let A be a transitive non empty category structure with units and let B be
a non empty category structure with units. Observe that there exists a functor
structure from A to B which is strict, comp-preserving, comp-reversing, preco-
variant, precontravariant, feasible, and id-preserving.

Let A be a transitive non empty category structure with units and let B be
a non empty category structure with units. Observe that there exists a functor
from A to B which is strict, feasible, covariant, and contravariant.

Next we state several propositions:

(1) Let C be a category, 01, 02, 03, 04 be objects of C, a be a morphism from
01 to 02, b be a morphism from oy to 03, ¢ be a morphism from o071 to og4,
and d be a morphism from o4 to o3. Suppose b-a =d-cand a-a~' = id(4,)
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and d™' - d =id(,,) and (01,02) # 0 and (02,01) # 0 and (02, 03) # 0 and
(03,04) # 0 and (04,03) # ). Then c-a~' =d~!-b.

(2) Let A be a non empty transitive category structure, B, C' be non empty
category structures with units, F' be a feasible precovariant functor struc-
ture from A to B, G be a functor structure from B to C, and o, 01 be
objects of A. Then Morph-Map.r(0,01) = Morph-Map(F' (o), F'(o1)) -
Morph-Mapy(o, 01).

(3) Let A be a non empty transitive category structure, B, C' be non empty
category structures with units, I’ be a feasible precontravariant functor
structure from A to B, G be a functor structure from B to C, and o, 01 be
objects of A. Then Morph-Map.r(0,01) = Morph-Map(F'(01), F(0)) -
Morph-Mapy (o, 01).

(4) Let A be a non empty transitive category structure, B be a non empty
category structure with units, and F' be a feasible precovariant functor
structure from A to B. Then idg - F' = the functor structure of F.

(5) Let A be a transitive non empty category structure with units, B be a
non empty category structure with units, and F' be a feasible precovariant
functor structure from A to B. Then F' -id4 = the functor structure of F.

For simplicity, we use the following convention: A denotes a non empty cate-
gory structure, B, C denote non empty reflexive category structures, F' denotes
a feasible precovariant functor structure from A to B, G denotes a feasible pre-
covariant functor structure from B to C, M denotes a feasible precontravariant
functor structure from A to B, N denotes a feasible precontravariant functor
structure from B to C, o1, 02 denote objects of A, and m denotes a morphism
from o1 to o09.

The following four propositions are true:

6) If (01,02) # 0, then (G - F)(m) = G(F(m)).

7) 1If (01,02) # 0, then (N - M)(m) = N(M(m)).

8) If (01,02) # 0, then (N - F)(m) = N(F(m)).

9) If (01,02) # 0, then (G - M)(m) = G(M(m)).

Let A be a non empty transitive category structure, let B be a transitive non

empty category structure with units, let C' be a non empty category structure
with units, let F' be a feasible precovariant comp-preserving functor structure

(
(
(
(

from A to B, and let G be a feasible precovariant comp-preserving functor
structure from B to C. One can check that G - F' is comp-preserving.

Let A be a non empty transitive category structure, let B be a transitive non
empty category structure with units, let C' be a non empty category structure
with units, let F' be a feasible precontravariant comp-reversing functor structure
from A to B, and let G be a feasible precontravariant comp-reversing functor
structure from B to C'. One can check that G - F' is comp-preserving.
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Let A be a non empty transitive category structure, let B be a transitive non
empty category structure with units, let C' be a non empty category structure
with units, let F' be a feasible precovariant comp-preserving functor structure
from A to B, and let G be a feasible precontravariant comp-reversing functor
structure from B to C. One can verify that GG - F' is comp-reversing.

Let A be a non empty transitive category structure, let B be a transitive non
empty category structure with units, let C' be a non empty category structure
with units, let F' be a feasible precontravariant comp-reversing functor structure
from A to B, and let G be a feasible precovariant comp-preserving functor
structure from B to C. One can verify that G - F' is comp-reversing.

Let A, B be transitive non empty category structures with units, let C' be
a non empty category structure with units, let F' be a covariant functor from
A to B, and let G be a covariant functor from B to C. Then G - F is a strict
covariant functor from A to C.

Let A, B be transitive non empty category structures with units, let C be a
non empty category structure with units, let I’ be a contravariant functor from
A to B, and let G be a contravariant functor from B to C. Then G- F' is a strict
covariant functor from A to C.

Let A, B be transitive non empty category structures with units, let C' be a
non empty category structure with units, let F' be a covariant functor from A
to B, and let GG be a contravariant functor from B to C. Then G - F' is a strict
contravariant functor from A to C.

Let A, B be transitive non empty category structures with units, let C be a
non empty category structure with units, let £’ be a contravariant functor from
A to B, and let G be a covariant functor from B to C. Then G - F is a strict
contravariant functor from A to C.

For simplicity, we adopt the following convention: A, B, C, D are transitive
non empty category structures with units, F}, Fs, F3 are covariant functors from
A to B, G1, Go, 3 are covariant functors from B to C, Hy, Hs are covariant
functors from C to D, p is a transformation from £} to Fs, p; is a transformation
from F5 to F3, ¢ is a transformation from G7 to Go, ¢ is a transformation from
G5 to GG3, and r is a transformation from H; to Ho.

The following proposition is true

(10) If F; is transformable to F and G is transformable to Go, then Gy - F}
is transformable to G5 - F5.

2. THE COMPOSITION OF FUNCTORS WITH TRANSFORMATIONS

Let A, B, C be transitive non empty category structures with units, let F},
F5 be covariant functors from A to B, let t be a transformation from Fj to
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F>, and let G be a covariant functor from B to C. Let us assume that Fj is
transformable to F5. The functor G -t yields a transformation from G - Fj to
G - Fy and is defined as follows:

(Def. 1) For every object o of A holds (G - t)(0) = G(t]o]).
Next we state the proposition
(11) For every object o of A such that Fj is transformable to F5 holds (G -
p)[o] = Gi(p[o]).

Let A, B, C be transitive non empty category structures with units, let G,
G5 be covariant functors from B to C, let F' be a covariant functor from A
to B, and let s be a transformation from G to Go. Let us assume that G is

transformable to G3. The functor s- F' yielding a transformation from G - F' to
Gs - F' is defined by:

(Def. 2) For every object o of A holds (s - F)(o) = s[F(0)].
Next we state a number of propositions:
(12) For every object o of A such that G is transformable to G2 holds (g -
Fy)lo] = qlF (o))
(13) If Fy is transformable to F» and F; is transformable to F3, then Gy - (p; °
p)=Gi-p1° Gi-p.
(14) If Gy is transformable to Gy and G is transformable to G, then (q; °
q -Fi=q -F-°q- F.
(15) If H; is transformable to Ha, then (r-G1) - Fy =1 - (G - FY).
(16) If Gy is transformable to Gg, then (Hy-q) - F1 = Hy - (¢ - F1).
(17) If F} is transformable to Fy, then (Hy - Gy1)-p= H; - (G - p).
(18) id(g,) -F1 = idg, . -
( ) Gy - id(Fl) = idG1~F1 .
(20) If F} is transformable to Fj, then idp - p = p.
(21) If Gy is transformable to G, then ¢ -idp = q.

3. THE COMPOSITION OF TRANSFORMATIONS

Let A, B, C be transitive non empty category structures with units, let F,
F5 be covariant functors from A to B, let (G1, G2 be covariant functors from B
to C, let t be a transformation from F} to Fy, and let s be a transformation
from GG to Ga. The functor st yielding a transformation from Gy - F} to G- Fy
is defined as follows:

(Def 3) StZS'FQOGl‘t.

The following propositions are true:
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(22) Let g be a natural transformation from G; to G3. Suppose F} is trans-
formable to F5 and G is naturally transformable to Go. Then ¢p =
Ga-p°q-Fi.

(23) If Fy is transformable to Fy, then idiq, p = p.
(24) 1If Gy is transformable to Go, then ¢ idiq, = q.
(25) If Fy is transformable to Fy, then G -p = id(g,) p.
(26) If Gy is transformable to Go, then ¢ - F1 = q id (g, -

We use the following convention: A, B, C, D are categories, Fy, Fy, F3 are
covariant functors from A to B, and G1, G2, G3 are covariant functors from B
to C.

One can prove the following proposition

(27) Let Hy, Ha be covariant functors from C to D, t be a transformation from
F1 to Fs, s be a transformation from G; to G9, and u be a transformation
from H; to Hs. Suppose Fj is transformable to Fy and (77 is transformable
to Go and H; is transformable to Hy. Then (us)t = u (st).

In the sequel t denotes a natural transformation from Fj to F3, s denotes a
natural transformation from G to GG9, and s; denotes a natural transformation
from G5 to Gs.

One can prove the following propositions:

(28) If Fj is naturally transformable to F, then Gy -t is a natural transfor-
mation from G; - Fy to G1 - Fs.

(29) If G; is naturally transformable to Gg, then s - F} is a natural transfor-
mation from G - F7 to Go - F.

(30) Suppose Fj is naturally transformable to Fy and G is naturally trans-
formable to G. Then Gy - F} is naturally transformable to Go - F» and st
is a natural transformation from Gy - F} to Gy - F5.

(31) Let t be a transformation from F; to F» and ¢; be a transformation from
F5 to F3. Suppose that
(i) I} is naturally transformable to Iy,
(ii)  Fj is naturally transformable to Fj,
(iii) Gj is naturally transformable to Ga, and
) G is naturally transformable to Gf.
Then (s1°s)(t1°t) =s1t1° st.

(iv

4. NATURAL EQUIVALENCES

One can prove the following proposition

(32) Suppose F} is naturally transformable to F» and Fy is transformable to
Fy and for every object a of A holds t[a] is iso. Then
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(i)  Fj is naturally transformable to Fi, and

(ii)  there exists a natural transformation f from F» to Fj such that for

every object a of A holds f(a) = t[a]~! and f[a] is iso.

Let A, B be categories and let Fy, F5 be covariant functors from A to B. We
say that Fj, Fy are naturally equivalent if and only if the conditions (Def. 4)
are satisfied.

(Def. 4)(i)  Fj is naturally transformable to Fy,
(ii)  Fj is transformable to F, and
(ili)  there exists a natural transformation t from F; to Fy such that for
every object a of A holds t[a] is iso.
Let us notice that the predicate Fj, Iy are naturally equivalent is reflexive and
symmetric.

Let A, B be categories and let F}, F5 be covariant functors from A to B.
Let us assume that Fy, F5 are naturally equivalent. A natural transformation
from Fj to Fj is said to be a natural equivalence of F} and F5 if:

(Def. 5) For every object a of A holds it[a] is iso.

In the sequel e is a natural equivalence of F; and Fy, ey is a natural equiva-
lence of F5 and Fj3, and f is a natural equivalence of G and Gs.

One can prove the following propositions:

(33) Suppose Fy, Fy are naturally equivalent and Fj, F3 are naturally equ-
ivalent. Then Fj, F3 are naturally equivalent.

(34) Suppose Fi, Fy are naturally equivalent and Fy, F3 are naturally equ-
ivalent. Then e; ° e is a natural equivalence of F} and Fj.

(35) Suppose Fi, Fy are naturally equivalent. Then G1-F1, G1-F, are naturally
equivalent and (G7 - e is a natural equivalence of G - I} and G1 - F5.

(36) Suppose G, G are naturally equivalent. Then G - F1, G - F} are natu-
rally equivalent and f - F} is a natural equivalence of G - F} and Go - F7.

(37) Suppose Fy, F5 are naturally equivalent and G, G are naturally equ-
ivalent. Then G - F1, G - F5 are naturally equivalent and f e is a natural
equivalence of GG1 - F1 and Gs - Fs.

Let A, B be categories, let I}, F5 be covariant functors from A to B, and
let e be a natural equivalence of F; and Fy. Let us assume that Fy, Fy are
naturally equivalent. The functor e~! yielding a natural equivalence of F» and
Fi is defined as follows:

(Def. 6) For every object a of A holds e~!(a) = e[a] L.

The following propositions are true:

(38) For every object o of A such that Fy, Fy are naturally equivalent holds
e o] = e[o] L.

(39) If Iy, F, are naturally equivalent, then e° e™! = id(g) -
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(40) If I, I, are naturally equivalent, then e™!° e = id(py) -

Let A, B be categories and let F' be a covariant functor from A to B. Then

idp is a natural equivalence of F' and F.

The following three propositions are true:

(41) If Fy, F, are naturally equivalent, then (e=!)~! =e.

(42) Let k be a natural equivalence of F} and Fj. Suppose k = e; ° e and

Fy, Fy are naturally equivalent and F5, F3 are naturally equivalent. Then
k~l=elee L

(43) (id(pl))_l = id(Fl) .
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1. PRELIMINARIES

The following propositions are true:

(1) For every sup-semilattice L and for all elements x, y of L holds [ ]r(TxN
Ty) =z Uy.

(2) For every semilattice L and for all elements z, y of L holds | |, (lzN|y) =
rlly.

(3) Let L be a non empty relational structure and x, y be elements of L. If
x is maximal in (the carrier of L) \ Ty, then Tz \ {z} = Tz N 1y.

(4) Let L be a non empty relational structure and z, y be elements of L. If
x is minimal in (the carrier of L) \ |y, then |z \ {z} = |z N |y.

(5) Let L be a poset with L.u.b.’s, X, Y be subsets of L, and X', Y’ be
subsets of LP. If X = X' and Y =Y’ then X UY = X' Y’

(6) Let L be a poset with g.l.b.’s; X, Y be subsets of L, and X', Y’ be
subsets of LP. If X = X’ and Y =Y/, then X NY = X' UY".

(7) For every non empty reflexive transitive relational structure L holds
Filt(L) = Ids(L°P).

1 This work has been supported by KBN Grant 8 T11C 018 12.
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(8) For every non empty reflexive transitive relational structure L holds
Ids(L) = Filt(L°P).

2. FREE GENERATION SET

Let S, T be complete non empty posets. A map from S into T is said to be
a CLHomomorphism of S, T if:

(Def. 1) Tt is directed-sups-preserving and infs-preserving.

Let S be a continuous complete non empty poset and let A be a subset of
S. We say that A is a free generator set if and only if the condition (Def. 2) is
satisfied.

(Def. 2) Let T be a continuous complete non empty poset and f be a function
from A into the carrier of T'. Then there exists a CLHomomorphism A of
S, T such that h|A = f and for every CLHomomorphism h’ of S, T such
that h'[A = f holds h' = h.
Let L be an upper-bounded non empty poset. One can check that Filt(L) is
non empty.
The following propositions are true:

(9) For every set X and for every non empty subset Y of (Filt(Zé ), €) holds
(Y is a filter of Zé.

(10) For every set X and for every non empty subset Y of (Filt(2é ), €) holds

inf Y exists in <Filt(2é), C) and H((Filt(?g),g))y =NY.

(11) For every set X holds 2% is a filter of 2.

(12) For every set X holds {X} is a filter of éé( .

(13) For every set X holds (Filt(2%), C) is upp_)er—bounded.

(14) For every set X holds (Filt(2é), C) is lower-bounded.

(15) For every set X holds T (rilbX),c) = 2X.

(16) For every set X holds L (Filt(?;(),g) ={X}.

(17) For every non empty set X and for every non empty subset Y of (X, C)

such that sup Y exists in (X, C) holds | JY CsupY.

(18) For every upper-bounded semilattice L holds (Filt(L), C) is complete.
Let L be an upper-bounded semilattice. Note that (Filt(L),C) is complete.

3. COMPLETELY-IRREDUCIBLE ELEMENTS

Let L be a non empty relational structure and let p be an element of L. We
say that p is completely-irreducible if and only if:
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(Def. 3) Min Tp\ {p} exists in L.
We now state the proposition
(19) Let L be a non empty relational structure and p be an element of L. If
p is completely-irreducible, then [ |1 (Tp \ {p}) # p.

Let L be a non empty relational structure. The functor Irr L yielding a subset
of L is defined by:

(Def. 4) For every element x of L holds x € Irr L iff x is completely-irreducible.
The following propositions are true:

(20) Let L be a non empty poset and p be an element of L. Then p is
completely-irreducible if and only if there exists an element ¢ of L such
that p < ¢ and for every element s of L such that p < s holds ¢ < s and
Tp={p}UTq

(21) For every upper-bounded non empty poset L holds Ty, ¢ Irr L.

(22) For every semilattice L holds Irr L C IRR(L).

(23) For every semilattice L and for every element x of L such that z is
completely-irreducible holds z is irreducible.

(24) Let L be a non empty poset and x be an element of L. Suppose x is
completely-irreducible. Let X be a subset of L. If inf X exists in L and
r = inf X, then z € X.

(25) For every non empty poset L and for every subset X of L such that X
is order-generating holds Irr L. C X.

(26) Let L be a complete lattice and p be an element of L. Given an element k
of L such that p is maximal in (the carrier of L)\ Tk. Then p is completely-
irreducible.

(27) Let L be a transitive antisymmetric relational structure with l.u.b.’s and
D, ¢, u be elements of L. Suppose p < q and for every element s of L such
that p < s holds ¢ < s and v € p. Then pllu = qUu.

(28) Let L be a distributive lattice and p, ¢, u be elements of L. Suppose
p < q and for every element s of L such that p < s holds ¢ < s and u € p.
Then u Mg < p.

(29) Let L be a distributive complete lattice. Suppose L°P is meet-continuous.
Let p be an element of L. Suppose p is completely-irreducible. Then (the
carrier of L)\ |p is an open filter of L.

(30) Let L be a distributive complete lattice. Suppose L°P is meet-continuous.
Let p be an element of L. Suppose p is completely-irreducible. Then there
exists an element k of L such that k € the carrier of CompactSublatt(L)
and p is maximal in (the carrier of L) \ Tk.

(31) Let L be a lower-bounded algebraic lattice and z, y be elements of
L. Suppose y £ x. Then there exists an element p of L such that p is
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completely-irreducible and z < p and y £ p.

(32) Let L be alower-bounded algebraic lattice. Then Irr L is order-generating
and for every subset X of L such that X is order-generating holds Irr L C
X.

(33) For every lower-bounded algebraic lattice L and for every element s of

Lholds s =[|p(TsNIrr L).

(34) Let L be a complete non empty poset, X be a subset of L, and p be an
element of L. If p is completely-irreducible and p = inf X, then p € X.

(35) Let L be a complete algebraic lattice and p be an element of L. Suppose
p is completely-irreducible. Then p = [ | {x; x ranges over elements of L:
€D N Vi.olement of 1, (K € the carrier of CompactSublatt(L) A x is
maximal in (the carrier of L)\ Tk)}.

(36) Let L be a complete algebraic lattice and p be an element of L.
Then there exists an element k& of L such that & € the carrier of
CompactSublatt(L) and p is maximal in (the carrier of L) \ Tk if and
only if p is completely-irreducible.
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1. PRELIMINARIES

Let S be a non empty set and let a, b be elements of S. The functor a,b, ...
yields a function from N into S and is defined by the condition (Def. 1).
(Def. 1) Let ¢ be a natural number. Then
(i)  if there exists a natural number k such that i = 2-k, then (a,b,...)(i) =
a, and
(ii)  if it is not true that there exists a natural number k such that i = 2k,
then (a,b,...)(i) = b.
We now state two propositions:
(1) Let S, T be non empty reflexive relational structures, f be a map from
S into T, and P be a lower subset of T. If f is monotone, then f~!(P) is
lower.
(2) Let S, T be non empty reflexive relational structures, f be a map from
S into T, and P be an upper subset of 7. If f is monotone, then f~1(P)
is upper.

1 This work has been supported by KBN Grant 8 T11C 018 12.
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Let T be an up-complete lattice and let S be an inaccessible subset of T
Note that —S is directly closed.
Next we state the proposition
(3) Let S, T be reflexive antisymmetric non empty relational structures and
f be a map from S into T'. If f is directed-sups-preserving, then f is
monotone.
Let S, T be reflexive antisymmetric non empty relational structures. Observe
that every map from S into 7" which is directed-sups-preserving is also monotone.
Next we state the proposition
(4) Let S, T be up-complete Scott top-lattices and f be a map from S into
T. If f is continuous, then f is monotone.

2. POSET OF CONTINUOUS MAPS

Let S be a set and let T" be a reflexive relational structure. One can verify
that S —— T is reflexive-yielding.

Let S be a non empty set and let T be a complete lattice. Observe that T
is complete.

Let S, T be up-complete Scott top-lattices. The functor SCMaps(S, T') yields
a strict full relational substructure of MonMaps(S,T') and is defined by:

(Def. 2) For every map f from S into T holds f € the carrier of SCMaps(S,T)
iff f is continuous.

Let S, T' be up-complete Scott top-lattices. Note that SCMaps(S,T) is non

empty.

3. SOME SPECIAL NETS

Let S be a non empty relational structure and let a, b be elements of the
carrier of S. The functor NetStr(a,b) yields a strict non empty net structure
over S and is defined by the conditions (Def. 3).

(Def. 3)(i) The carrier of NetStr(a,b) =N,
(ii)  the mapping of NetStr(a,b) = a,b, ..., and
(iii)  for all elements 4, j of the carrier of NetStr(a,b) and for all natural
numbers 7/, 7' such that i = ¢ and j = j/ holds 7 < j iff ¢/ < j'.

Let S be a non empty relational structure and let a, b be elements of the
carrier of S. Note that NetStr(a, b) is reflexive transitive directed and antisym-
metric.

We now state four propositions:
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(5) Let S be a non empty relational structure, a, b be elements of the
carrier of S, and ¢ be an element of the carrier of NetStr(a,b). Then
(NetStr(a,b))(i) = a or (NetStr(a,b))(i) = b.

(6) Let S be a non empty relational structure, a, b be elements of the carrier
of S, i, j be elements of the carrier of NetStr(a,b), and ¢/, 5/ be natural
numbers such that i/ =i and ' =4 + 1 and 5/ = j. Then

(i) if (NetStr(a,b))(i) = a, then (NetStr(a,b))(j) = b, and

(ii)  if (NetStr(a,b))(i) = b, then (NetStr(a,b))(j) = a.

(7) For every poset S with g.1.b.’s and for all elements a, b of the carrier of
S holds lim inf NetStr(a,b) = aMb.

(8) Let S, T be posets with g.1.b.’s, a, b be elements of the carrier of S, and
f be a map from S into T'. Then liminf(f - NetStr(a,b)) = f(a) M f(b).
Let S be a non empty relational structure and let D be a non empty subset
of S. The functor NetStr(D) yielding a strict net structure over S is defined by:

(Def. 4) NetStr(D) = (D, (the internal relation of S) |2 D, idine carrier of 5D)-
We now state the proposition

(9) Let S be a non empty reflexive relational structure and D be a non
empty subset of S. Then NetStr(D) = NetStr(D, idthe carrier of S[D)-
Let S be a non empty reflexive relational structure and let D be a directed
non empty subset of S. Note that NetStr(D) is non empty directed and reflexive.
Let S be a non empty reflexive transitive relational structure and let D be
a directed non empty subset of S. One can check that NetStr(D) is transitive.
Let S be a non empty reflexive relational structure and let D be a directed
non empty subset of S. Observe that NetStr(D) is monotone.
We now state the proposition

(10) For every up-complete lattice S and for every directed non empty subset
D of S holds lim inf NetStr(D) = sup D.

4. MONOTONE MAPS

We now state several propositions:

(11) Let S, T be lattices and f be a map from S into 7. If for every net N
in S holds f(liminf N) < liminf(f - N), then f is monotone.

(12) Let S, T' be continuous lower-bounded lattices and f be a map from S
into T'. Suppose f is directed-sups-preserving. Let = be an element of S.
Then f(z) = | | {f(w);w ranges over elements of S: w < x}.

(13) Let S be a lattice, T' be an up-complete lower-bounded lattice, and f be
a map from S into T'. Suppose that for every element x of S holds f(x) =
Lr{f(w); w ranges over elements of S: w < x}. Then f is monotone.
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(14) Let S be an up-complete lower-bounded lattice, T" be a continuous lower-
bounded lattice, and f be a map from .S into T. Suppose that for every
element x of S holds f(z) = | | {f(w);w ranges over elements of S: w <
x}. Let x be an element of S and y be an element of T. Then y < f(z) if
and only if there exists an element w of S such that w < z and y < f(w).

(15) Let S, T be non empty relational structures, D be a subset of S, and f
be a map from S into T'. Suppose that

(i) sup D exists in S and sup f°D exists in T, or
(ii) S is complete and antisymmetric and 7" is complete and antisymmetric.

If f is monotone, then sup(f°D) < f(sup D).

(16) Let S, T be non empty reflexive antisymmetric relational structures, D
be a directed non empty subset of S, and f be a map from S into 7.
Suppose sup D exists in S and sup f°D exists in T or S is up-complete
and T is up-complete. If f is monotone, then sup(f°D) < f(sup D).

(17) Let S, T be non empty relational structures, D be a subset of S, and f
be a map from S into T'. Suppose that

(i) inf D exists in S and inf f°D exists in T, or
(ii) S is complete and antisymmetric and 7" is complete and antisymmetric.
If f is monotone, then f(inf D) < inf(f°D).

(18) Let S, T' be up-complete lattices, f be a map from S into 7', and N be
a monotone non empty net structure over S. If f is monotone, then f- N
is monotone.

Let S, T be up-complete lattices, let f be a monotone map from S into T,
and let N be a monotone non empty net structure over S. Observe that f - N
is monotone.

The following two propositions are true:

(19) Let S, T be up-complete lattices and f be a map from S into 7. Suppose
that for every net N in S holds f(liminf N) < liminf(f - N). Let D be a
directed non empty subset of S. Then sup(f°D) = f(sup D).

(20) Let S, T be complete lattices, f be a map from S into 7', N be a net in
S, 7 be an element of the carrier of NV, and j’ be an element of the carrier
of f- N. Suppose j/ = j. Suppose f is monotone. Then f([ |s{N(k);k
ranges over elements of the carrier of N: k > j}) < [ |p{(f-N)(1); ranges
over elements of the carrier of f- N : 1> j'}.
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5. NECESSARY AND SUFFICIENT CONDITIONS OF SCOTT-CONTINUITY

We now state two propositions:

(21) Let S, T be complete Scott top-lattices and f be a map from S into
T. Then f is continuous if and only if for every net N in S holds
f(liminf N) < liminf(f - V).

(22) Let S, T be complete Scott top-lattices and f be a map from S into 7.
Then f is continuous if and only if f is directed-sups-preserving.

Let S, T be complete Scott top-lattices. Observe that every map from S into
T which is continuous is also directed-sups-preserving and every map from S
into T" which is directed-sups-preserving is also continuous.

One can prove the following propositions:

(23) Let S, T be continuous complete Scott top-lattices and f be a map from
S into T'. Then f is continuous if and only if for every element z of S and
for every element y of T" holds y < f(x) iff there exists an element w of S
such that w < z and y < f(w).

(24) Let S, T be continuous complete Scott top-lattices and f be a map from
S into T'. Then f is continuous if and only if for every element x of S holds
f(z) = p{f(w);w ranges over elements of S: w < x}.

(25) Let S be a lattice, T be a complete lattice, and f be a map from S into
T. Suppose that for every element z of S holds f(z) = | |{f(w);w ranges
over elements of S: w <z A w is compact}. Then f is monotone.

(26) Let S, T be complete Scott top-lattices and f be a map from S into 7'
Suppose that for every element = of S holds f(z) = | |,{f(w);w ranges
over elements of S: w <z A w is compact}. Let x be an element of S.
Then f(z) = | | {f(w);w ranges over elements of S: w < x}.

(27) Let S, T be complete Scott top-lattices and f be a map from S into
T. Suppose S is algebraic and T is algebraic. Then f is continuous if and
only if for every element x of S and for every element k of T such that
k € the carrier of CompactSublatt(7) holds k < f(z) iff there exists an
element j of S such that j € the carrier of CompactSublatt(S) and j < x
and k < f(j).

(28) Let S, T be complete Scott top-lattices and f be a map from S into 7'
Suppose S is algebraic and T is algebraic. Then f is continuous if and only
if for every element z of S holds f(z) = | | {f(w); w ranges over elements
of S:w <2z A wis compact}.
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notation for this paper.

1. PRELIMINARIES

In this article we present several logical schemes. The scheme NonUniqRe-
cFExD deals with a non empty set A, an element B of A, and a ternary predicate
P, and states that:

There exists a function f from N into A such that f(0) = B and
for every element n of N holds P[n, f(n), f(n + 1)]
provided the following condition is satisfied:
e For every natural number n and for every element = of A there
exists an element y of A such that Pln,z,y].

The scheme NonUniqFinRecExD deals with a non empty set A, an element

B of A, a natural number C, and a ternary predicate P, and states that:
There exists a finite sequence p of elements of A such that lenp =
C but p(1) = B or C = 0 but for every natural number n such
that 1 <n and n < C — 1 holds P[n, p(n),p(n + 1)]
provided the parameters meet the following requirement:
e Let n be a natural number. Suppose 1 < n and n < C — 1. Let
x be an element of A. Then there exists an element y of A such
that Pln, z,y].

The scheme NonUnigPiFinRecFExD deals with a non empty set A, an element

B of A, a natural number C, and a ternary predicate P, and states that:
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There exists a finite sequence p of elements of A such that lenp =
C but m1p = B or C = 0 but for every natural number n such that
1 <nandn < C—1holds Pln, m,p, Tnt1p]
provided the following condition is met:
e Let n be a natural number. Suppose 1 < n and n < C — 1. Let
z be an element of A. Then there exists an element y of A such
that P[n, x, y].
The following two propositions are true:
(1) For every real number x holds z < |z| + 1.

(2) For all real numbers z, y such that x > 0 and y > 0 holds E3E=] J+1 < y.

2. DIVISION AND REST OF DIVISION

The following propositions are true:
3
4

(3) For every natural number n holds n is empty iff n = 0.
(4)
(5) For every non empty natural number n holds n +n = 1.
(6)
(7)

For every natural number n holds 0 +n = 0.

6
7

For every natural number n holds n +~1 = n.

For all natural numbers 4, j, k, [ such that ¢ < j and k& < j holds if
i=(G—"k)+1, then k= (5—"4)+1.
(8
(9
1

) For all natural numbers 4, n such that i € Segn holds (n—'i)+1 € Segn.

)
(10) For all natural numbers i, j such that ¢ > j holds j —"i = 0.

)

)

For all natural numbers 7, j such that j < ¢ holds (i—' (]—i—l)) +1=1-"j.

For all non empty natural numbers ¢, 7 holds i —' j < 4.

Let n, k be natural numbers. Suppose k < n. Then the n-th power of 2
= (the k-th power of 2) -(the (n — k)-th power of 2).
(13) For all natural numbers n, k such that k& < n holds the k-th power of 2
| the n-th power of 2.

(14) For all natural numbers n, k such that £ > 0 and n+k = 0 holds n < k.
(15) For all natural numbers n, k such that £k > 0 and k <n holds n+k > 1
(16) For all natural numbers n, k such that k& # 0 holds (n+k)+k = (n+k)+1.
(17) For all natural numbers n, k, ¢ such that & |n and 1 <n and 1 < i and

<kholds (n—"i)+k=(n=k)—1.
(18) Let n, k be natural numbers. Suppose k < n. Then (the n-th power of
2) +(the k-th power of 2) = the (n —' k)-th power of 2.
(19) For every natural number n such that n > 0 holds (the n-th power of 2)
mod 2 = 0.
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(20) For every natural number n such that n > 0 holds n mod 2 = 0 iff
(n—"1)mod 2 = 1.

(21) For every non empty natural number n such that n # 1 holds n > 1.

(22) For all natural numbers n, k such that n < k and &k < n + n holds
k+n=1

(23) For every natural number n holds n is even iff n mod 2 = 0.

(24) For every natural number n holds n is odd iff n mod 2 = 1.

(25) For all natural numbers n, k, ¢t such that 1 <t and k <nand 2-¢ | k
holds n =t is even iff (n =" k) =t is even.

26

27

28

29

Let n be a natural number. We say that n is non trivial if and only if:
(Def. 1) n#0and n # 1.

One can verify that every natural number which is non trivial is also non
empty.
One can check that there exists a natural number which is non trivial.

For all natural numbers n, m, k such that n < m holds n +~k < m + k.
For all natural numbers n, k such that £ < 2-n holds (k+ 1) +2 < n.
For every even natural number n holds n +2 = (n+1) + 2.

For all natural numbers n, k, ¢ holds n+~k+-i=n-+k-1.

(26)
(27)
(28)
(29)

The following two propositions are true:
(30) For every natural number k holds k is non trivial iff k£ is non empty and
k #£ 1.
(31) For every non trivial natural number & holds k > 2.

The scheme Ind from 2 concerns a unary predicate P, and states that:
For every non trivial natural number k& holds P[k]
provided the following conditions are met:

e P[2], and
e For every non trivial natural number k such that P[k| holds P[k+
1].
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1. BINARY ARITHMETICS

The following propositions are true:

(1) For every non empty natural number n and for every tuple F' of n and
Boolean holds Absval(F') < the n-th power of 2.

(2) For every non empty natural number n and for all tuples Fy, Fy of n
and Boolean such that Absval(F}) = Absval(F3) holds Fy = Fb.

(3) For all finite sequences t1, t2 such that Rev(¢;) = Rev(t2) holds t; = ta.

(4) For every natural number n holds (0,...,0) = (0,...,0) ~ (0).
~—— ~——
n+1 n
(5) For every natural number n holds (0, ...,0) € Boolean™.
——

n

(6) For every natural number n and for every tuple y of n and Boolean such

that y = (0,...,0) holds -y =n — 1.

——
n

(7) For every non empty natural number n and for every tuple F' of n and

Boolean such that F' = (0,...,0) holds Absval(F') = 0.

——
n

(8) Let n be a non empty natural number and F be a tuple of n and Boolean.

If F=(0,...,0), then Absval(=F') = (the n-th power of 2)—1.

——

n
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(9) For every natural number n holds Rev((0,...,0)) = (0,...,0).
~—— ~——

n n
(10) For every natural number n and for every tuple y of n and Boolean such
that y = (0,...,0) holds Rev(—y) = —.
——
n
(11) Binl(1) = (true).
(12) For every non empty natural number n holds Absval(Binl(n)) = 1.

(13) For all elements z, y of Boolean holds x V y = true iff x = true or
y = true and x V y = false iff x = false and y = false.

(14) For all elements z, y of Boolean holds add_ovfl((z), (y)) = true iff z =
true and y = true.

—(false) = (true).

—(true) = (false).

)
)

17)  (false) + (false) = (false).
) (false) + (true) = (true) and (true) + (false) = (true).
) (true) + (true) = (false).
)

Let n be a non empty natural number and z, y be tuples of n and
Boolean. Suppose m,z = true and 7, carry(z, Binl(n)) = true. Let k be
a non empty natural number. If k£ # 1 and k£ < n, then mpx = true and
7y, carry(x, Binl(n)) = true.

(21) For every non empty natural number n and for every tuple x of n and
Boolean such that m,x = true and m, carry(z,Binl(n)) = true holds
carry(z,Binl(n)) = = Binl(n).

(22) Let n be a non empty natural number and z, y be tuples of n and
Boolean. If y = (0,...,0) and m,x = true and m, carry(z, Binl(n)) = true,

——
n

then z = —y.

(23) For every non empty natural number n and for every tuple y of n and
Boolean such that y = (0,...,0) holds carry(—y, Binl(n)) = = Binl(n).
——

n
(24) Let n be a non empty natural number and z, y be tuples of n and
Boolean. If y = (0, ...,0), then add_ovfl(xz, Binl(n)) = true iff x = —y.
——
n

(25) For every non empty natural number n and for every tuple z of n and
Boolean such that z = (0,...,0) holds =z + Binl(n) = z.
——

n
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2. BINARY SEQUENCES

Let n, k be natural numbers. The functor n-BinarySequence(k) yielding a
tuple of n and Boolean is defined by:

(Def. 1) For every natural number 4 such that ¢ € Segn holds
mi(n-BinarySequence(k)) = ((k + (the (i =" 1)-th power of 2)) mod 2 =
0 — false, true).
One can prove the following propositions:

(26) For every natural number n holds n-BinarySequence(0) = (0, ...,0).
——

n

(27) For all natural numbers n, k such that k£ < the n-th power of 2 holds
((n + 1) -BinarySequence(k))(n + 1) = false.

(28) Let n be a non empty natural number and k& be a natural num-
ber. If & < the n-th power of 2, then (n + 1)-BinarySequence(k) =
(n-BinarySequence(k)) ™ (false).

(29) For every non empty natural number n holds (n+1) -BinarySequence(the
n-th power of 2) = (0,...,0) ~ (true).

——
n

(30) Let n be a non empty natural number and k£ be a natural number.
Suppose the n-th power of 2 < k and k < the (n+ 1)-th power of 2. Then
((n + 1) -BinarySequence(k))(n + 1) = true.

(31) Let n be a non empty natural number and k& be a natural number.
Suppose the n-th power of 2 < k and k < the (n + 1)-th power of 2. Then
(n + 1) -BinarySequence(k) = (n-BinarySequence(k — (the n-th power of
2)))"~(true).

(32) Let n be a non empty natural number and k be a natural number.
Suppose k < the n-th power of 2. Let = be a tuple of n and Boolean. If
x = (0,...,0), then n-BinarySequence(k) = —z iff k = (the n-th power of

——
-1,

(33) Let n be a non empty natural number and k be a natural number. If k£ +
1 < the n-th power of 2, then add_ovfl(n-BinarySequence(k), Binl(n)) =
false.

(34) Let n be a non empty natural number and k be a natural num-
ber. If £ + 1 < the n-th power of 2, then n-BinarySequence(k + 1) =
(n-BinarySequence(k)) + Binl(n).

(35) For all natural numbers n, i holds (n + 1)-BinarySequence(i) = (i mod
2) ~ (n-BinarySequence(i < 2)).

(36) For every non empty natural number n and for every natural number k
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such that k£ < the n-th power of 2 holds Absval(n-BinarySequence(k)) =
k.

(37) For every non empty natural number n and for every tuple = of n and

Boolean holds n-BinarySequence(Absval(x)) = .
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[16], [3], [4], and [9] provide the terminology and notation for this paper.

1. TREES AND BINARY TREES

One can prove the following propositions:
(1) For every set D and for every finite sequence p and for every natural
number n such that p € D* holds p[ Segn € D*.
(2) For every binary tree T" holds every element of 7" is a finite sequence of
elements of Boolean.
Let T be a binary tree. We see that the element of T is a finite sequence of
elements of Boolean.
Next we state several propositions:
(3) For every tree T such that T"= {0,1}* holds T is binary.
(4) For every tree T such that T'= {0,1}* holds Leaves(T") = {).
(5) Let T be a binary tree, n be a natural number, and ¢ be an element of
T. If t € T-level(n), then ¢ is a tuple of n and Boolean.
(6) For every tree T such that for every element ¢ of T holds succt = {t ™
(0),¢ (1)} holds Leaves(T') = 0.
(7) For every tree T such that for every element ¢ of T holds succt = {t ™
(0),t ~ (1)} holds T is binary.
(8) For every tree T holds T' = {0,1}* iff for every element t of T" holds
succt = {t ™ (0),t ™ (1)}.
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In this article we present several logical schemes. The scheme Decorated-
BinTreeEx deals with a non empty set A, an element B of A, and a ternary
predicate P, and states that:

There exists a binary tree D decorated with elements of A such
that dom D = {0,1}* and D(e) = B and for every node z of D
holds P[D(z), D(z ~ (0)), D(x ™~ (1))]
provided the following requirement is met:
e For every element a of A there exist elements b, ¢ of A such that
Pla,b,c].

The scheme DecoratedBinTreeFxl deals with a non empty set A, an element
B of A, and two binary predicates P, Q, and states that:

There exists a binary tree D decorated with elements of A such
that dom D = {0,1}* and D(e) = B and for every node x of D
holds P[D(z), D(xz ~ (0))] and Q[D(z), D(z ~ (1))]
provided the following requirements are met:

e For every element a of A there exists an element b of A such that
Pla, b, and

e For every element a of A there exists an element b of A such that
Qla, b].

Let T be a binary tree and let n be a non empty natural number. The functor
NumberOnLevel(n,T) yields a function from T-level(n) into N and is defined
as follows:

(Def. 1) For every element ¢ of T" such that ¢ € T-level(n) and for every tuple F' of
n and Boolean such that F' = Rev(t) holds (NumberOnLevel(n,T))(t) =
Absval(F') + 1.

Let T be a binary tree and let n be a non empty natural number. Note that
NumberOnLevel(n, T') is one-to-one.

2. FuLL TREES

Let T be a tree. We say that T is full if and only if:
(Def. 2) T ={0,1}*.
We now state three propositions:
(9) {0,1}* is a tree.
(10) For every tree T such that T'= {0,1}* and for every natural number n
holds (0,...,0) € T-level(n).
n
(11) Let T be a tree. Suppose T' = {0,1}*. Let n be a non empty natural
number and y be a tuple of n and Boolean. Then y € T-level(n).
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Let T be a binary tree and let n be a natural number. Observe that T-level(n)
is finite.

One can check that every tree which is full is also binary.

One can verify that there exists a tree which is full.

One can prove the following proposition

(12) For every full tree T and for every non empty natural number n holds
Seg (the n-th power of 2) C rng NumberOnLevel(n, T).

Let T be a full tree and let n be a non empty natural number. The functor
FinSeqLevel(n,T') yielding a finite sequence of elements of T-level(n) is defined
by:

(Def. 3) FinSeqLevel(n,T) = (NumberOnLevel(n, T')) .

Let T be a full tree and let n be a non empty natural number. Note that
FinSeqLevel(n, T") is one-to-one.

Next we state a number of propositions:

(13) For every full tree T and for every non empty natural number n holds
(NumberOnLevel(n,T))((0,...,0)) = 1.
——

n
(14) Let T be a full tree, n be a non empty natural number, and y be a tuple of
n and Boolean. If y = (0,...,0), then (NumberOnLevel(n,T))(—y) = the
——

n

n-th power of 2.
(15) For every full tree T and for every non empty natural number n holds
(FinSeqLevel(n,T'))(1) = (0, ...,0).
——
n

(16) Let T be a full tree, n be a non empty natural number, and y be a
tuple of n and Boolean. If y = (0,...,0), then (FinSeqLevel(n,T"))(the
——

n

n-th power of 2) = —y.

(17) Let T be a full tree, n be a non empty natural number, and i be a natural
number. If i € Seg (the n-th power of 2), then (FinSeqLevel(n,T))(i) =
Rev(n-BinarySequence(i —' 1)).

(18) For every full tree T' and for every natural number n holds T-level(n) =
the n-th power of 2.

(19) For every full tree T and for every non empty natural number n holds
len FinSeqLevel(n,T') = the n-th power of 2.

(20) For every full tree T and for every non empty natural number n holds
dom FinSeqLevel(n, T') = Seg (the n-th power of 2).

(21) For every full tree T' and for every non empty natural number n holds
rng FinSeqLevel(n, T') = T-level(n).
(22) For every full tree T holds (FinSeqLevel(1,7))(1) = (0).
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(23) For every full tree T holds (FinSeqLevel(1,7))(2) = (1).

(24) Let T be a full tree and n, i be non empty natural numbers. Suppose

< the (n + 1)-th power of 2. Let F' be a tuple of n and Boolean. If
= (FinSeqLevel(n,T))((i + 1) + 2), then (FinSeqLevel(n + 1,7))(i) =
~((i+1) mod 2).
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Summary. This article contains a definition of T reflex of a topological
space as a quotient space which is 77 and fulfils the condition that every conti-
nuous map f from a topological space T into S being T} space can be considered
as a superposition of two continuous maps: the first from 7" onto its T3 reflex and
the last from 74 reflex of T into S.

MML Identifier: T_1TOPSP.

The articles [11], [9], [7], [2], [3], [6], [12], [5], [10], [8], [4], and [1] provide the
notation and terminology for this paper.

In this paper X denotes a non empty set and w denotes a set.

One can prove the following propositions:

(1) For every set y and for all functions f, g holds (f-g)~!(y) = ¢~ (f~(y)).
(2) Let T be a non empty topological space, A be a non empty partition
of the carrier of T', and y be a subset of the carrier of the decomposition
space of A. Then (the projection onto A)~(y) = Jy.
(3) For every non empty set X and for every partition S of X and for every
subset A of S holds JS\UA=U(S\ A).
(4) For every non empty set X and for every subset A of X and for every
partition S of X such that A € S holds (S \ {A}) = X \ A.
(5) Let T be a non empty topological space, S be a non empty partition of
the carrier of T', A be a subset of the decomposition space of S, and B be
a subset of T. If B = [J A, then A is closed iff B is closed.
Let X be a non empty set, let z be an element of X, and let Sy be a partition
of X. The functor EqClass(z, S7) yielding a subset of X is defined by:
(Def. 1) z € EqClass(z, S1) and EqClass(z, S1) € Si.
Next we state two propositions:

@ 1998 University of Bialystok
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(6) For all partitions Si, S2 of X such that for every element x of X holds
EqClass(z, S1) = EqClass(z, S2) holds S; = S5.

(7) For every non empty set X holds {X} is a partition of X.

Let X be a set. Partition family of X is defined by:
(Def. 2) For every set S such that S € it holds S is a partition of X.
Let X be a non empty set. One can check that there exists a partition of X
which is non empty.
One can prove the following proposition

(8) For every set X and for every partition p of X holds {p} is a partition
family of X.

Let X be a set. One can check that there exists a partition family of X which
is non empty.
Next we state two propositions:

(9) For every partition S; of X and for all elements z, y of X
such that EqClass(z,S1) meets EqClass(y, S1) holds EqClass(z, S1) =
EqClass(y, S1).

(10) Let A be a set, X be a non empty set, and S be a partition of X. If
A € S, then there exists an element = of X such that A = EqClass(z, S).

Let X be a non empty set and let F' be a non empty partition family of X.
The functor Intersection F' yields a non empty partition of X and is defined as
follows:

(Def. 3) For every element = of X holds EqClass(z,Intersection F) =
N{EqClass(z, S); S ranges over partitions of X: S € F'}.

In the sequel T denotes a non empty topological space.
One can prove the following proposition

(11) {A; A ranges over partitions of the carrier of T: A is closed} is a partition
family of the carrier of T'.

Let us consider T'. The functor ClosedPartitionsT" yields a non empty par-
tition family of the carrier of 7' and is defined by:

(Def. 4) ClosedPartitionsT' = { A; A ranges over partitions of the carrier of T: A
is closed}.

Let T be a non empty topological space. The functor Ti-reflexT yields a
topological space and is defined as follows:

(Def. 5) T-reflex T' = the decomposition space of Intersection ClosedPartitions T

Let us consider T'. Note that Ti-reflex T is strict and non empty.
Next we state the proposition

(12) For every non empty topological space T holds Tq-reflex T" is a T space.

Let T be a non empty topological space. The functor Ti-reflect T' yielding a
continuous map from 7" into Ti-reflex T is defined as follows:
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(Def. 6) T;-reflect T' = the projection onto Intersection ClosedPartitionsT".
The following four propositions are true:

(13) Let T, T} be non empty topological spaces and f be a continuous map
from T into T7. Suppose 11 is a T space. Then
(i) {f~'({2}); z ranges over elements of T}: z € rng f} is a partition of the
carrier of T', and
(ii) for every subset A of T such that A € {f~!({z}); z ranges over elements
of T1: z € rng f} holds A is closed.

(14) Let T, Ty be non empty topological spaces and f be a continuous map
from T into 7. Suppose 17 is a T; space. Let given w and x be an
element of T'. If w = EqClass(z, Intersection ClosedPartitions T"), then w C
FHHf@)).

(15) Let T, Ty be non empty topological spaces and f be a continuous map
from T into T7. Suppose 17 is a T space. Let given w. Suppose w € the
carrier of Ti-reflexT. Then there exists an element z of 77 such that
z€mg fand w C f1({z}).

(16) Let T, T} be non empty topological spaces and f be a continuous map
from T into T1. Suppose 11 is a Ty space. Then there exists a continuous
map h from Ti-reflex T into T such that f = h - Ti-reflect T

Let T, S be non empty topological spaces and let f be a continuous map
from T into S. The functor Ti-reflex f yields a continuous map from Ty-reflex T
into Tq-reflex S and is defined as follows:

(Def. 7) Ti-reflect S - f = Ty-reflex f - Ty-reflect T.
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The notation and terminology used in this paper are introduced in the following
articles: (18], [14], [11], [7], [1], [13], [16], [10], [4], [19], [9], [17], [12], [6], [15], 3],
[8], [2], and [5].

1. SUBSETS AS NETS

Let A be a set and let B be a non empty set. Observe that B4 is non empty.

In this article we present several logical schemes. The scheme Fraenkellnvo-
lution deals with a non empty set A, subsets B, C of A, and a unary functor F
yielding an element of A, and states that:

B = {F(a);a ranges over elements of A: a € C}
provided the parameters have the following properties:
e C = {F(a);a ranges over elements of A : a € B}, and
e For every element a of A holds F(F(a)) = a.

The scheme FraenkelComplement! deals with a non empty relational struc-
ture A, a family B of subsets of A, a set C, and a unary functor F yielding a
subset of A, and states that:

B¢ = {—F(a);a ranges over elements of A: a € C}
provided the parameters meet the following requirement:
e B ={F(a);a ranges over elements of A : a € C}.

The scheme FraenkelComplement2 deals with a non empty relational struc-
ture A, a family B of subsets of A, a set C, and a unary functor F yielding a
subset of A, and states that:

B¢ = {F(a);a ranges over elements of A : a € C}

1 This work has been supported by KBN Grant 8 T11C 018 12.
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provided the parameters meet the following requirement:
e B ={—F(a);a ranges over elements of A: a € C}.
We now state several propositions:

(1) For every non empty relational structure R and for all elements x, y of
Rholds y € =Tz iff z L y.

(2) Let S be a l-sorted structure, 7' be a non empty 1l-sorted structure, f
be a map from S into T, and X be a subset of the carrier of 7. Then
—fTHX) = fH=X).

(3) For every 1-sorted structure T and for every family F' of subsets of T
holds F¢ = {—a; a ranges over subsets of T: a € F'}.

(4) Let R be a non empty relational structure and F' be a subset of R. Then
1F = |U{lz;z ranges over elements of R: x € F} and |F = (J{|lz;x
ranges over elements of R: x € F'}.

(5) Let R be a non empty relational structure, A be a family of subsets of
R, and F be a subset of R. If A = {—7Tz;x ranges over elements of R:
x € F'}, then Intersect(4) = —TF.

Let us mention that there exists a FR-structure which is strict, trivial, re-
flexive, non empty, discrete, and finite.

One can check that there exists a top-lattice which is strict, complete, and
trivial.

Let S be a non empty relational structure and let 7" be an upper-bounded
non empty reflexive antisymmetric relational structure. Note that there exists
a map from S into T which is infs-preserving.

Let S be a non empty relational structure and let T' be a lower-bounded
non empty reflexive antisymmetric relational structure. Note that there exists
a map from S into T which is sups-preserving.

Let R, S be 1-sorted structures. Let us assume that the carrier of S C the
carrier of R. The functor incl(S, R) yields a map from S into R and is defined
as follows:

(Def. 1) inCl(S, R) = idthe carrier of S-

Let R be a non empty relational structure and let S be a non empty relational
substructure of R. One can check that incl(S, R) is monotone.

Let R be a non empty relational structure and let X be a non empty subset
of the carrier of R. Note that sub(X) is non empty.

Let R be a non empty relational structure and let X be a non empty subset
of the carrier of R. The functor (X;id) yielding a strict non empty net structure
over R is defined as follows:

(Def. 2) (X;id) = incl(sub(X), R) - (sub(X);id).
The functor (X°P;id) yielding a strict non empty net structure over R is defined
as follows:
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(Def. 3) (X°P;id) = incl(sub(X), R) - ((sub(X))°P;id).
One can prove the following propositions:
(6) Let R be a non empty relational structure and X be a non empty subset
of R. Then
(i)  the carrier of (X;id) = X,
(ii)  (X;id) is a full relational substructure of R, and
(iii)  for every element = of (X;id) holds (X;id)(x) = x.
(7) Let R be a non empty relational structure and X be a non empty subset
of R. Then
(i)  the carrier of (X°P;id) = X,
(ii)  (X°P;id) is a full relational substructure of R°?, and
(iii)  for every element z of (X°P;id) holds (X°P;id)(z) = x.
Let R be a non empty reflexive relational structure and let X be a non empty
subset of R. One can check that (X;id) is reflexive and (X°P;id) is reflexive.
Let R be a non empty transitive relational structure and let X be a non
empty subset of R. Observe that (X;id) is transitive and (X°P;id) is transitive.
Let R be a non empty reflexive relational structure and let I be a directed
subset of R. Note that sub([) is directed.
Let R be a non empty reflexive relational structure and let I be a directed
non empty subset of R. Note that (I;id) is directed.
Let R be a non empty reflexive relational structure and let F' be a filtered
non empty subset of R. One can verify that ((sub(F'))°P;id) is directed.
Let R be a non empty reflexive relational structure and let F' be a filtered
non empty subset of R. Note that (F°P;id) is directed.

2. OPERATIONS ON FAMILIES OF OPEN SETS

One can prove the following propositions:
(8) For every topological space T such that T is empty holds the topology
of T = {0}.
(9) Let T be a trivial non empty topological space. Then
(i)  the topology of T = 2the carrier of T "5
(ii)  for every point z of T" holds the carrier of T' = {z} and the topology of
T ={0.{x}}.
(10) Let T be a trivial non empty topological space. Then {the carrier of 7'}
is a basis of T and () is a prebasis of T" and {{} is a prebasis of T
(11) For all sets X, Y and for every family A of subsets of X such that
A = {Y'} holds FinMeetCl(A) = {Y, X} and UniCl(A) = {Y,0}.
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(12) For every set X and for all families A, B of subsets of X such that
A=BU{X}or B=A\{X} holds Intersect(A) = Intersect(B).

(13) For every set X and for all families A, B of subsets of X such that
A=BU{X}or B=A\{X} holds FinMeetCl(A) = FinMeetCl(B).
(14) Let X be a set and A be a family of subsets of X. Suppose X € A. Let
x be a set. Then x € FinMeetCl(A) if and only if there exists a finite non

empty family Y of subsets of X such that Y C A and = = Intersect(Y).

(15) For every set X and for every family A of subsets of X holds
UniCl(UniCl(A)) = UniCl(A).

(16) For every set X and for every empty family A of subsets of X holds
UniCl(A) = {0}.

(17) For every set X and for every empty family A of subsets of X holds
FinMeetCl(A) = {X}.

(18) For every set X and for every family A of subsets of X such that A =
{0, X} holds UniCl(A) = A and FinMeetCl(A4) = A.

(19) Let X, Y be sets, A be a family of subsets of X, and B be a family of
subsets of Y. Then

(i) if A C B, then UniCl(A) C UniCl(B), and
(i) if A= B, then UniCl(A) = UniCl(B).

(20) Let X, Y be sets, A be a family of subsets of X, and B be a family of
subsets of Y. If A = B and X € A and X C Y, then FinMeetCl(B) =
{Y} UFinMeetCI(A).

(21) For every set X and for every family A of subsets of X holds
UniCl(FinMeetCl(UniCl(A))) = UniCl(FinMeetCI(A)).

3. BASES

Next we state a number of propositions:

(22) Let T be a topological space and K be a family of subsets of T. Then
the topology of T'= UniCl(K) if and only if K is a basis of T

(23) Let T be a topological space and K be a family of subsets of the carrier
of T. Then K is a prebasis of T if and only if FinMeetCI(K) is a basis of
T.

(24) Let T be a non empty topological space and B be a family of subsets of
T. If UniCl(B) is a prebasis of T, then B is a prebasis of T

(25) Let Ty, T> be topological spaces and B be a basis of Tj. Suppose the
carrier of T} = the carrier of T5 and B is a basis of T5. Then the topology
of T} = the topology of T5.
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(26) Let Ty, Ty be topological spaces and P be a prebasis of 7). Suppose
the carrier of T7 = the carrier of T5 and P is a prebasis of T5. Then the
topology of T7 = the topology of T5.

(27) For every topological space T holds every basis of T is open and is a
prebasis of T'.

(28) For every topological space T holds every prebasis of T is open.

(29) Let T be a non empty topological space and B be a prebasis of T'. Then
B U {the carrier of T'} is a prebasis of T'.

(30) For every topological space T and for every basis B of T' holds B U {the
carrier of T'} is a basis of T.

(31) Let T be a topological space, B be a basis of T, and A be a subset of T'.
Then A is open if and only if for every point p of T' such that p € A there
exists a subset a of T such that « € B and p € a and a C A.

(32) Let T be a topological space and B be a family of subsets of T". Suppose
that
(i) B C the topology of T', and
(ii)  for every subset A of T such that A is open and for every point p of T
such that p € A there exists a subset a of T such that ¢ € B and p € a
and a C A.
Then B is a basis of T'.

(33) Let S be a topological space, T' be a non empty topological space, K be
a basis of T', and f be a map from S into 7. Then f is continuous if and
only if for every subset A of T such that A € K holds f~!(—A) is closed.

(34) Let S be a topological space, T' be a non empty topological space, K be
a basis of T', and f be a map from S into T. Then f is continuous if and
only if for every subset A of T such that A € K holds f~1(A) is open.

(35) Let S be a topological space, T' be a non empty topological space, K be
a prebasis of T, and f be a map from S into T. Then f is continuous if
and only if for every subset A of T such that A € K holds f~!(—A) is
closed.

(36) Let S be a topological space, T' be a non empty topological space, K be
a prebasis of T, and f be a map from S into T. Then f is continuous if
and only if for every subset A of T such that A € K holds f~!(A) is open.

(37) Let T be a non empty topological space, x be a point of T'; X be a subset
of T, and K be a basis of T'. Suppose that for every subset A of T such
that A € K and = € A holds A meets X. Then z € X.

(38) Let T be a non empty topological space, x be a point of T', X be a subset
of T, and K be a prebasis of T. Suppose that for every finite family Z
of subsets of T such that Z C K and z € Intersect(Z) holds Intersect(Z)
meets X. Then z € X.
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(39) Let T be a non empty topological space, K be a prebasis of T', x be a
point of T', and N be a net in T. Suppose that for every subset A of T
such that A € K and x € A holds N is eventually in A. Let S be a subset
of T. If rng netmap(N,T) C S, then z € S.

4. PropUCT TOPOLOGIES

The following four propositions are true:

(40) Let 11, T5 be non empty topological spaces, B be a basis of 17, and Ba
be a basis of T». Then {[ a, b];a ranges over subsets of 77, b ranges over
subsets of Th: a € By A b € By} is a basis of [ T, Tb .

(41) Let Ty, T be non empty topological spaces, By be a prebasis of T, and
Bs be a prebasis of Tp. Then {[ the carrier of 77, b1;b ranges over subsets
of Ty: b € Bo}U{| a, the carrier of T» ]; a ranges over subsets of Ty: a € By }
is a prebasis of [ 11, T .

(42) Let X1, X5 be sets, A be a family of subsets of [ X1, X2], A1 be a non
empty family of subsets of X1, and As be a non empty family of subsets
of Xo. Suppose A = {[a, b];a ranges over subsets of X, b ranges over
subsets of X9: a € A1 A b € As}. Then Intersect(A) = [ Intersect(4;),
Intersect(Az) ].

(43) Let Ty, T be non empty topological spaces, By be a prebasis of T}, and
Bs be a prebasis of Th. Suppose | J By = the carrier of T} and (J By = the
carrier of Th. Then {[a, b];a ranges over subsets of T}, b ranges over
subsets of Th: a € By A b€ By} is a prebasis of [ T, Ta .

5. TOPOLOGICAL AUGMENTATIONS

Let R be a relational structure. A FR-structure is called a topological au-
gmentation of R if:
(Def. 4) The relational structure of it = the relational structure of R.
Let R be a relational structure and let 7" be a topological augmentation of
R. We introduce T is correct as a synonym of T is topological space-like.
Let R be a relational structure. Note that there exists a topological augmen-
tation of R which is correct, discrete, and strict.
We now state three propositions:
(44) Every FR-structure T is a topological augmentation of T'.
(45) Let S be a FR-structure and T be a topological augmentation of S. Then
S is a topological augmentation of T
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(46) Let R be a relational structure and 7 be a topological augmentation of
R. Then every topological augmentation of 77 is a topological augmenta-
tion of R.

Let R be a non empty relational structure. One can check that every topo-
logical augmentation of R is non empty.

Let R be a reflexive relational structure. Note that every topological au-
gmentation of R is reflexive.

Let R be a transitive relational structure. One can check that every topolo-
gical augmentation of R is transitive.

Let R be an antisymmetric relational structure. One can verify that every
topological augmentation of R is antisymmetric.

Let R be a complete non empty relational structure. Observe that every
topological augmentation of R is complete.

We now state three propositions:

(47) Let S be a complete reflexive antisymmetric non empty relational struc-
ture and T be a non empty reflexive relational structure. Suppose the
relational structure of S = the relational structure of T'. Let A be a subset
of S and C be a subset of T. If A = C and A is inaccessible, then C' is

inaccessible.

(48) Let S be a non empty reflexive relational structure and T" be a topological
augmentation of S. If the topology of 7' = ¢(S), then T is correct.

(49) Let S be a complete lattice and T' be a topological augmentation of S.
If the topology of T'= o(S), then T is Scott.

Let R be a complete lattice. One can verify that there exists a topological
augmentation of R which is Scott, strict, and correct.

The following three propositions are true:
(50) Let S, T be complete Scott non empty reflexive transitive antisymme-
tric FR-structures. Suppose the relational structure of S = the relational

structure of T'. Let F' be a subset of S and G be a subset of T. If F' = G,
then if F' is open, then G is open.

(51) For every complete lattice S and for every Scott topological augmenta-
tion 7" of S holds the topology of T' = ().

(52) Let S, T be complete lattices. Suppose the relational structure of S = the
relational structure of 7. Then o(S) = o(T).

Let R be a complete lattice. Observe that every topological augmentation
of R which is Scott is also correct.
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6. REFINEMENTS

Let T be a topological structure. A topological space is said to be a topolo-
gical extension of T if:

(Def. 5) The carrier of T' = the carrier of it and the topology of T C the topology
of it.

One can prove the following proposition

(53) Let S be a topological structure. Then there exists a topological exten-
sion T of S such that T is strict and the topology of S is a prebasis of
T.

Let T be a topological structure. Note that there exists a topological exten-
sion of T" which is strict and discrete.

Let T3, 15 be topological structures. A topological space is said to be a
refinement of 7} and T if it satisfies the conditions (Def. 6).

(Def. 6)(i) The carrier of it = (the carrier of 77) U (the carrier of 75), and

(ii)  (the topology of T1) U (the topology of T5) is a prebasis of it.

Let T7 be a non empty topological structure and let T5 be a topological
structure. Observe that every refinement of 77 and 75 is non empty and every
refinement of 75 and 77 is non empty.

The following propositions are true:

(54) Let Ty, Ty be topological structures and T', T' be refinements of 77 and
T,. Then the topological structure of T' = the topological structure of T”.

(55) For all topological structures 77, T5 holds every refinement of 77 and 15
is a refinement of Ty and T7.

(56) Let T1, Tb be topological structures, T" be a refinement of 77 and T, and
X be a family of subsets of T'. Suppose X = (the topology of T7) U (the
topology of T5). Then the topology of T'= UniCl(FinMeetCl(X)).

(57) Let Ty, T> be topological structures. Suppose the carrier of 71 = the
carrier of T5. Then every refinement of 77 and 75 is a topological extension
of 17 and a topological extension of T5.

(58) Let T1, T» be non empty topological spaces, T be a refinement of 77 and
T5, By be a prebasis of 77, and By be a prebasis of T5. Then By U By U{the
carrier of T, the carrier of T5} is a prebasis of T'.

(59) Let T3, T» be non empty topological spaces, By be a basis of T7, B be
a basis of Ty, and T be a refinement of T and T5. Then B U By U B; M By
is a basis of 7.

(60) Let Ty, T» be non empty topological spaces. Suppose the carrier of T; =
the carrier of T5. Let T" be a refinement of 77 and 7. Then (the topology
of T1) M (the topology of T5) is a basis of T'.
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(61) Let L be a non empty relational structure, T}, T» be correct topologi-

[1]
2]

3]

cal augmentations of L, and T" be a refinement of 77 and T5. Then (the
topology of T1) M (the topology of Tb) is a basis of T'.
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1. ON THE ELEMENTS OF PRODUCT OF RELATIONAL STRUCTURES

Let S, T' be non empty upper-bounded relational structures. One can check
that [ .S, T'] is upper-bounded.
Let S, T be non empty lower-bounded relational structures. Observe that
£S, T ] is lower-bounded.
The following propositions are true:
(1) Let S, T be non empty relational structures. If [ S, T ] is upper-bounded,
then S is upper-bounded and 7T is upper-bounded.
(2) Let S, T be non empty relational structures. If [ S, T'] is lower-bounded,
then S is lower-bounded and T is lower-bounded.
(3) For all upper-bounded antisymmetric non empty relational structures S,
T holds T[:S,T:] = (Ts, TT).
(4) For all lower-bounded antisymmetric non empty relational structures S,
T holds J—[:S,T:] = (Ls, J_T).

1 This work has been supported by KBN Grant 8 T11C 018 12.

@ 1998 University of Bialystok
45 ISSN 1426-2630



46 ARTUR KORNILOWICZ

(5) Let S, T be lower-bounded antisymmetric non empty relational structu-
res and D be a subset of [ S, T']. If [ S, T'] is complete or sup D exists in
£.S, T, then sup D = (sup (D), supma(D)).

(6) Let S, T be upper-bounded antisymmetric non empty relational struc-
tures and D be a subset of [ S, T']. If [ .S, T'] is complete or inf D exists
in [ S, T, then inf D = (inf 71(D), inf m3(D)).

(7) Let S, T be non empty relational structures and x, y be elements of | .S,
T']. Then = < {y} if and only if the following conditions are satisfied:

(i)  x1 <{y1}, and

(i) 2 <{y2}.

(8) Let S, T be non empty relational structures and z, y, z be elements
of [ S, T]. Then = < {y,z} if and only if the following conditions are
satisfied:

(i) 21 <{y1,21}, and

(i) 22 <{y2,22}.

(9) Let S, T be non empty relational structures and z, y be elements of | .S,
TJ. Then = > {y} if and only if the following conditions are satisfied:

(i)  x1>{y1}, and

(i) 2 > {y2}.

(10) Let S, T' be non empty relational structures and z, y, z be elements
of S, T]. Then x > {y, 2} if and only if the following conditions are
satisfied:

(i) 21> {y1,21}, and

(ii) z2 > {y2, 22}

(11) Let S, T be non empty antisymmetric relational structures and z, y
be elements of [ S, T']. Then inf {z,y} exists in [ .S, T'] if and only if inf
{z1,y1} exists in S and inf {z2,y2} exists in T

(12) Let S, T be non empty antisymmetric relational structures and z, y be
elements of [ S, T']. Then sup {z,y} exists in [ S, T'] if and only if sup
{z1,y1} exists in S and sup {z2,y2} exists in T

(13) Let S, T be antisymmetric relational structures with g.l.b.’s and z, y be
elements of [ S, T']. Then (xMy)1 = z1 My1 and (zMNy)2 = z2 Mya.

(14) Let S, T be antisymmetric relational structures with l.u.b.’s and z, y be
elements of [ S, T']. Then (zUy)1 =21 Uy and (x Uy)e = z2 Uys.

(15) Let S, T be antisymmetric relational structures with g.l.b.’s, z1, y1 be
elements of S, and xg, y2 be elements of T'. Then (x; My;, z2My2) = (21,
z2) M (Y1, y2)-

(16) Let S, T be antisymmetric relational structures with L.u.b.’s, z1, y1 be
elements of S, and z2, y2 be elements of T. Then (z1 Uy, 2 Llys) = (1,
z2) U{y1, y2)-
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Let S be an antisymmetric relational structure with l.u.b.’s and g.1.b.’s and
let x, y be elements of S. Let us note that the predicate y is a complement of x
is symmetric.

One can prove the following propositions:

(17) Let S, T be bounded antisymmetric relational structures with Lu.b.’s
and g.l.b.’s and z, y be elements of | S, T ]. Then x is a complement of y
if and only if z1 is a complement of y; and z2 is a complement of ys.

(18) Let S, T be antisymmetric up-complete non empty reflexive relational
structures, a, ¢ be elements of S, and b, d be elements of T'. If {a, b) < (c,
d), then a < ¢ and b < d.

(19) Let S, T be up-complete non empty posets, a, ¢ be elements of S, and b,
d be elements of T'. Then (a, b) < {c, d) if and only if a < ¢ and b < d.

(20) Let S, T be antisymmetric up-complete non empty reflexive relational
structures and z, y be elements of [ S, T']. If x < y, then x1 < y1 and
ro KL Y2.

(21) Let S, T be up-complete non empty posets and x, y be elements of | S,
T]. Then z < y if and only if the following conditions are satisfied:

(i) x1 < y1, and
(ii) T2 L Y2.

(22) Let S, T be antisymmetric up-complete non empty reflexive relational
structures and = be an element of [ S, T'J. If x is compact, then z1 is
compact and z2 is compact.

(23) Let S, T be up-complete non empty posets and = be an element of | S,
T. If z1 is compact and xg is compact, then x is compact.

2. ON THE SUBSETS OF PRODUCT OF RELATIONAL STRUCTURES

The following propositions are true:

(24) Let S, T be antisymmetric relational structures with g.l.b.’s and X, Y
be subsets of [ S, T']. Then m(XMY) =m(X)Nm(Y) and m(XMY) =
mo(X) N (Y).

(25) Let S, T be antisymmetric relational structures with Lu.b.’s and X, Y
be subsets of [ S, T']. Then m(XUY) =m(X)Um(Y) and m(X UY) =
7T2(X) L 7T2(Y).

(26) For all relational structures S, T" and for every subset X of [ S, T'] holds
1X CElm(X), Ima(X) 1.

(27) For all relational structures S, T' and for every subset X of S and for
every subset Y of T holds [ | X, |[Y{= ]} X, Y.

47
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(28) For all relational structures S, T" and for every subset X of [ S, T'{ holds
m1(1X) C |mi(X) and m2(|X) C |ma(X).

(29) Let S be a relational structure, 1" be a reflexive relational structure, and
X be asubset of [ .S, T']. Then m (| X) = |m(X).

(30) Let S be a reflexive relational structure, T' be a relational structure, and
X be a subset of [ S, T']. Then ma(|X) = |m2(X).

(31) For all relational structures S, 7" and for every subset X of [ S, T'{ holds
1X C Fim(X), Tma(X) 1.

(32) For all relational structures S, T and for every subset X of S and for
every subset Y of T" holds [ 1X, 1Y =1} X, Y.

(33) For all relational structures S, T and for every subset X of [ S, T'] holds
m(1X) C 1mi(X) and m2(TX) C Tme(X).

(34) Let S be a relational structure, T be a reflexive relational structure, and
X be asubset of [ S, T']. Then 71 (1X) = Tm(X).

(35) Let S be a reflexive relational structure, T' be a relational structure, and
X be a subset of [ .S, T']. Then mo(1X) = Tma(X).

(36) Let S, T be non empty relational structures, s be an element of S, and
t be an element of T'. Then [ |s, [t] = [(s, t).

(37) For all non empty relational structures S, T' and for every element = of
.S, T holds mi(lx) C [(x1) and m2(lx) C [(x2).

(38) Let S be a non empty relational structure, T be a non empty reflexive
relational structure, and x be an element of [ S, T']. Then 7 (|z) = | (z1).

(39) Let S be a non empty reflexive relational structure, T be a non empty
relational structure, and x be an element of [ S, T']. Then mo(|z) = |(z2).

(40) Let S, T be non empty relational structures, s be an element of S, and
t be an element of T'. Then [ Ts, Tt] = T(s, t).

(41) For all non empty relational structures S, 7" and for every element = of
.S, T{ holds 1 (Tx) C T(x1) and m2(Tx) C T(x2).

(42) Let S be a non empty relational structure, 7' be a non empty reflexive
relational structure, and x be an element of [ S, T']. Then 71 (Tz) = 1(z1).

(43) Let S be a non empty reflexive relational structure, T be a non empty
relational structure, and x be an element of [ S, T']. Then mo(Tx) = T(x2).

(44) For all up-complete non empty posets S, T" and for every element s of S
and for every element t of T holds [ |s, |t] = |(s, t).

(45) Let S, T be antisymmetric up-complete non empty reflexive relational
structures and x be an element of [S, T']. Then m(lz) C |(z1) and
ma(lz) € L(z2).

(46) Let S be an up-complete non empty poset, 7' be an up-complete lower-
bounded non empty poset, and x be an element of [ S, T']. Then 7 ({x) =



THE PROPERTIES OF PRODUCT OF RELATIONAL ... 49

Hz1).

(47) Let S be an up-complete lower-bounded non empty poset, 7" be an up-
complete non empty poset, and z be an element of | S, T ]. Then m(lx) =
L(w2).

(48) For all up-complete non empty posets S, 7" and for every element s of S
and for every element ¢ of T holds [ s, 1t ] = 1(s, t).

(49) Let S, T be antisymmetric up-complete non empty reflexive relational
structures and = be an element of [ .S, T']. Then m(fx) C f(x1) and
ma(fx) C 1(x2).

(50) For all up-complete non empty posets S, T" and for every element s of S
and for every element ¢ of T holds [ compactbelow(s), compactbelow(t) | =
compactbelow({s, t}).

(51) Let S, T be antisymmetric up-complete non empty reflexive relational
structures and z be an element of [ S, T']. Then m (compactbelow(z)) C
compactbelow(z1) and 7 (compactbelow(z)) C compactbelow(x2).

(52) Let S be an up-complete non empty poset, 7' be an up-complete
lower-bounded non empty poset, and = be an element of [ S, T']. Then
71 (compactbelow(x)) = compactbelow(z1).

(53) Let S be an up-complete lower-bounded non empty poset, 7' be an
up-complete non empty poset, and z be an element of [ S, T']. Then
ma(compactbelow(x)) = compactbelow(z2).

Let S be a non empty reflexive relational structure. One can verify that
every subset of S which is empty is also open.
The following propositions are true:

(54) Let S, T be antisymmetric up-complete non empty reflexive relational
structures and X be a subset of [ .S, T']. If X is open, then m1(X) is open
and m2(X) is open.

(55) Let S, T be up-complete non empty posets, X be a subset of S, and YV’
be a subset of T'. If X is open and Y is open, then [ X, Y | is open.

(56) Let S, T' be antisymmetric up-complete non empty reflexive relational
structures and X be a subset of [ S, T']. If X is inaccessible, then m(X)
is inaccessible and (X)) is inaccessible.

(57) Let S, T be antisymmetric up-complete non empty reflexive relational
structures, X be an upper subset of S, and Y be an upper subset of T If
X is inaccessible and Y is inaccessible, then [ X, Y { is inaccessible.

(58) Let S, T be antisymmetric up-complete non empty reflexive relational
structures, X be a subset of S, and Y be a subset of T such that [ X, Y]
is directly closed. Then

(i) if Y #0, then X is directly closed, and
(i) if X # 0, then Y is directly closed.
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(59) Let S, T be antisymmetric up-complete non empty reflexive relational
structures, X be a subset of S, and Y be a subset of T'. Suppose X is
directly closed and Y is directly closed. Then [ X, Y ] is directly closed.

(60) Let S, T be antisymmetric up-complete non empty reflexive relational
structures and X be a subset of [ S, T']. If X has the property (S), then
m1(X) has the property (S) and mo(X) has the property (S).

(61) Let S, T be up-complete non empty posets, X be a subset of S, and Y
be a subset of T'. If X has the property (S) and Y has the property (S),
then [ X, Y { has the property (S).

3. ON THE PRODUCTS OF RELATIONAL STRUCTURES

We now state the proposition

(62) Let S, T be non empty reflexive relational structures. Suppose the rela-
tional structure of S = the relational structure of T and S is inf-complete.
Then T is inf-complete.

Let S be an inf-complete non empty reflexive relational structure. Observe
that the relational structure of S is inf-complete.
Let S, T be inf-complete non empty reflexive relational structures. Observe
that [ .S, T'] is inf-complete.
The following proposition is true
(63) Let S, T be non empty reflexive relational structures. If [ S, T'{ is inf-
complete, then S is inf-complete and T is inf-complete.

Let S, T be complemented bounded antisymmetric non empty relational
structures with g.l.b.’s and lL.u.b.’s. Observe that [ .S, 7] is complemented.
Next we state the proposition

(64) Let S, T be bounded antisymmetric relational structures with g.l.b.’s
and L.u.b.’s. If [ S, T'] is complemented, then S is complemented and T is
complemented.

Let S, T be distributive antisymmetric non empty relational structures with
g.l.b.’s and L.u.b.’s. Observe that [ S, T'] is distributive.
The following propositions are true:

(65) Let S be an antisymmetric relational structure with g.1.b.’s and l.u.b.’s
and T be a reflexive antisymmetric relational structure with g.l.b.’s and
Lubs. If [ S, T'] is distributive, then S is distributive.

(66) Let S be a reflexive antisymmetric relational structure with g.1.b.’s and
l.u.b.’s and T' be an antisymmetric relational structure with g.l.b.’s and
Lub.’s. If [ S, T'] is distributive, then T is distributive.
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Let S, T be meet-continuous semilattices. Observe that [ S, T' ] satisfies MC.
We now state the proposition

(67) For all semilattices S, T" such that [ S, T'] is meet-continuous holds S is
meet-continuous and T is meet-continuous.

Let S, T be up-complete inf-complete non empty posets satisfying axiom of
approximation. Note that [ S, T' ] satisfies axiom of approximation.

Let S, T be continuous inf-complete non empty posets. Observe that [ .S, T']
is continuous.

Next we state the proposition

(68) Let S, T be up-complete lower-bounded non empty posets. If [ S, T'] is
continuous, then S is continuous and 7T is continuous.

Let S, T be up-complete lower-bounded sup-semilattices satisfying axiom
K. Note that [ .S, T'] satisfies axiom K.

Let S, T be complete algebraic lower-bounded sup-semilattices. Note that
£S, T'] is algebraic.

The following proposition is true

(69) For all lower-bounded non empty posets S, T" such that [ .S, T'] is alge-
braic holds S is algebraic and T is algebraic.

Let S, T be arithmetic lower-bounded lattices. Note that [ .S, T'] is arithme-
tic.
Next we state the proposition

(70) For all lower-bounded lattices S, T' such that [ S, 7] is arithmetic holds
S is arithmetic and T is arithmetic.
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nology for this paper.

1. PRELIMINARIES

One can prove the following propositions:
(1) 3=40,1,2}.
(2) 2\1={1}.
(3) 3\1={1,2}.
(4) 3\2={2}.
(5) Let L be an antisymmetric reflexive relational structure with g.1.b.’s and
L.u.b.’s and a, b be elements of L. Then a M b = b if and only if a LUb = a.
(6) For every lattice L and for all elements a, b, ¢ of L holds (aMb)U(alMc) <
al(bUc).
(7) For every lattice L and for all elements a, b, ¢ of L holds a U (bM¢) <
(aUb)M(alc).

1 This work has been supported by KBN Grant 8 T11C 018 12.
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(8) For every lattice L and for all elements a, b, ¢ of L such that a < ¢ holds
al(bMe) < (alb)Me.

2. DIAMOND AND PENTAGON

The relational structure N5 is defined as follows:
(Def. 1) N5 =({0,3\1,2,3\2,3},C).
Let us note that Nj is strict reflexive transitive and antisymmetric and N3
has g.1l.b.’s and lL.u.b.’s.
The relational structure Ms is defined by:
(Def. 2) M3 = ({0,1,2\ 1,3\ 2,3},C).
Let us note that Mj is strict reflexive transitive and antisymmetric and M3
has g.1.b.’s and lL.u.b.’s.
One can prove the following two propositions:

(9) Let L be a lattice. Then the following statements are equivalent
(i)  there exists a full sublattice K of L such that N5 and K are isomorphic,
(ii)  there exist elements a, b, ¢, d, e of L such that a # b and a # ¢ and
a#dand a#eand b# cand b# d and b # e and ¢ # d and ¢ # e and
d#eand allb=aand alMc=a and cMe=cand dMe=dand bMc=a
and bMd=band clfd=aand bllc=eand clid =e.
(10) Let L be a lattice. Then the following statements are equivalent
(i)  there exists a full sublattice K of L such that M3 and K are isomorphic,
(ii)  there exist elements a, b, ¢, d, e of L such that a # b and a # ¢ and
a#dand a#eand b# cand b# d and b # e and ¢ # d and ¢ # e and
d#eand allb=aand aMNc=a and ald=a and blMNe =>b and cMe = ¢
and dfMe=dand bfc=a and blNd=a and clMd=aand blLlc=e and
bUd=eand clUd=ce.
Let L be a non empty relational structure. We say that L is modular if and
only if:
(Def. 3) For all elements a, b, ¢ of L such that a < ¢ holds all(bM¢) = (aUb)Me.
Let us note that every non empty antisymmetric reflexive relational structure
with g.1.b.’s which is distributive is also modular.
Next we state two propositions:
(11) Let L be a lattice. Then L is modular if and only if it is not true that
there exists a full sublattice K of L such that N5 and K are isomorphic.
(12) Let L be a lattice. Suppose L is modular. Then L is distributive if and

only if it is not true that there exists a full sublattice K of L such that
M3 and K are isomorphic.
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3. INTERVALS OF A LATTICE

Let L be a non empty relational structure and let a, b be elements of L. The
functor [a, b] yielding a subset of L is defined as follows:

(Def. 4) For every element ¢ of L holds ¢ € [a,b] iff a < ¢ and ¢ < b.

Let L be a non empty relational structure and let I; be a subset of L. We
say that I is interval if and only if:

(Def. 5) There exist elements a, b of L such that I; = [a,b].

Let L be a non empty reflexive transitive relational structure. One can check
that every subset of L which is non empty and interval is also directed and every
subset of L which is non empty and interval is also filtered.

Let L be a non empty relational structure and let a, b be elements of L.
Observe that [a, b] is interval.

Next we state the proposition

(13) For every non empty reflexive transitive relational structure L and for
all elements a, b of L holds [a,b] = Tan |b.
Let L be a poset with g.l.b.’s and let a, b be elements of L. Observe that
sub([a, b]) is meet-inheriting.
Let L be a poset with l.u.b.’s and let a, b be elements of L. Note that
sub([a, b]) is join-inheriting.
One can prove the following proposition
(14) Let L be a lattice and a, b be elements of L. If L is modular, then
sub([b,a U b]) and sub([a M b, a]) are isomorphic.

Let us mention that there exists a lattice which is finite and non empty.
Let us note that every semilattice which is finite is also lower-bounded.
Let us note that every lattice which is finite is also complete.
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1. ProbpucT TOPOLOGIES

The following propositions are true:

(1) Let z, y, z, Z be sets. Then Z C {x,y,z} if and only if one of the
following conditions is satisfied:

(i) Z=40,or

(i) Z={x},or
(i) Z ={y}, or
(iv) Z=A{z},or

(v) Z=A{x,y}, or
(vi) Z=A{y,z},or
(vil) Z ={z,z}, or
(viii)  Z ={z,y,z}.

(2) For every set X and for all families A, B of subsets of X such that
B = A\ {0} or A= BU{0} holds UniCl(A) = UniCl(B).
(3) Let T be a topological space and K be a family of subsets of 7. Then
K is a basis of T if and only if K \ {0} is a basis of T
Let F' be a binary relation. We say that F' is topological space yielding if
and only if:

1 This work has been supported by KBN Grant 8 T11C 018 12.
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(Def. 1) For every set x such that = € rng F holds z is a topological space.

One can verify that every function which is topological space yielding is also
1-sorted yielding.

Let I be a set. Note that there exists a many sorted set indexed by I which
is topological space yielding.

Let I be a set. One can check that there exists a many sorted set indexed
by I which is topological space yielding and nonempty.

Let J be a non empty set, let A be a topological space yielding many sorted
set indexed by J, and let j be an element of J. Then A(j) is a topological space.

Let I be a set and let J be a topological space yielding many sorted set
indexed by I. The product prebasis for J is a family of subsets of [ (the support
of J) and is defined by the condition (Def. 2).

(Def. 2) Let x be a subset of [ (the support of J). Then = € the product prebasis
for J if and only if there exists a set ¢ and there exists a topological space
T and there exists a subset V' of T such that ¢ € I and V is open and
T = J(i) and & = [[((the support of J) +- (i, V)).
Next we state the proposition

(4) For every set X and for every family A of subsets of X holds (X,
UniCl(FinMeetCl(A))) is topological space-like.

Let I be a set and let J be a topological space yielding nonempty many
sorted set indexed by I. The functor []J yielding a strict topological space is
defined by:

(Def. 3) The carrier of [[J = [] (the support of J) and the product prebasis for
J is a prebasis of [] J.

Let I be a set and let J be a topological space yielding nonempty many
sorted set indexed by I. One can check that []J is non empty.

Let I be a non empty set, let J be a topological space yielding nonempty
many sorted set indexed by I, and let ¢ be an element of I. Then J(i) is a non
empty topological space.

Let I be a set and let J be a topological space yielding nonempty many
sorted set indexed by I. Observe that every element of the carrier of [[J is
function-like and relation-like.

Let I be a non empty set, let J be a topological space yielding nonempty
many sorted set indexed by I, let = be an element of the carrier of [] J, and let
i be an element of I. Then z(7) is an element of J (7).

Let I be a non empty set, let J be a topological space yielding nonempty
many sorted set indexed by I, and let i be an element of I. The functor proj(.J, 1)
yielding a map from []J into J(i) is defined as follows:

(Def. 4) proj(J,i) = proj(the support of J, 7).

One can prove the following propositions:
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(5) Let I be a non empty set, J be a topological space yielding nonempty
many sorted set indexed by I, i be an element of I, and P be a subset of the
carrier of J(i). Then (proj(J,i))~*(P) = [[((the support of J) +- (i, P)).

(6) Let I be a non empty set, J be a topological space yielding nonempty
many sorted set indexed by I, and i be an element of I. Then proj(.J,) is
continuous.

(7) Let X be a non empty topological space, I be a non empty set, J be a
topological space yielding nonempty many sorted set indexed by I, and f
be a map from X into [[J. Then f is continuous if and only if for every
element ¢ of I holds proj(J,) - f is continuous.

2. INJECTIVE SPACES

Let Z be a topological structure. We say that Z is injective if and only if
the condition (Def. 5) is satisfied.

(Def. 5) Let X be a non empty topological space and f be a map from X into Z.
Suppose f is continuous. Let Y be a non empty topological space. Suppose
X is a subspace of Y. Then there exists a map ¢ from Y into Z such that

g is continuous and g[the carrier of X = f.

One can prove the following two propositions:

(8) Let I be anon empty set and J be a topological space yielding nonempty
many sorted set indexed by I. If for every element ¢ of I holds J(i) is
injective, then [ J is injective.

(9) Let T be a non empty topological space. Suppose T is injective. Let S
be a non empty subspace of T'. If S is a retract of T', then S is injective.

Let X be a 1-sorted structure, let Y be a topological structure, and let f be
a map from X into Y. The functor Im f yielding a subspace of Y is defined as
follows:

(Def. 6) Im f =Y [rngf.
Let X be a non empty 1-sorted structure, let Y be a non empty topological
structure, and let f be a map from X into Y. Note that Im f is non empty.
One can prove the following proposition
(10) Let X be a l-sorted structure, Y be a topological structure, and f be a
map from X into Y. Then the carrier of Im f = rng f.
Let X be a 1-sorted structure, let Y be a non empty topological structure,

and let f be a map from X into Y. The functor f° yielding a map from X into
Im f is defined by:

(Def. 7) f° = f.
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Next we state the proposition

(11) Let X, Y be non empty topological spaces and f be a map from X into
Y. If f is continuous, then f° is continuous.

Let X be a 1-sorted structure, let Y be a non empty topological structure,
and let f be a map from X into Y. One can verify that f° is onto.

Let X, Y be topological structures. We say that X is a topological retract
of Y if and only if:

(Def. 8) There exists a map f from Y into Y such that f is continuous and
f-f=fand Im f and X are homeomorphic.
The following proposition is true
(12) Let T, S be non empty topological spaces. Suppose T is injective. Let f
be a map from T into S. If f© is a homeomorphism, then 7" is a topological
retract of S.

The Sierpinski space is a strict topological structure and is defined by the

conditions (Def. 9).
(Def. 9)(i) The carrier of the Sierpinski space = {0,1}, and

(ii)  the topology of the Sierpinski space = {0, {1},{0,1}}.

Let us note that the Sierpinski space is non empty and topological space-like.

One can check that the Sierpinski space is discernible.

Let us note that the Sierpinski space is injective.

Let I be a set and let S be a non empty 1-sorted structure. One can verify
that I —— S is nonempty.

Let I be a set and let T be a topological space. One can check that I — T
is topological space yielding.

Let I be a set and let L be a reflexive relational structure. One can check
that I — L is reflexive-yielding.

Let I be a non empty set and let L be a non empty antisymmetric relational
structure. Note that [[(I — L) is antisymmetric.

Let I be a non empty set and let L be a non empty transitive relational
structure. One can check that [[( — L) is transitive.

The following two propositions are true:

(13) Let T be a Scott topological augmentation of 2&. Then the topology of
T = the topology of the Sierpinski space. -

(14) Let I be a non empty set. Then {[[((the support of I — the Sierpinski
space)+-(i, {1})) : ¢ ranges over elements of I} is a prebasis of [[(I — the
Sierpinski space).

Let I be a non empty set and let L be a complete lattice. One can check
that [[({ — L) is complete and has L.u.b.’s.

Let I be a non empty set and let X be an algebraic lower-bounded lattice.
One can check that [[(I — X) is algebraic.
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Next we state several propositions:

(15) Let X be a non empty set. Then there exists a map f from 2% into
[1(X — 2L) such that f is isomorphic and for every subset Y of X holds
fY) =Xy x.

(16) Let I be a non empty set and T be a Scott topological augmentation
of [T(I — 2L). Then the topology of T = the topology of [J(I +— the
Sierpinski space).

(17) Let T, S be non empty topological spaces. Suppose the carrier of T' = the
carrier of S and the topology of T' = the topology of S and T is injective.
Then S is injective.

(18) For every non empty set I holds every Scott topological augmentation
of [TI — 2L is injective.

(19) Let T be a Tp-space. Then there exists a non empty set M and there
exists a map f from T into [[(M +— the Sierpinski space) such that f°
is a homeomorphism.

(20) Let T be a Ty-space. Suppose T is injective. Then there exists a non
empty set M such that T is a topological retract of [[(M —— the Sier-
pinski space).
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1. THE PROPERTIES OF SOME FUNCTIONS

In this paper A, B, X, Y denote sets.
Let X be an empty set. Note that [ J X is empty.
Next we state several propositions:

(1) (6x)°ACEA, A}
(2) (0x)7'(F4, A C A
(3) For every subset A of X holds (0x)71(f A, A]) = A.
(4) dom(me(X xY),m(XxY))=[X, Y ]and rng(m(X xY), m (X xY)) =
v, X
(5) (m(X xY),m(X xY))°lA, B{C[B, A].
(6) For every subset A of X and for every subset B of Y holds (ma(X x
V), m(X xY))°lA B]=[B, Al.
(7) (m(X xY),m(X xY)) is one-to-one.
Let X, Y be sets. One can verify that (ma(X xY), 7 (X xY)) is one-to-one.
The following proposition is true

(8) (ma(X x V), m(X x V)~ = (m(Y x X), (Y x X)).

1 This work has been supported by KBN Grant 8 T11C 018 12.
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2. THE PROPERTIES OF THE RELATIONAL STRUCTURES

Next we state a number of propositions:

(9) Let L; be a semilattice, Ly be a non empty relational structure, =, y
be elements of Ly, and x1, y; be elements of Ls. Suppose the relational
structure of L; = the relational structure of Lo and x = z1 and y = y;.
Then x My =z My;.

(10) Let L; be a sup-semilattice, Ly be a non empty relational structure, z,
y be elements of L1, and z1, y; be elements of Ly. Suppose the relational
structure of L1 = the relational structure of Ly and x = 1 and y = y;.
Then z Uy = 21 Uy;.

(11) Let Ly be a semilattice, Ly be a non empty relational structure, X, Y
be subsets of L1, and X7, Y7 be subsets of Ly. Suppose the relational
structure of L1 = the relational structure of Ly and X = X; and Y = Y;.
Then X MY = X;MY;.

(12) Let L; be a sup-semilattice, Ly be a non empty relational structure, X,
Y be subsets of L, and X1, Y7 be subsets of Ls. Suppose the relational
structure of L1 = the relational structure of Ly and X = X; and Y = Y7.
Then X UY = X7 UY7.

(13) Let Lj be an antisymmetric up-complete non empty reflexive relational
structure, Lo be a non empty reflexive relational structure, x be an element
of L1, and y be an element of Ls. Suppose the relational structure of
L1 = the relational structure of Ly and # = y. Then |z = |y and Tz =1y.

(14) Let Lj be a meet-continuous semilattice and Ls be a non empty reflexive
relational structure. Suppose the relational structure of L; = the relational
structure of Lo. Then Lo is meet-continuous.

(15) Let L; be a continuous antisymmetric non empty reflexive relational
structure and Lo be a non empty reflexive relational structure. Suppose
the relational structure of L; = the relational structure of Ly. Then Lo is
continuous.

(16) Let L, Lo be relational structures, A be a subset of L, and J be a subset
of Ly. Suppose the relational structure of L; = the relational structure of
Ly and A = J. Then sub(A) = sub(J).

(17) Let Li, Lo be non empty relational structures, A be a relational sub-
structure of L1, and J be a relational substructure of Lo. Suppose that

(i)  the relational structure of L; = the relational structure of Lo,
(ii)  the relational structure of A = the relational structure of J, and
(iii) A is meet-inheriting.

Then J is meet-inheriting.
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(18) Let Lj, Ly be non empty relational structures, A be a relational sub-
structure of L1, and J be a relational substructure of Lo. Suppose that
(i)  the relational structure of L; = the relational structure of Lo,
(ii)  the relational structure of A = the relational structure of J, and
(iii) A is join-inheriting.
Then J is join-inheriting.

(19) Let L; be an up-complete antisymmetric non empty reflexive relational
structure, Lo be a non empty reflexive relational structure, X be a subset
of L1, and Y be a subset of Lo such that the relational structure of L1 = the
relational structure of Ly and X =Y and X has the property (S). Then
Y has the property (S).

(20) Let L; be an up-complete antisymmetric non empty reflexive relational
structure, Lo be a non empty reflexive relational structure, X be a subset
of L1, and Y be a subset of Ly. Suppose the relational structure of L; = the
relational structure of Lo and X =Y and X is directly closed. Then Y is
directly closed.

(21) Let N be an antisymmetric relational structure with g.l.b.’s, D, E be
subsets of N, and X be an upper subset of N. If DN X = (), then (D M
EynX =0.

(22) Let R be a reflexive non empty relational structure. Then
Athe carrier of R C (the internal relation of R) N (the internal relation of
R>).

(23) Let R be an antisymmetric relational structure. Then (the internal rela-
tion of R) N (the internal relation of R™) C Athe carrier of R-

(24) Let R be an upper-bounded semilattice and X be a subset of [ R, R .
If inf (MR)°X exists in R, then Mg preserves inf of X.

Let R be a complete semilattice. One can verify that Mg is infs-preserving.
Next we state the proposition
(25) Let R be a lower-bounded sup-semilattice and X be a subset of [ R, R .
If sup (Ug)°X exists in R, then Ug preserves sup of X.
Let R be a complete sup-semilattice. Note that LI is sups-preserving.
One can prove the following propositions:
(26) For every semilattice N and for every subset A of N such that sub(A)
is meet-inheriting holds A is filtered.
(27) For every sup-semilattice N and for every subset A of N such that sub(A)
is join-inheriting holds A is directed.
(28) Let N be a transitive relational structure and A, J be subsets of N. If
A is coarser than T.J, then TA C 7J.

(29) For every transitive relational structure N and for all subsets A, J of N
such that A is finer than |J holds |A C | J.

65
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(30) Let N be a non empty reflexive relational structure, z be an element of
N, and X be a subset of N. If x € X, then Tz C 7X.

(31) Let N be a non empty reflexive relational structure, z be an element of
N, and X be a subset of N. If x € X, then |z C | X.

3. ON THE HAUSDORFF SPACES

In the sequel R, S, T denote non empty topological spaces.
Let T be a non empty topological structure. One can verify that the topo-
logical structure of T' is non empty.
Let T be a topological space. Observe that the topological structure of T is
topological space-like.
Next we state three propositions:
(32) Let S, T be topological structures and B be a basis of S. Suppose the
topological structure of S = the topological structure of 7. Then B is a
basis of T'.
(33) Let S, T be topological structures and B be a prebasis of S. Suppose
the topological structure of S = the topological structure of T'. Then B is
a prebasis of T.
(34) Every basis of T' is non empty.
Let T be a non empty topological space. Note that every basis of 71" is non
empty.
The following proposition is true
(35) For every point x of T holds every basis of z is non empty.
Let T be a non empty topological space and let z be a point of 7. One can
check that every basis of x is non empty.
Next we state a number of propositions:
(36) Let Si, Th, S2, T» be non empty topological spaces, f be a map from S}
into S5, and g be a map from 7} into T5. Suppose that
(i)  the topological structure of S; = the topological structure of 77,
(ii)  the topological structure of Sy = the topological structure of T3,
)  f=g,and
) f is continuous.

(i

(iv
Then g is continuous.

(37)  Athe carrier of 7 = {p;p ranges over points of [T, T ]: m1((the carrier of
T) X the carrier of T')(p) = m2((the carrier of T') x the carrier of T)(p)}.

(38)  Othe carrier of T 18 a continuous map from 7T into [T, T'].

(39) m1((the carrier of S) x the carrier of T' ) is a continuous map from |[ S,
T into S.
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(40) m2((the carrier of S) x the carrier of T' ) is a continuous map from [ .S,
T into T.

(41) Let f be a continuous map from 7T into S and g be a continuous map
from T into R. Then (f,g) is a continuous map from 7 into [ S, R].

(42)  (m2((the carrier of S) x the carrier of T'), 71 ((the carrier of S) x the carrier
of T')) is a continuous map from [ S, T'] into [ T, S {.

(43) Let f be a map from [ S, T'{ into [T, S ]. Suppose f = (ma((the carrier
of S) x the carrier of T), 71 ((the carrier of S) x the carrier of T')). Then f
is a homeomorphism.

(44) [S,T] and [T, S] are homeomorphic.

(45) Let T be a Hausdorff non empty topological space and f, g be continuous
maps from .S into 7. Then

(i)  for every subset X of S such that X = {p;p ranges over points of S:
f(p) # g(p)} holds X is open, and

(ii)  for every subset X of S such that X = {p;p ranges over points of S:
f(p) = g(p)} holds X is closed.

(46) T is Hausdorff iff for every subset A of [T, T] such that A =
Athe carrier of T holds A is closed.

Let S, T be topological structures. Note that there exists a refinement of .S
and T which is strict.

Let S be a non empty topological structure and let T" be a topological struc-
ture. Observe that there exists a refinement of S and T which is strict and non
empty and there exists a refinement of T' and .S which is strict and non empty.

We now state the proposition

(47) Let R, S, T be topological structures. Then R is a refinement of S and
T if and only if the topological structure of R is a refinement of S and T'.

For simplicity, we adopt the following convention: Sy, So, T, T5 are non
empty topological spaces, R is a refinement of [ Sy, 7] and [ Sy, T2 ], R; is a
refinement of S and S5, and R is a refinement of 177 and T5.

The following three propositions are true:

(48) Suppose the carrier of S; = the carrier of So and the carrier of T} = the
carrier of Ty. Then {[ Uy, V1] N [ Uz, V5 ];U; ranges over subsets of Si,
U, ranges over subsets of Sy, V) ranges over subsets of T3, V5 ranges over
subsets of Ty: Uy is open A Us is open A Vj is open A V3 is open} is a basis

of R.
(49) Suppose the carrier of S7 = the carrier of So and the carrier of 77 = the
carrier of Ty. Then the carrier of | Ry, Ro] = the carrier of R and the

topology of [ R, Ro ] = the topology of R.
(50) Suppose the carrier of S; = the carrier of So and the carrier of 77 = the
carrier of T. Then [ Ry, Ro] is a refinement of [ Sy, T1 ] and [ Sa, T» ].
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The Field of Quotients Over an Integral
Domain

Christoph Schwarzweller
University of Tiibingen

Summary. We introduce the field of quotients over an integral domain
following the well-known construction using pairs over integral domains. In ad-
dition we define ring homomorphisms and prove some basic facts about fields of
quotients including their universal property.

MML Identifier: QUOFIELD.

The papers [1], [13], [10], [2], [3], [7], [9], [11], [12], [5], [6], [8], and [4] provide
the terminology and notation for this paper.

1. PRELIMINARIES

Let I be a non empty zero structure. The functor Q(I) is a subset of | the
carrier of I, the carrier of ] and is defined by:

(Def. 1) For every set u holds u € Q([) iff there exist elements a, b of the carrier
of I such that u = {(a, b) and b # 0;.

Next we state the proposition

(1) For every non degenerated non empty multiplicative loop with zero struc-

ture I holds Q([) is non empty.
The following two propositions are true:

(2) Let I be a non degenerated non empty multiplicative loop with zero
structure and u be an element of Q(I). Then ug # 0;.

(3) Let I be a non degenerated non empty multiplicative loop with zero
structure and u be an element of Q(I). Then uq is an element of the
carrier of I and ws is an element of the carrier of I.

@ 1998 University of Bialystok
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Let I be a non degenerated integral domain-like non empty double loop
structure and let u, v be elements of Q(I). The functor u+v yielding an element
of Q(I) is defined by:

(Def. 2) u+v = (uy -ve + vy - ug, ug - v2).
Let I be a non degenerated integral domain-like non empty double loop

structure and let u, v be elements of Q(I). The functor u- v yielding an element
of Q(I) is defined as follows:

(Def. 3) w-v={(uq-v1, uz - va).

The following two propositions are true:

(4) Let I be a non degenerated integral domain-like associative commutative
Abelian add-associative distributive non empty double loop structure and
u, v, w be elements of Q(I). Then u+(v+w) = (u+v)+w and u+v = v+u.

(5) Let I be anon degenerated integral domain-like associative commutative
Abelian non empty double loop structure and u, v, w be elements of Q([I).
Then u- (v-w) = (u-v) -wand u-v="0v-u.

Let I be a non degenerated integral domain-like associative commutative
Abelian add-associative distributive non empty double loop structure and let u,
v be elements of Q(I). Let us notice that the functor u + v is commutative.

Let I be a non degenerated integral domain-like associative commutative
Abelian non empty double loop structure and let u, v be elements of Q(I). Let
us note that the functor u - v is commutative.

Let I be a non degenerated non empty multiplicative loop with zero structure
and let u be an element of Q(I). The functor QClass(u) is a subset of Q(I) and
is defined as follows:

(Def. 4) For every element z of Q(I) holds z € QClass(u) iff 21 - ug = 22 - us.

The following proposition is true

(6) Let I be a non degenerated commutative non empty multiplicative loop
with zero structure and u be an element of Q(I). Then u € QClass(u).

Let I be a non degenerated commutative non empty multiplicative loop with
zero structure and let u be an element of Q(I). Observe that QClass(u) is non
empty.

Let I be a non degenerated non empty multiplicative loop with zero struc-
ture. The functor Quot (/) is a family of subsets of Q(/) and is defined by:

(Def. 5) For every subset A of Q(I) holds A € Quot([) iff there exists an element
u of Q(I) such that A = QClass(u).

Next we state the proposition

(7) For every non degenerated non empty multiplicative loop with zero struc-
ture I holds Quot([/) is non empty.

Next we state two propositions:
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(8) Let I be anon degenerated integral domain-like ring and u, v be elements
of Q(I). If there exists an element w of Quot(/) such that v € w and v € w,
then uy - v2 = v1 - ua.

(9) For every non degenerated integral domain-like ring I and for all elements
u, v of Quot([) such that uNv # () holds u = v.

2. DEFINING THE OPERATIONS

Let I be a non degenerated integral domain-like ring and let u, v be elements
of Quot(I). The functor u 44 v yielding an element of Quot([) is defined by the
condition (Def. 6).

(Def. 6) Let z be an element of Q(/). Then z € u +4 v if and only if there exist
elements a, b of Q(I) such that @ € uw and b € v and 21 - (a2 - b2) =
z9 (a1 . b2 +b1 'az).

Let I be a non degenerated integral domain-like ring and let u, v be elements
of Quot(I). The functor u -4 v yielding an element of Quot(I) is defined by the
condition (Def. 7).

(Def. 7) Let z be an element of Q(I). Then z € u -q v if and only if there exist
elements a, b of Q(I) such that @ € uand b € v and z1-(a2-b2) = z2-(a1-b1).

Next we state the proposition

(10) Let I be a non degenerated non empty multiplicative loop with zero
structure and u be an element of Q(I). Then QClass(u) is an element of
Quot(7).

We now state two propositions:

(11) For every non degenerated integral domain-like ring I and for all elements
u, v of Q(I) holds QClass(u) +4 QClass(v) = QClass(u + v).

(12) For every non degenerated integral domain-like ring I and for all elements
u, v of Q(I) holds QClass(u) -q QClass(v) = QClass(u - v).

Let I be a non degenerated integral domain-like ring. The functor 0q(I)
yielding an element of Quot (/) is defined by:

(Def. 8) For every element z of Q(I) holds z € 04(1) iff 24 = 0y.

Let I be a non degenerated integral domain-like ring. The functor 14(I)
yielding an element of Quot([/) is defined as follows:

(Def. 9) For every element z of Q(I) holds z € 14(1) iff 21 = 2.

Let I be a non degenerated integral domain-like ring and let u be an element
of Quot(I). The functor —yu yielding an element of Quot(I) is defined by:

(Def. 10) For every element z of Q(I) holds z € —qu iff there exists an element a
of Q(I) such that a € u and 271 - ag = 22 - —a3.
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Let I be a non degenerated integral domain-like ring and let u be an element
of Quot([/). Let us assume that u # 0q(/). The functor ug ! yields an element of
Quot(I) and is defined by:

(Def. 11)  For every element z of Q(I) holds z € u ! iff there exists an element a
of Q(I) such that a € u and 21 - a1 = 22 - az.
The following propositions are true:
(13) Let I be a non degenerated integral domain-like ring and u, v, w be
elements of Quot([). Then u+q(v+qw) = (u+qv)+qw and u+qv = v+qu.
(14) For every non degenerated integral domain-like ring I and for every
element u of Quot(/) holds u +q 04(I) = u and 0y(1) +q v = u.
(15) Let I be a non degenerated integral domain-like ring and u, v, w be
elements of Quot(I). Then u ¢ (v-qw) = (u-qv) qw and u-qv =v -qu.
(16) For every non degenerated integral domain-like ring I and for every
element u of Quot(/) holds u -q 14(I) = v and 14(I) -q u = w.
(17) For every non degenerated integral domain-like ring I and for all elements
u, v, w of Quot(I) holds (u +qv) qw = (U -qw) +q (v -q w).
(18) For every non degenerated integral domain-like ring I and for all elements
u, v, w of Quot([) holds u -q (v +qw) = (u-qv) +q (u-qw).
(19) For every non degenerated integral domain-like ring I and for every
element u of Quot(I) holds u +4 —qu = 04(I) and —qu +q u = 04(I).
(20) Let I be a non degenerated integral domain-like ring and u be an element
of Quot([). If u # 04([1), then wu -4 ugl =14(/) and ugl qu=14(I).
(21) For every non degenerated integral domain-like ring I holds 14(I) #
0q(1).
Let I be a non degenerated integral domain-like ring. The functor +4(I)
yielding a binary operation on Quot(I) is defined as follows:
(Def. 12) For all elements u, v of Quot(I) holds (+4(I))(u, v) = u +qv.
Let I be a non degenerated integral domain-like ring. The functor -o(I) yields
a binary operation on Quot(/) and is defined as follows:
(Def. 13) For all elements u, v of Quot([) holds (-q(I))(u, v) = u -q v.
Let I be a non degenerated integral domain-like ring. The functor —q(I)
yields a unary operation on Quot(/) and is defined as follows:
(Def. 14) For every element u of Quot([) holds (—¢(I))(u) = —qu.
Let I be a non degenerated integral domain-like ring. The functor ; L)

yields a unary operation on Quot(/) and is defined as follows:

(Def. 15)  For every element u of Quot(I) holds (3'(1))(u) = ug'.

We now state a number of propositions:
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(22) For every non degenerated integral domain-like ring I and for all ele-
ments u, v, w of Quot(I) holds (+4(1))((+q(1))(u, v), w) = (+q(I))(x,
(+a(1)) (v, w)).

(23) For every non degenerated integral domain-like ring I and for all elements
u, v of Quot([l) holds (+4(1))(u, v) = (+4(1))(v, u).

(24) For every non degenerated integral domain-like ring I and for every
element u of Quot(I) holds (+4(1))(u, 0q({)) = w and (+4(I))(04(1), u) =
u.

(25) For every non degenerated integral domain-like ring I and for all elements
u, v, w of Quot(l) holds (-q(1))((-q(1))(u; v), w) = (-o(I))(u; (-o(1))(v,
w)).

(26) For every non degenerated integral domain-like ring I and for all elements
u, v of Quot(l) holds (-q(1))(u, v) = (-q(1))(v, u).

(27) For every non degenerated integral domain-like ring I and for every
element u of Quot([l) holds (-q(I))(u, 14(1)) = wand (-q(1))(14(L), u) = u.

(28) Let I be a non degenerated integral domain-like ring and w, v, w be
elements of Quot(I). Then (-(I))((+q(1))(u, v), w) = (+q(I))((-q(I))(u,
w), (-q(1))(v, w)).

(29) Let I be a non degenerated integral domain-like ring and u, v, w be
elements of Quot(7). Then (-q(1))(t, (+q(1)) (v, w)) = (+q(I))((a(1))(u,
v), (-q(1))(u, w)).

(30) Let I be anon degenerated integral domain-like ring and u be an element
of Quot(I). Then (+4(I))(u, (—q(I))(u)) = 04(I) and (+q(1))((—q(1))(u),
u) = 04(1).

(31) Let I be a non degenerated integral domain-like ring and u be an ele-
ment of Quot(I). If u # 04(I), then (-q(I))(u, (;*(1))(u)) = 14(I) and
CaMNUG (W), v) = 14(1).

3. DEFINING THE FIELD OF QUOTIENTS

Let I be a non degenerated integral domain-like ring. The field of quotients
of I yields a strict double loop structure and is defined as follows:
(Def. 16) The field of quotients of I = (Quot([l), +q(1), q(I), 14(I),04(I)).
Let I be a non degenerated integral domain-like ring. Observe that the field
of quotients of I is non empty.
The following propositions are true:
(32) Let I be a non degenerated integral domain-like ring. Then
(i)  the carrier of the field of quotients of I = Quot([),
(ii)  the addition of the field of quotients of I = +4(I),
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(iii)  the multiplication of the field of quotients of I = -¢([),
(iv)  the zero of the field of quotients of I = 04([), and
(v)  the unity of the field of quotients of I = 14([).

(33) Let I be a non degenerated integral domain-like ring and u, v be elements
of the carrier of the field of quotients of I. Then (44 (I))(u, v) is an element
of the carrier of the field of quotients of I.

(34) Let I be a non degenerated integral domain-like ring and u be an element
of the carrier of the field of quotients of 1. Then (—¢(/))(u) is an element
of the carrier of the field of quotients of I.

(35) Let I be a non degenerated integral domain-like ring and u, v be elements
of the carrier of the field of quotients of I. Then (-q(I))(u, v) is an element
of the carrier of the field of quotients of I.

(36) Let I be a non degenerated integral domain-like ring and u be an element
of the carrier of the field of quotients of 1. Then (;*(I))(u) is an element
of the carrier of the field of quotients of I.

(37) Let I be a non degenerated integral domain-like ring and u, v be elements
of the carrier of the field of quotients of I. Then u + v = (+4(I))(u, v).

Let I be a non degenerated integral domain-like ring. One can verify that the
field of quotients of I is add-associative right zeroed and right complementable.
Next we state a number of propositions:

(38) Let I be a non degenerated integral domain-like ring and u be an element
of the carrier of the field of quotients of I. Then —u = (—q(I))(u).

(39) Let I be a non degenerated integral domain-like ring and u, v be elements
of the carrier of the field of quotients of 1. Then u - v = (-q(I))(u, v).
(40) Let I be a non degenerated integral domain-like ring. Then

Lthe field of quotients of I = 1q(I) and Othe field of quotients of I = Oq(I)

(41) Let I be a non degenerated integral domain-like ring and u, v, w be
elements of the carrier of the field of quotients of I. Then (u + v) +w =
u+ (v+w).

(42) Let I be a non degenerated integral domain-like ring and u, v be elements
of the carrier of the field of quotients of I. Then u +v = v + u.

(43) Let I be a non degenerated integral domain-like ring and uw be
an element of the carrier of the field of quotients of I. Then w —+
0the field of quotients of I = U.

(44) Let I be a non degenerated integral domain-like ring and u be an
element of the carrier of the field of quotients of I. Then u + —u =
Othe field of quotients of I-

(45) Let I be a non degenerated integral domain-like ring and u be an element
of the carrier of the field of quotients of 1. Then lihe field of quotients of 7°U =
U.
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(46) Let I be a non degenerated integral domain-like ring and u, v be elements
of the carrier of the field of quotients of I. Then v -v = v - w.

(47) Let I be a non degenerated integral domain-like ring and w, v, w be
elements of the carrier of the field of quotients of I. Then (u - v) - w =
u-(v-w).

(48) Let I be a non degenerated integral domain-like ring and u be an
element of the carrier of the field of quotients of I. Suppose u #
Othe field of quotients of 7- Lhen there exists an element v of the carrier of
the field of quotients of I such that u - v = lihe field of quotients of -

(49) Let I be a non degenerated integral domain-like ring. Then the field
of quotients of I is an add-associative right zeroed right complementa-
ble Abelian commutative associative left unital distributive field-like non
degenerated non empty double loop structure.

Let I be a non degenerated integral domain-like ring. Note that the field of
quotients of I is Abelian commutative associative left unital distributive field-
like and non degenerated.

Next we state the proposition

(50) Let I be a non degenerated integral domain-like ring and x be an
element of the carrier of the field of quotients of I. Suppose =z #
Othe field of quotients of 7- Let a be an element of the carrier of I. Suppose
a # 07. Let u be an element of Q(I). Suppose = = QClass(u) and u = (a,
17). Let v be an element of Q(I). If v = (1, a), then 27! = QClass(v).

Let us observe that every add-associative right zeroed right complementable
commutative associative left unital distributive field-like non degenerated non
empty double loop structure is integral domain-like and right unital.

One can check that there exists a non empty double loop structure which
is add-associative, right zeroed, right complementable, Abelian, commutative,
associative, left unital, distributive, field-like, and non degenerated.

Let F' be a commutative associative left unital distributive field-like non
empty double loop structure and let =, y be elements of the carrier of F. The

functor % yields an element of the carrier of F' and is defined as follows:
(Def. 17) £ =z -y~ "

One can prove the following propositions:
(51) Let F be a non degenerated field-like ring and a, b, ¢, d be elements of
the carrier of F. If b # O and d # Op, then § - 5 = 77.
(52) Let F be a non degenerated field-like ring and a, b, ¢, d be elements of
the carrier of F. If b # O and d # Op, then 7 + § = %.

a-

(e}
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4. DEFINING RING HOMOMORPHISMS

Let R, S be non empty double loop structures and let f be a map from R

into S. We say that f is a ring homomorphism if and only if:
(Def. 21)!  f is additive, multiplicative, and unity-preserving.

Let R, S be non empty double loop structures. One can verify that every map
from R into S which is ring homomorphism is also additive, multiplicative, and
unity-preserving and every map from R into S which is additive, multiplicative,
and unity-preserving is also a ring homomorphism.

Let R, S be non empty double loop structures and let f be a map from R
into S. We say that f is a ring epimorphism if and only if:

(Def. 22)  f is a ring homomorphism and rng f = the carrier of S.
We say that f is a ring monomorphism if and only if:
(Def. 23) f is a ring homomorphism and one-to-one.
We introduce f is an embedding as a synonym of f is a ring monomorphism.

Let R, S be non empty double loop structures and let f be a map from R

into S. We say that f is a ring isomorphism if and only if:
(Def. 24)  f is a ring monomorphism and a ring epimorphism.

Let R, S be non empty double loop structures. Note that every map from
R into S which is ring isomorphism is also a ring monomorphism and a ring
epimorphism and every map from R into S which is ring monomorphism and
ring epimorphism is also a ring isomorphism.

We now state several propositions:

(53) For all rings R, S and for every map f from R into S such that f is a
ring homomorphism holds f(0gr) = Os.

(54) Let R, S be rings and f be a map from R into S. Suppose f is a ring
monomorphism. Let x be an element of the carrier of R. Then f(x) = 0g
if and only if x = Op.

(55) Let R, S be non degenerated field-like rings and f be a map from R into
S. Suppose f is a ring homomorphism. Let & be an element of the carrier
of R. If  # Og, then f(z71) = f(z)~1.

(56) Let R, S be non degenerated field-like rings and f be a map from R into
S. Suppose f is a ring homomorphism. Let z, y be elements of the carrier
of R. If y # Og, then f(z-y™") = f(z)- f(y)".

(57) Let R, S, T be rings and f be a map from R into S. Suppose f is
a ring homomorphism. Let g be a map from S into T. If ¢ is a ring
homomorphism, then ¢ - f is a ring homomorphism.

!The definitions (Def. 18)—(Def. 20) have been removed.



THE FIELD OF QUOTIENTS OVER AN INTEGRAL . ..

(58) For every non empty double loop structure R holds idp is a ring homo-
morphism.
Let R, S be non empty double loop structures. We say that R is embedded
in S if and only if:
(Def. 25) There exists a map from R into S which is a ring monomorphism.
Let R, S be non empty double loop structures. We say that R is ring iso-
morphic to S if and only if:
(Def. 26) There exists a map from R into S which is a ring isomorphism.

Let us note that the predicate R is ring isomorphic to S is symmetric.

5. SOME FURTHER PROPERTIES

Let I be a non empty zero structure and let =, y be elements of the carrier
of I. Let us assume that y # 07. The functor quotient(z,y) yielding an element
of Q(I) is defined as follows:

(Def. 27) quotient(z,y) = (x, y).

Let I be a non degenerated integral domain-like ring. The canonical homo-
morphism of I into quotient field is a map from I into the field of quotients of
I and is defined by the condition (Def. 28).

(Def. 28) Let z be an element of the carrier of I. Then (the canonical homomor-
phism of I into quotient field)(z) = QClass(quotient(zx, 17)).

Next we state four propositions:

(59) Let I be a non degenerated integral domain-like ring. Then the canonical
homomorphism of I into quotient field is a ring homomorphism.

(60) Let I be a non degenerated integral domain-like ring. Then the canonical
homomorphism of I into quotient field is an embedding.

(61) For every non degenerated integral domain-like ring I holds I is embed-
ded in the field of quotients of 1.

(62) Let F be a non degenerated field-like integral domain-like ring. Then F'
is ring isomorphic to the field of quotients of F'.

Let I be a non degenerated integral domain-like ring. Note that the field of
quotients of I is integral domain-like right unital and right-distributive.

One can prove the following proposition

(63) Let I be a non degenerated integral domain-like ring. Then the field of
quotients of the field of quotients of I is ring isomorphic to the field of
quotients of I.

Let I be a non empty double loop structure, let F' be a non empty double
loop structure, and let f be a map from [ into F'. We say that F' is a field of
quotients for I via f if and only if the conditions (Def. 29) are satisfied.
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(Def. 29)(i)  f is a ring monomorphism, and
(ii)  for every add-associative right zeroed right complementable Abelian

commutative associative left unital distributive field-like non degenerated
non empty double loop structure F’ and for every map f’ from I into F’
such that f’ is a ring monomorphism there exists a map h from F into F’
such that A is a ring homomorphism and h - f = f’ and for every map I’/
from F into F’ such that A’ is a ring homomorphism and »’- f = f’ holds
n = h.

Next we state two propositions:

(64) Let I be a non degenerated integral domain-like ring. Then there exi-

sts an add-associative right zeroed right complementable Abelian com-
mutative associative left unital distributive field-like non degenerated non
empty double loop structure F' and there exists a map f from [ into F
such that F' is a field of quotients for I via f.

(65) Let I be an integral domain-like ring, F', F’ be add-associative right

zeroed right complementable Abelian commutative associative left unital
distributive field-like non degenerated non empty double loop structures,
f be a map from I into F, and f’ be a map from I into F’. Suppose F is
a field of quotients for I via f and F’ is a field of quotients for I via f'.
Then F is ring isomorphic to F”.
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Summary. This article contains a definition of three classes of topological
spaces: first-countable, Frechet, and sequential. Next there are some facts about
them, that every first-countable space is Frechet and every Frechet space is se-
quential. Next section constains a formalized construction of topological space
which is Frechet but not first-countable. This article is based on [9, pp. 73-81].
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The notation and terminology used here are introduced in the following papers:
[19], 2], [15], [4], [5], [6], [11], (1], [13], [3], [12], [14], [10], [20], [21], [18], [16], [8],
[7], and [17].

1. PRELIMINARIES

One can prove the following proposition

(1) For every non empty 1-sorted structure 7" and for every sequence S of T’
holds rng S is a subset of T'.

Let T be a non empty 1-sorted structure and let S be a sequence of 1. Then
rng S is a subset of T'.
The following propositions are true:

(2) Let T be a non empty 1-sorted structure, 75 be a 1-sorted structure, and
S be a sequence of Tj. If rng .S C the carrier of T5, then S is a sequence
of Tg.

(3) For every non empty topological space T' and for every point x of 7" and
for every basis B of x holds B # 0.
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Let T be a non empty topological space and let x be a point of T'. Note that
every basis of x is non empty.
We now state a number of propositions:
(4) For every topological space T' and for all subsets A, B of T such that A
is open and B is closed holds A\ B is open.
(5) Let T be a topological structure. Suppose that
(i) Op is closed,
(ii)  Qp is closed,
(ili)  for all subsets A, B of T such that A is closed and B is closed holds
AU B is closed, and
(iv)  for every family F' of subsets of T' such that F' is closed holds (] F is
closed.
Then T is a topological space.
(6) Let T be a topological space, S be a non empty topological structure,
and f be a map from T into S. Suppose that for every subset A of S holds
A is closed iff f~'(A) is closed. Then S is a topological space.
(7) Let = be a point of the metric space of real numbers and 2/, r be real
numbers. If 2/ =  and r > 0, then Ball(z,r) = |2’ —r, 2’ 4+ r|[.
(8) Let A be a subset of R'. Then A is open if and only if for every real
number z such that x € A there exists a real number r such that » > 0
and |z —r,x 4+ r[ C A.
(9) For every sequence S of R such that for every natural number n holds
S(n) € Jn— ,n+ 1[ holds rng S is closed.
(10) For every subset B of R! such that B = N holds B is closed.
(11) Let M be a metric space, x be a point of Mgy, and ' be a point of M.
Suppose x = x’. Then there exists a basis B of = such that
(i) B ={Ball(z/,1);n ranges over natural numbers: n # 0},
(i) B is countable, and
(ili)  there exists a function f from N into B such that for every set n
such that n € N there exists a natural number n’ such that n = n’ and
f(n) = Ball(a/, n%ﬂ)
For all functions f, g holds rng(f+-g) = f°(dom f \ dom g) Urngg.
For all sets A, B such that B C A holds (id4)°B = B.
For all sets B, z holds dom(B —— z) = B.
For all sets A, B, x holds dom(idg+-(B — x)) = AU B.
For all sets A, B, x such that B # () holds rng(ida+(B +— x)) =
(A\ B)U{z}.
(17) TFor all sets A, B, C, z such that C C A holds (ida+:(B +— x))~1(C\
{z}) = C\ B\ {x}.
(18) For all sets A, B, x such that = ¢ A holds (ida+-(B — z))"'({z}) = B.

(12
(13
(14
(15
(16

~— — ~— ~— ~—
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(19) For all sets A, B, C, x such that C C A and = ¢ A holds (ida+-(B +—
r))"YCuU{r})=CUB.

(20) For all sets A, B, C, x such that C C A and = ¢ A holds (ids+(B —
) HC\{z}) =C\ B.

2. FIRST-COUNTABLE, SEQUENTIAL, AND FRECHET SPACES

Let T be a non empty topological structure. We say that T is first-countable
if and only if:
(Def. 1) For every point = of T holds there exists a basis of x which is countable.
The following two propositions are true:
(21) For every metric space M holds My, is first-countable.
(22) R! is first-countable.

Let us note that R is first-countable.

Let T be a topological structure, let S be a sequence of T', and let x be a
point of T. We say that S is convergent to z if and only if the condition (Def. 2)
is satisfied.

(Def. 2) Let Uy be a subset of T'. Suppose U; is open and x € Uj. Then there
exists a natural number n such that for every natural number m such that
n < m holds S(m) € U;.
The following proposition is true

(23) Let T be a non empty topological structure, x be a point of 7', and S be
a sequence of T. If S = N +—— z, then S is convergent to x.

Let T be a topological structure and let .S be a sequence of 7. We say that
S is convergent if and only if:

(Def. 3) There exists a point x of 7" such that S is convergent to .

Let T be a non empty topological structure and let S be a sequence of T'.
The functor Lim S yields a subset of 1" and is defined as follows:

(Def. 4) For every point x of T holds z € Lim S iff S is convergent to x.

Let T be a non empty topological structure. We say that T is Frechet if and
only if the condition (Def. 5) is satisfied.

(Def. 5) Let A be a subset of T and x be a point of T. If z € A, then there exists
a sequence S of T such that rng S C A and x € Lim S.

Let T be a non empty topological structure. We say that T is sequential if
and only if the condition (Def. 6) is satisfied.

(Def. 6) Let A be a subset of T. Then A is closed if and only if for every sequence
S of T such that S is convergent and rng.S C A holds Lim S C A.

The following proposition is true
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(24) For every non empty topological space T' such that T is first-countable
holds T is Frechet.

Let us observe that every non empty topological space which is first-countable
is also Frechet.
We now state four propositions:

(25) R! is Frechet.

(26) Let T be a non empty topological space and A be a subset of T'. Suppose
A is closed. Let S be a sequence of T'. If S is convergent and rng S C A,
then Lim S C A.

(27) Let T be a non empty topological space. Suppose that for every subset
A of T such that for every sequence S of T' such that .S is convergent and
rng S C A holds Lim S C A holds A is closed. Then T is sequential.

(28) For every non empty topological space T" such that 7" is Frechet holds T
is sequential.

Let us mention that every non empty topological space which is Frechet is
also sequential.
Next we state the proposition
(29) R! is sequential.

3. COUNTEREXAMPLE OF FRECHET BUT NOT FIRST-COUNTABLE SPACE

1

The strict non empty topological space R, is defined by the conditions

/N
(Def. 7).
(Def. 7)(i) The carrier of R}N = (R\N)U{R}, and
(ii)  there exists a map f from R! into R}N such that f = idg+(N — R)

and for every subset A of R}N holds A is closed iff f~1(A) is closed.

We now state several propositions:

(30) R is a point of R}N.

(31) Let A be a subset of R}N. Then A is open and R € A if and only
if there exists a subset O of R! such that O is open and N C O and
A= (O\N)U({R}.

(32) For every set A holds A is a subset of R}N and R ¢ A iff A is a subset
of R* and NN A = 0.

(33) Let A be a subset of R and B be a subset of R}N.
NN A=(and A is open iff R ¢ B and B is open.

(34) For every subset A of R}N such that A = {R} holds A is closed.

If A = B, then
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(35) R}N is not first-countable.
(36) R}N is Frechet.

(37) It is not true that for every non empty topological space T such that T’
is Frechet holds T is first-countable.

4. AUXILIARY THEOREMS

Next we state three propositions:
1 1_1
(39) For every real number r there exists a natural number n such that r < n.

(40) For every real number r such that r > 0 there exists a natural number
n such that % < r and n # 0.
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Summary. An attempt to use the Times macro, [2], was the origin of
writing this article. First, the semantics of the macro composition as developed
in [23, 3, 4] is extended to the case of macro instructions which are not always
halting. Next, several functors extending the memory handling for SCMFsga, [18],
are defined; they are convenient when writing more complicated programs. After
this preparatory work, we define a macro instruction computing the Fibonacci
sequence (see the SCM program computing the same sequence in [10]) and prove
its correctness. The semantics of the Times macro is given in [2] only for the case
when the iterated instruction is parahalting; this is remedied in [17].
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The notation and terminology used in this paper are introduced in the following
papers: [16], [21], [19], [27], [5], [7], [15], [12], [14], [13], [11], [25], [6], [9], [28],
(23], 3], [4], [1], [24], [22], [8], [18], [26], and [20].

1. GooD INSTRUCTIONS AND GOOD MACRO INSTRUCTION

Let ¢ be an instruction of SCMpgs. We say that ¢ is good if and only if:
(Def. 1) Macro(i) is good.
Let a be a read-write integer location and let b be an integer location. One
can check the following observations:

* a:=b is good,

!This work was partially supported by NSERC Grant OGP9207 and NATO CRG 951368.
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* AddTo(a,b) is good,

*  SubFrom(a,b) is good, and

*  MultBy(a,b) is good.

Let us note that there exists an instruction of SCMpgs which is good and
parahalting.

Let a, b be read-write integer locations. Observe that Divide(a, b) is good.

Let [ be an instruction-location of SCMpga. One can verify that goto [ is
good.

Let a be an integer location and let [ be an instruction-location of SCMpga .
Note that if ¢ = 0 goto [ is good and if a > 0 goto [ is good.

Let a be an integer location, let f be a finite sequence location, and let b be
a read-write integer location. One can check that b:=f, is good.

Let f be a finite sequence location and let b be a read-write integer location.
One can verify that b:=lenf is good.

Let f be a finite sequence location and let a be an integer location. One can
check that f:=(0,...,0) is good. Let b be an integer location. Note that f,:=b

——

a
is good.

Let us note that there exists an instruction of SCMpgga which is good.

Let i be a good instruction of SCMpga. Note that Macro() is good.

Let 4, j be good instructions of SCMpga. Note that ;5 is good.

Let i be a good instruction of SCMpga and let I be a good macro instruc-
tion. Note that i;7 is good and I;i is good.

Let a, b be read-write integer locations. Note that swap(a, b) is good.

Let I be a good macro instruction and let a be a read-write integer location.
One can verify that Times(a, I) is good.

One can prove the following proposition

(1) For every integer location a and for every macro instruction I such that
a ¢ UsedIntLoc(I) holds I does not destroy a.

2. COMPOSITION OF NON-PARAHALTING MACRO INSTRUCTIONS

For simplicity, we use the following convention: s, S denote states of SCMrgga,
I, J denote macro instructions, I; denotes a good macro instruction, ¢ denotes a
good parahalting instruction of SCMgga, j denotes a parahalting instruction of
SCMyrgga, a, b denote integer locations, and f denotes a finite sequence location.
We now state a number of propositions:
(2) (I+-Start-At(insloc(0)))[D = 0, where
D = Int-Locations U FinSeq-Locations.
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(3) If I is halting on Initialize(S) and closed on Initialize(S) and J is closed
on IExec(I,S), then I;J is closed on Initialize(.S).

(4) If I is halting on Initialize(S) and J is halting on IExec([,S) and I is
closed on Initialize(S) and J is closed on IExec(1,S), then I;J is halting
on Initialize(S).

(5) Suppose I is closed on s and I+-Start-At(insloc(0)) C s and s is
halting. Let m be a natural number. Suppose m < LifeSpan(s). Then
(Computation(s))(m) and (Computation(s+-(I;J)))(m) are equal outside
the instruction locations of SCMFpga .

(6) Suppose I; is halting on Initialize(s) and J is halting on IExec(I1,s)
and I; is closed on Initialize(s) and J is closed on IExec(Iy,s).
Then LifeSpan(s+- Initialized(/;J)) = LifeSpan(s+- Initialized(;)) + 1+
LifeSpan(Result(s+- Initialized(I;))+- Initialized(J)).

(7) Suppose I; is halting on Initialize(s) and J is halting on IExec(Iy,s)
and I; is closed on Initialize(s) and J is closed on IExec(l,s). Then
[Exec(l1;J,5) = IExec(J,1Exec(l1,s))+- Start-At(ICigxec( s 1Exec(l1,5)) +
card I1).

(8) Suppose that

(i) I is parahalting, or halting on Initialize(s), or closed on Initialize(s),
and

(ii) J is parahalting, or halting on IExec(I1,s), or closed on IExec(Iy, s).
Then (IExec(I1;J, s))(a) = (IExec(J, IExec(11, s)))(a).

(9) Suppose that

(i) I is parahalting, or halting on Initialize(s), or closed on Initialize(s),
and

(ii)  J is parahalting, or halting on IExec([1, s), or closed on IExec([y, s).
Then (IExec(I1;J,s))(f) = (IExec(J,IExec(I1,s)))(f)-

(10) Suppose that
(i) I is parahalting, or halting on Initialize(s), or closed on Initialize(s),
and
(ii)  J is parahalting, or halting on IExec([1, s), or closed on IExec([y, s).
Then IExec(l1;J,s)[D = IExec(J,1Exec(l1,s))[D, where D =
Int-Locations U FinSeq-Locations.
(11) If I; is parahalting, or closed on Initialize(s), or halting on
Initialize(s), then Initialize(IExec(I,s))[D = IExec(Iy, s)[D, where D =
Int-Locations U FinSeq-Locations.

(12) 1If I is parahalting, or halting on Initialize(s), or closed on Initialize(s),
then (IExec(I1;], s))(a) = (Exec(j, [Exec(I1,s)))(a).

(13) 1If I is parahalting, or halting on Initialize(s)

)

then (IExec(I1;j,s))(f) = (Exec(j, IExec([y, s

®»w ~ »

or closed on Initialize(s),

)(F).

~—



88 PIOTR RUDNICKI

(14) If I; is parahalting, or halting on Initialize(s), or closed on
Initialize(s), then IExec(I1;j,s)[D = Exec(j, IExec(I1,s))[D, where D =
Int-Locations U FinSeq-Locations.

(15) If J is parahalting, or halting on Exec(7, Initialize(s)), or closed on
Exec(i, Initialize(s)), then (IExec(i;J,s))(a) =
(IExec(J, Exec(i, Initialize(s))))(a).

(16) If J is parahalting, or halting on Exec(7, Initialize(s)), or closed on
Exec(i, Initialize(s)), then (IExec(i;J,s))(f) =
(IExec(J, Exec(i, Initialize(s))))(f).

(17) If J is parahalting, or halting on Exec(7, Initialize(s)), or closed on
Exec(i, Initialize(s)), then IExec(i;J, s) [ D = IExec(J, Exec(7, Initialize(s)))
D, where D = Int-Locations U FinSeq-Locations.

3. MEMORY ALLOCATION

In the sequel L is a finite subset of Int-Locations and m, n are natural
numbers.

Let d be an integer location. Then {d} is a subset of Int-Locations. Let e
be an integer location. Then {d, e} is a subset of Int-Locations. Let f be an
integer location. Then {d, e, f} is a subset of Int-Locations. Let g be an integer
location. Then {d, e, f, g} is a subset of Int-Locations.

Let L be a finite subset of Int-Locations. The functor RWNotIn-seq L yields
a function from N into 2N and is defined by the conditions (Def. 2).

(Def. 2)(i) (RWNotIn-seq L)(0) = {k; k ranges over natural numbers: intloc(k) ¢
L ANk #0},

(ii)  for every natural number i and for every non empty subset s; of N
such that (RWNotIn-seq L)(i) = s; holds (RWNotIn-seq L)(i + 1) = 51\
{min s; }, and

(iii)  for every natural number ¢ holds (RWNotlIn-seq L)(7) is infinite.

Let L be a finite subset of Int-Locations and let n be a natural number. Note

that (RWNotIn-seq L)(n) is non empty.

One can prove the following propositions:

(18) 0 ¢ (RWNotln-seqL)(n) and for every m such that m €
(RWNotIn-seq L)(n) holds intloc(m) ¢ L.

(19) min(RWNotlIn-seq L)(n) < min(RWNotIn-seq L)(n + 1).

(20) If n < m, then min(RWNotIn-seq L)(n) < min(RWNotIn-seq L)(m).

Let n be a natural number and let L be a finite subset of Int-Locations. The
functor n*"-RWNotIn(L) yields an integer location and is defined as follows:

(Def. 3) n'"-RWNotIn(L) = intloc(min(RWNotIn-seq L)(n)).
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We introduce 1%*-RWNotIn(L), 2"-RWNotIn(L), 3"4-RWNotIn(L) as syno-
nyms of n'"-RWNotIn(L).

Let n be a natural number and let L be a finite subset of Int-Locations. One
can verify that n'®™-RWNotIn(L) is read-write.

We now state two propositions:
(21) n*"-RWNotIn(L) ¢ L.
(22) If n # m, then n'"-RWNotIn(L) # m'""-RWNotIn(L).

Let n be a natural number and let p be a programmed finite partial state
of SCMrgy. The functor n''-NotUsed(p) yielding an integer location is defined
by:

(Def. 4) n'"-NotUsed(p) = n'"-RWNotIn(UsedIntLoc(p)).
We introduce 1%*-NotUsed(p), 2°4-NotUsed(p), 3"4-NotUsed(p) as synonyms of
n'"-NotUsed(p).

Let n be a natural number and let p be a programmed finite partial state of
SCMrga. Observe that n'"-NotUsed(p) is read-write.

4. A MACRO FOR THE FIBONACCI SEQUENCE

One can prove the following proposition
(23) a € UsedIntLoc(swap(a, b)) and b € UsedIntLoc(swap(a, b)).

Let N, r1 be integer locations. The functor Fib_macro(N, r1) yielding a ma-
cro instruction is defined by:

(Def. 5) Fib_macro(N,r1) =
(N1:=N);
SubFrom(rq,r1);
(n1:=1ntloc(0));

(a1:=Ny1);
Times(a;, AddTo(r1, n1); swap(r1,n1));
(NZ:Nl),

where N1 = 2"-RWNotIn(UsedIntLoc(swap(ri,n1))), n1 = 1°*-RWNotIn
({N,r1}), and a; = 15*-RWNotIn(UsedIntLoc(swap(ry, n1))).
Next we state the proposition

(24) Let N, r; be read-write integer locations. Suppose N # r1. Let n be
a natural number. If n = s(N), then (IExec(Fib_macro(N,r1),s))(r1) =
Fib(n) and (IExec(Fib_macro(N,r1),s))(N) = s(N).
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Summary. An attempt to use the while macro, [14], was the origin of wri-
ting this article. The while semantics, as given by J.-C. Chen, is slightly extended
by weakening its correctness conditions and this forced a quite straightforward
remake of a number of theorems from [14]. Numerous additional properties of
the while macro are then proven. In the last section, we define a macro instruc-
tion computing the fusc function (see the SCM program computing the same
function in [10]) and prove its correctness.

MML Identifier: SCMFSA9A.

The papers [17], [15], [21], [19], [26], [7], [11], [12], [13], [24], [6], [29], [9], [27],
28], [4], [5], [3], [1], [2], (23], [22], [14], [8], [16], [18], [25], and [20] provide the

notation and terminology for this paper.

1. ARITHMETIC PRELIMINARIES

We follow the rules: k, m, n are natural numbers, 7, j are integers, and r is
a real number.
The scheme MinPred deals with a unary functor F yielding a natural number
and a unary predicate P, and states that:
There exists k such that P[k] and for every n such that P[n] holds
k<n
provided the parameters meet the following condition:
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e For every k holds F(k+ 1) < F(k) or P[k].
We now state several propositions:
n is odd iff there exists a natural number k such that n =2k + 1.
If 0 <r, then 0 < |r].
If 0 < n, then 0 < (m qua integer) +n.
IfO<iand 1< j, theni—+j <i.

~~ I~ I/~~~
— — — ~— —

If 0 < n, then (m qua integer) +n = m-+n and (m qua integer) modn =
m mod n.

2. SCMgga PRELIMINARIES

In the sequel [ is an instruction-location of SCMpga and 7 is an instruction
of SCMFpga.
Next we state several propositions:

(6) Let N be a non empty set with non empty elements, S be a hal-
ting von Neumann definite AMI over N, s be a state of S, and k
be a natural number. If Curlnstr((Computation(s))(k)) = haltg, then
(Computation(s))(LifeSpan(s)) = (Computation(s))(k).

(7) UsedIntLoc(l——1i) = UsedIntLoc(7).
(8) UsedInt* Loc(l——i) = UsedInt* Loc(4).
(9) UsedIntLoc(Stopgonpg,) = 9-

(10) UsedInt* Loc(Stopscnps, ) = 0-

(11) UsedIntLoc(Goto(l)) = 0.

(12) UsedInt* Loc(Goto(l)) = 0.

For simplicity, we use the following convention: s, s1, s9 are states of SCMpga,
a is a read-write integer location, b is an integer location, f is a finite sequence
location, I, J are macro instructions, I; is a good macro instruction, and ¢, j,
k are natural numbers.

The following four propositions are true:

(13) UsedIntLoc(if b = 0 then [ else J) = {b} U UsedIntLoc(I) U
UsedIntLoc(J).

(14) For every integer location a holds UsedInt® Loc(if @ = 0 then [ else J) =
UsedInt* Loc(I) U UsedInt* Loc(J).

(15) UsedIntLoc(if b > 0 then [ else J) = {b} U UsedIntLoc(l) U
UsedIntLoc(J).

(16) UsedInt* Loc(if b > 0 then I else J) = UsedInt* Loc(/)UUsedInt™ Loc(J).
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3. THE while=0 MACRO INSTRUCTION

Next we state two propositions:
(17) UsedIntLoc(while b = 0 do I) = {b} U UsedIntLoc([).
(18) UsedInt* Loc(while b = 0 do I) = UsedInt* Loc(I).

Let s be a state of SCMpgga, let a be a read-write integer location, and let
I be a macro instruction. The predicate ProperBodyWhile=0(a, I, s) is defined
as follows:

(Def. 1) For every natural number k such that (Step While=0(a,I,s))(k)(a) =
0 holds I is closed on (StepWhile=0(a,I,s))(k) and halting on

(Step While=0(a, I, s))(k).
The predicate WithVariantWhile=0(a, I, s) is defined by the condition (Def. 2).

(Def. 2) There exists a function f from [] (the object kind of SCMpg, ) into N
such that for every natural number k holds f((Step While=0(a,I,s))(k +
1)) < f((StepWhile=0(a, I, s))(k)) or (Step While=0(a, I, s))(k)(a) # 0.
We now state several propositions:

(19) For every parahalting macro instruction I holds
ProperBodyWhile=0(a, I, s).

(20) If ProperBodyWhile=0(a, I, s) and WithVariantWhile=0(a, I, s), then
while a = 0 do I is halting on s and while a = 0 do I is closed on s.

(21) For every parahalting macro instruction I such that
WithVariantWhile=0(a, I, s) holds while a = 0 do I is halting on s and
while ¢ = 0 do [ is closed on s.

(22) If (while a = 0 do I)+-S1 C s and s(a) # 0, then LifeSpan(s) = 4 and
for every natural number k holds (Computation(s))(k)[D = s[D, where
S1 = Start-At(insloc(0)) and D = Int-Locations U FinSeqg-Locations.

(23) If I is closed on s and halting on s and s(a) = 0, then
(Computation(s+-((while a = 0 do I)+-S1)))(LifeSpan(s+-(I+-S1)) +
3)[D = (Computation(s+-(I+-S51)))(LifeSpan(s+-(I+-51)))[D, where
S1 = Start-At(insloc(0)) and D = Int-Locations U FinSeqg-Locations.

(24) If (StepWhile=0(a,I,s))(k)(a) # 0, then (Step While=0(a,I,s))(k +
1)ID = (Step While=0(a, I, s))(k)[D,
where D = Int-Locations U FinSeq-Locations.

(25) Suppose [ is halting on Initialize((Step While=0(a, I, s))(k)), closed on
Initialize((Step While=0(a, I, s))(k)), and parahalting and
(Step While=0(a, I, s))(k)(a) = 0 and (Step While=0(a, I, s))(k)(intloc(0)) =
1. Then (Step While=0(a, I, s))(k+1)[ D = IExec(I, (Step While=0(a, I, s))
(k))ID, where D = Int-Locations U FinSeq-Locations.
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(26) If ProperBodyWhile=0(a, I1, s) or I is parahalting and if s(intloc(0)) =
1, then for every k holds (Step While=0(a, I1, s))(k)(intloc(0)) = 1.

(27) If ProperBodyWhile=0(a,,s;) and s;[D = s3]D, then for every
k holds (StepWhile=0(a,I,s1))(k)[D = (StepWhile=0(a,I,s2))(k)|D,
where D = Int-Locations U FinSeq-Locations.

Let s be a state of SCMpgga, let a be a read-write integer location, and let
I be a macro instruction. Let us assume that ProperBodyWhile=0(a, I, s) or [ is
parahalting and WithVariantWhile=0(a, I, s). The functor EzitsAt While=0(a, I, s)
yielding a natural number is defined by the condition (Def. 3).
(Def. 3) There exists a natural number & such that
(i)  ExitsAtWhile=0(a, I, s) = k,
(ii)  (StepWhile=0(a,I,s))(k)(a) # 0,
(iii)  for every natural number ¢ such that (Step While=0(a, I,s))(i)(a) # 0
holds k£ < i, and
(iv)  (Computation(s+-((while a = 0 do I)+-57)))(LifeSpan(s+-((while a =
0 do I)+-51)))ID = (Step While=0(a, I, s))(k)[D,
where S = Start-At(insloc(0)) and D = Int-Locations U FinSeq-Locations.
One can prove the following two propositions:

(28) If s(intloc(0)) = 1 and s(a) # 0, then IExec(while a = 0 do I,s)[D =
s[D, where D = Int-Locations U FinSeq-Locations.

(29) If ProperBodyWhile=0(a, I, Initialize(s)) or I is parahalting and if
WithVariantWhile=0(a, I, Initialize(s)), then IExec(while a = 0 do I, s)[D
= (Step While=0(a, I, Initialize(s)))( ExitsAt While=0(a, I, Initialize(s)))[ D,
where D = Int-Locations U FinSeq-Locations.

4. THE while>0 MACRO INSTRUCTION

The following propositions are true:
(30) UsedIntLoc(while b > 0 do I) = {b} U UsedIntLoc([).
(31) UsedInt® Loc(while b > 0 do I) = UsedInt* Loc(]).
Let s be a state of SCMgga, let a be a read-write integer location, and let

I be a macro instruction. The predicate ProperBodyWhile>0(a, I, s) is defined
as follows:

(Def. 4) For every natural number k such that (Step While>0(a,I,s))(k)(a) >
0 holds I is closed on (StepWhile>0(a,I,s))(k) and halting on
(StepWhile>0(a, I, s))(k).

The predicate WithVariantWhile>0(a, I, s) is defined by the condition (Def. 5).
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(Def. 5) There exists a function f from [] (the object kind of SCMpgga ) into N
such that for every natural number k holds f((Step While>0(a,I,s))(k +
1)) < f((StepWhile>0(a,1,s))(k)) or (StepWhile>0(a,1,s))(k)(a) < 0.
Next we state several propositions:

(32) For every parahalting macro instruction I holds
ProperBodyWhile>0(a, I, s).

(33) If ProperBodyWhile>0(a, I,s) and WithVariantWhile>0(a, I, s), then
while a > 0 do I is halting on s and while a > 0 do I is closed on s.

(34) For every parahalting macro instruction I such that
WithVariantWhile>0(a, I, s) holds while a > 0 do I is halting on s and
while ¢ > 0 do [ is closed on s.

(35) If (while a > 0 do I)+-S1 C s and s(a) < 0, then LifeSpan(s) = 4 and
for every natural number k holds (Computation(s))(k)[D = s[D, where
S; = Start-At(insloc(0)) and D = Int-Locations U FinSeq-Locations.

(36) If I is closed on s and halting on s and s(a) > 0, then
(Computation(s+-((while a > 0 do I)+-S1)))(LifeSpan(s+-(I+-S1)) +
3)[D = (Computation(s+-(I+-S1)))(LifeSpan(s+-(I+-S1)))[D, where
S1 = Start-At(insloc(0)) and D = Int-Locations U FinSeg-Locations.

(37) If (StepWhile>0(a,I,s))(k)(a) < 0, then (StepWhile>0(a,I,s))(k +
1)ID = (StepWhile>0(a,I,s))(k)] D, where D =
Int-Locations U FinSeq-Locations.

(38) Suppose [ is halting on Initialize((Step While>0(a, I, s))(k)), closed on
Initialize((Step While>0(a, I, s))(k)), and parahalting and (Step While>0
(a,1,s))(k)(a) > 0 and (Step While>0(a, I, s))(k)(intloc(0)) = 1.

Then (Step While>0(a, I,s))(k+ 1)[D = IExec(I, (Step While>0(a, I, s))
(k))ID, where D = Int-Locations U FinSeq-Locations.

(39) If ProperBodyWhile>0(a, I1, s) or I is parahalting and if s(intloc(0)) =
1, then for every k holds (Step While>0(a, I1, s))(k)(intloc(0)) = 1.

(40) If ProperBodyWhile>0(a,I,s;) and s1[D = so|D, then for every
k holds (Step While>0(a,I,s1))(k)ID = (StepWhile>0(a,I,s2))(k)[D,
where D = Int-Locations U FinSeq-Locations.

Let s be a state of SCMgga, let a be a read-write integer location, and let
I be a macro instruction. Let us assume that ProperBodyWhile>0(a, I, s) or I
is parahalting and WithVariantWhile>0(a, I, s).

The functor EzitsAtWhile>0(a, I, s) yields a natural number and is defined
by the condition (Def. 6).

(Def. 6) There exists a natural number k such that
(i)  EzitsAtWhile>0(a,I,s) =k,
(ii)  (StepWhile>0(a,I,s))(k)(a) <0,
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(iii)  for every natural number i such that (Step While>0(a,I,s))(i)(a) <0
holds k < i, and

(iv)  (Computation(s+-((while a > 0 do I)+-5;)))(LifeSpan(s+-((while a >
0 do I)+-51)))ID = (Step While>0(a, I, s))(k)[D,
where S; = Start-At(insloc(0)) and D = Int-Locations U FinSeq-Locations.

Next we state several propositions:

(41) If s(intloc(0)) = 1 and s(a) < 0, then IExec(while a > 0 do I,s)[D =
s|D, where D = Int-Locations U FinSeq-Locations.

(42) If ProperBodyWhile>0(a, I, Initialize(s)) or I is parahalting and if
WithVariantWhile>0(a, I, Initialize(s)), then IExec(while a > 0 do I, s)[D
= (Step While>0(a, I, Initialize(s)))( ExitsAt While> 0 (a, I, Initialize(s)))[ D,
where D = Int-Locations U FinSeq-Locations.

(43) If (StepWhile>0(a,I,s))(k)(a) < 0, then for every natural num-
ber n such that & < n holds (StepWhile>0(a,I,s))(n)|D =
(Step While>0(a, I, s))(k)[D, where D = Int-Locations U FinSeq-Locations.

(44) 1If s1[D = s2| D and ProperBodyWhile>0(a, I, s1), then
ProperBodyWhile>0(a, I, s2), where D = Int-Locations U FinSeq-Locations.

(45) Suppose s(intloc(0)) = 1 and ProperBodyWhile>0(a,I;,s) and
WithVariantWhile>0(a, I1,s). Let given i, j. Suppose i # j and
i < ErxitsAtWhile>0(a,I1,s) and j <  EzitsAtWhile>0(a,I1,s).
Then (Step While>0(a,I1,s))(i) # (StepWhile>0(a,I1,s))(j) and
(StepWhile>0(a, I1,s))(i)[ D # (Step While>0(a, 11, s))(j) [ D, where D =

Int-Locations U FinSeq-Locations.

Let f be a function from [] (the object kind of SCMpgya) into N. We say
that f is on data only if and only if:

(Def. 7) For all sq, s2 such that s1[D = s3[D holds f(s1) = f(s2), where D =
Int-Locations U FinSeq-Locations.

We now state two propositions:

(46) Suppose s(intloc(0)) = 1 and ProperBodyWhile>0(a,I;,s) and
WithVariantWhile>0(a, I1, s). Then there exists a function f from [] (the
object kind of SCMpgp) into N such that f is on data only and
for every natural number k holds f((Step While>0(a,I1,s))(k + 1)) <
f((StepWhile>0(a, I, s))(k)) or (StepWhile>0(a, I1,s))(k)(a) < 0.

(47) If si(intloc(0)) = 1 and s;[D = s2[D and ProperBodyWhile>0(a, I3, s1)
and WithVariantWhile>0(a, I1, s1), then WithVariantWhile>0(a, I1, s2),
where D = Int-Locations U FinSeq-Locations.
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5. A MACRO FOR THE fusc FUNCTION

Let N, r1 be integer locations. The functor Fusc_macro(N, r1) yields a macro

instruction and is defined as follows:
(Def. 8) Fusc_macro(N,r) =

SubFrom(rq,r1);
(n1:=intloc(0));

(a1:=N);

(while a; > 0 do
((r2:=2);

Divide(ay,72);

(if 7o = 0 then
Macro(AddTo(ny,r1)) else
Macro(AddTo(r1,n1))))),
where n; = 15 -RWNotIn({N,r1}), a1 = 2"-RWNotIn({N,71}), and ry =
3" _RWNotIn({N,r}).

One can prove the following proposition

(48) Let N, r; be read-write integer locations. Suppose N # ri. Let n be

a natural number. If n = s(N), then (IExec(Fusc_macro(N,r1),s))(r1) =
Fusc(n) and (IExec(Fusc_macro(N,r1),s))(N) = n.
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Summary. The semantics of the times macro is given in [2] only for the
case when the body of the macro is parahalting. We remedy this by defining
a new times macro instruction in terms of while (see [9, 13]). The semantics
of the new times macro is given in a way analogous to the semantics of while
macros. The new times uses an anonymous variable to control the number of its
executions. We present two examples: a trivial one and a remake of the macro
for the Fibonacci sequence (see [12]).

MML Identifier: SFMASTR2.

The terminology and notation used in this paper are introduced in the following
articles: [11], [16], [21], [6], [8], [19], [5], [7], [10], [22], (3], [4], [1], [18), [17], [12].
[14], [20], and [15].

1. SCMpgpa PRELIMINARIES

For simplicity, we follow the rules: s, s1, so denote states of SCMpga, a,
b denote integer locations, d denotes a read-write integer location, f denotes a
finite sequence location, I denotes a macro instruction, J denotes a good macro
instruction, and k£ denotes a natural number.
One can prove the following propositions:
(1) If I is closed on Initialize(s) and halting on Initialize(s) and b ¢
UsedIntLoc(]), then (IExec(I, s))(b) = (Initialize(s))(b).
(2) If I is closed on Initialize(s) and halting on Initialize(s) and f ¢
UsedInt* Loc(]), then (IExec(, s))(f) = (Initialize(s))(f).
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(3) Suppose I is closed on Initialize(s), halting on Initialize(s), and parahal-
ting but s(intloc(0)) = 1 or a is read-write but a ¢ UsedIntLoc(I). Then
(IExec(1, s))(a) = s(a).

(4) If s(intloc(0)) = 1, then I is closed on s iff I is closed on Initialize(s).

(5) If s(intloc(0)) = 1, then I is closed on s and halting on s iff I is closed
on Initialize(s) and halting on Initialize(s).

(6) Let I; be a subset of Int-Locations and F; be a subset of
FinSeq-Locations. Then s;[([1 U F1) = so[(f; U F1) if and only if the
following conditions are satisfied:

(i)  for every integer location x such that x € I; holds s1(z) = s2(x), and

(ii)  for every finite sequence location x such that z € Fj holds si(x) =
s9(x).

(7) Let I be a subset of Int-Locations. Then s;[(/; U FinSeq-Locations) =
s2[(I1 U FinSeq-Locations) if and only if the following conditions are sa-
tisfied:

(i) for every integer location x such that x € I; holds s1(z) = s2(x), and

(ii)  for every finite sequence location x holds s1(z) = sa(x).

2. ANOTHER times MACRO INSTRUCTION

Let a be an integer location and let I be a macro instruction. The functor
times(a, I) yields a macro instruction and is defined by:
(Def. 1) times(a,I) = (a1:=a);(while a; > 0 do (/;SubFrom(ay, intloc(0)))),
where a; = 15" -RWNotIn({a} U UsedIntLoc([)).
We introduce atimesI as a synonym of times(a, I).
Next we state two propositions:
(8) {b} U UsedIntLoc(I) C UsedIntLoc(times(b, I)).
(9) UsedInt® Loc(times(b, I')) = UsedInt™ Loc(I).
Let I be a good macro instruction and let a be an integer location. Observe
that times(a, I) is good.
Let s be a state of SCMpga, let I be a macro instruction, and let a be an
integer location. The functor StepTimes(a,I,s) yields a function from N into
I ] (the object kind of SCMpga ) and is defined by:
(Def. 2) StepTimes(a, I, s) = Step While>0(ay, I;SubFrom(ay, intloc(0)),
Exec(a;:=a, Initialize(s))),
where a; = 15 -RWNotIn({a} U UsedIntLoc([)).
Next we state several propositions:
(10) (StepTimes(a, J,s))(0)(intloc(0)) = 1.
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(11) If s(intloc(0)) = 1 or a is read-write, then (StepTimes(a, J, s))
(0)(1%*-RWNotIn({a} U UsedIntLoc(J))) = s(a).

(12) Suppose (StepTimes(a, J,s))(k)(intloc(0)) = 1 and J is closed on
(StepTimes(a, J,s))(k) and halting on (StepTimes(a,.J,s))(k). Then
(StepTimes(a, J, s))(k + 1)(intloc(0)) = 1 and if (StepTimes(a, J, s))(k)
(15* - RWNotIn({a}UUsedIntLoc(.J))) > 0, then (StepTimes(a, J, s))(k+1)
(15* -RWNotIn({a} U UsedIntLoc(J))) = (StepTimes(a, J, s))(k)

(15* -RWNotIn({a} U UsedIntLoc(J))) — 1.

(13) 1If s(intloc(0)) = 1 or a is read-write, then (StepTimes(a, I, s))(0)(a) =
s(a).

(14) (StepTimes(a, I, s))(0)(f) = s(f).

Let s be a state of SCMpgga, let a be an integer location, and let I be a
macro instruction. We say that ProperTimesBody a, I, s if and only if:
(Def. 3) For every natural number k such that k& < s(a) holds I is closed on
(StepTimes(a, I, s))(k) and halting on (StepTimes(a, I, s))(k).
One can prove the following propositions:

(15) If I is parahalting, then ProperTimesBody a, I, s.

(16) If ProperTimesBody a, J, s, then for every k such that k£ < s(a) holds
(StepTimes(a, J, s))(k)(intloc(0)) = 1.

(17) Suppose s(intloc(0)) = 1 or a is read-write but ProperTimesBody a, J, s.
Let given k. If k < s(a), then (StepTimes(a, J, s))(k)(15* -RWNotIn({a} U
UsedIntLoc(J))) + k = s(a).

(18) Suppose ProperTimesBody a, J, s but 0 < s(a) but s(intloc(0)) = 1 or
a is read-write. Let given k. If k > s(a), then (StepTimes(a, J, s))(k)

(1°* -RWNotIn({a} U UsedIntLoc(J))) = 0 and (StepTimes(a, J, s))
(k)(intloc(0)) = 1.

(19) If s(intloc(0)) = 1, then (StepTimes(a,I,s))(0)[(UsedIntLoc(l) U
FinSeq-Locations) = s|(UsedIntLoc(/) U FinSeqg-Locations).

(20) Suppose (StepTimes(a,J,s))(k)(intloc(0)) = 1 and J is halting on

Initialize((StepTimes(a, J, s))(k)) and closed on Initialize((StepTimes(a, J, s))

(k)) and (StepTimes(a, J, s))(k)(15* -RWNotIn({a}UUsedIntLoc(.J))) > 0.
Then (StepTimes(a,J,s))(k + 1)[(UsedIntLoc(J) U FinSeq-Locations) =
IExec(J, (StepTimes(a, J, s))(k))[(UsedIntLoc(J) U FinSeq-Locations).

(21) Suppose ProperTimesBody a, J, s or J is parahalting but
k< s(a) but s(intloc(0)) = 1 or a is read-write. Then
(StepTimes(a, J,s))(k + 1)[(UsedIntLoc(J) U FinSeq-Locations) =
IExec(J, (StepTimes(a, J, s))(k))[(UsedIntLoc(J) U FinSeq-Locations).

(22) If s(a) < 0and s(intloc(0)) = 1, then IExec(times(a, I), s)[(UsedIntLoc(I)U

FinSeq-Locations) = s[(UsedIntLoc(I) U FinSeqg-Locations).
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(23) Suppose s(a) = k but ProperTimesBody a, J, s or J is parahalting
but s(intloc(0)) = 1 or a is read-write. Then IExec(times(a, J),s)[D =
(StepTimes(a, J, s))(k)[D, where D = Int-Locations U FinSeqg-Locations.

) =

(24) If s(intloc(0)) = 1 and if ProperTimesBody a, J, s or J is parahalting,
then times(a, J) is closed on s and times(a, J) is halting on s.

3. A TRIVIAL EXAMPLE

Let d be a read-write integer location. The functor triv-times(d) yields a
macro instruction and is defined as follows:

(Def. 4)  triv-times(d) =
times(d, (while d = 0 do Macro(d:=d));
SubFrom(d, intloc(0))).
One can prove the following propositions:
(25) 1If s(d) < 0, then (IExec(triv-times(d), s))(d) = s(d).
(26) If 0 < s(d), then (IExec(triv-times(d), s))(d) = 0.

4. A MACRO FOR THE FIBONACCI SEQUENCE

Let N, rq be integer locations. The functor Fib-macro(V, 1) yields a macro
instruction and is defined by:

(Def. 5) Fib-macro(N,r) =
(N1:=N);
SubFrom(ry,71);
(n1:=intloc(0));
times(N, AddTo(ry,n1); swap(ry, n1));
(N:ZNl),
where N; = 15%-NotUsed(times(N, AddTo(ry,n1); swap(r1,n1))) and ny =
15 -RWNotIn({N,r1}).
One can prove the following proposition
(27) Let N, r; be read-write integer locations. Suppose N # r1. Let n be

a natural number. If n = s(V), then (IExec(Fib-macro(N,r1),s))(r1) =
Fib(n) and (IExec(Fib-macro(N,r1),s))(N) = s(N).
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The for (going up) Macro Instruction

Piotr Rudnicki?
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Summary. We define a for type (going up) macro instruction in terms of
the while macro. This gives an iterative macro with an explicit control variable.
The for macro is used to define a macro for the selection sort acting on a finite
sequence location of SCMypsa. On the way, a macro for finding a minimum in a
section of an array is defined.

MML Identifier: SFMASTR3.

The terminology and notation used in this paper have been introduced in the
following articles: [16], [21], [28], [6], [7], [9], [26], [10], [11], [8], [25], [15], [5],

{13}, [29], [30], [23], [3], [4], [2], [1], [24], [22], [12], [19], [17], [18], [27], [20], and
14].

1. GENERAL PRELIMINARIES

The following propositions are true:
(1) Let X be a set, p be a permutation of X, and x, y be elements of X.
Then p +- (z,p(y)) +- (y,p(x)) is a permutation of X.
(2) Let f be a function and z, y be sets. Suppose x € dom f and y € dom f.
Then there exists a permutation p of dom f such that f +- (z, f(y)) +-
(v, f(x)) = [ - p-
Let X be a finite non empty subset of R. The functor min X yielding a real
number is defined by:

!This work was partially supported by NSERC Grant OGP9207 and NATO CRG 951368.
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(Def. 1) min X € X and for every real number k such that k¥ € X holds min X <
k.
Let X be a finite non empty subset of Z. The functor min X yielding an
integer is defined by:

(Def. 2) There exists a finite non empty subset Y of R such that ¥ = X and
min X = minY.
Let F be a finite sequence of elements of Z and let m, n be natural numbers.
Let us assume that 1 < m and m < n and n < len F. The functor min}}, F' yields
a natural number and is defined as follows:

(Def. 3) There exists a finite non empty subset X of Z such that X =
rng(F(m),...,F(n)) and (min}) F)+1 = (min X) <P (F(m),...,F(n)) +
m.
We use the following convention: F', F} denote finite sequences of elements
of Z and k, m, n, m; denote natural numbers.
The following propositions are true:
(3) Suppose 1 < m and m < n and n < len F. Then m; = min}, F' if and
only if the following conditions are satisfied:
(i)  m < my,
(i) m <m,
(iii)  for every natural number i such that m < ¢ and ¢ < n holds F(m;) <

F(i), and
(iv)  for every natural number ¢ such that m <1 and ¢ < m; holds F'(m;) <

(4) If 1 <m and m <len F, then min]! F' = m.

Let F be a finite sequence of elements of Z and let m, n be natural numbers.
We say that F' is non decreasing on m, n if and only if:

(Def. 4) For all natural numbers 4, j such that m < i and i < j and j < n holds
F(i) < F(j).
Let F be a finite sequence of elements of Z and let n be a natural number.
We say that F' is split at n if and only if:
(Def. 5) For all natural numbers 7, j such that 1 < ¢ and ¢ < n and n < j and
j <len F holds F(i) < F(j).

We now state two propositions:

(5) Suppose k+ 1 <lenF and m; = mingfif;) F and F is split at k and F

is non decreasing on 1, k and F; = F +- (k+ 1, F(mq)) + (m1, F(k+1)).
Then Fj is non decreasing on 1, k + 1.
(6) Ifk+1<lenF and m; = minEfﬂS)F and F is split at k and F} =

F+ (E+1,F(my))+- (my1, F(k+ 1)), then F is split at k + 1.
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2. SCMpgsa PRELIMINARIES

For simplicity, we use the following convention: s is a state of SCMpga, a, ¢
are read-write integer locations, a1, b1, ¢1, d1, x are integer locations, f is a finite
sequence location, I, J are macro instructions, I; is a good macro instruction,
and k is a natural number.

The following propositions are true:

(7) If I is closed on Initialize(s) and halting on Initialize(s) and I does not
destroy aj, then (IExec(1,s))(a1) = (Initialize(s))(a1).
(8) If s(intloc(0)) = 1, then IExec(Stopscnyg,ss) D = s[D, where D =
Int-Locations U FinSeq-Locations.
(9) Stopgcapg, does not refer ag.
(10) If ay # by, then ¢1:=by does not refer a;.
(11)  (Exec(a:=fp,,5))(a) = ms(py)s(f)-
(12)  (Exec(fa,:=b1,s))(f) = s(f) +- (Is(a1)], s(br)).

Let a be a read-write integer location, let b be an integer location, and let
I, J be good macro instructions. Observe that if a > b then I else J is good.

One can prove the following propositions:

(13) UsedIntLoc(if a; > b; then I else J) = {a1,b1} U UsedIntLoc(I) U
UsedIntLoc(J).
(14) If I does not destroy aj, then while b; > 0 do I does not destroy a;.

(15) If ¢; # a1 and I does not destroy c; and J does not destroy c;, then
if a1 > b; then I else J does not destroy cj.

3. THE for-up MACRO INSTRUCTION

Let a, b, ¢ be integer locations, let I be a macro instruction, and let s be a
state of SCMpga. The functor StepForUp(a, b, ¢, I, s) yields a function from N
into [] (the object kind of SCMrpga ) and is defined by:

(Def. 6) StepForUp(a,b,c,I,s) = Step While>0
(az, I;
AddTo(a,intloc(0));
SubFrom(ag, intloc(0)), s +- (a2, (s(c) — s(b)) + 1) + (a, s(b))),
where ag = 15*-RWNotIn({a, b, c} U UsedIntLoc(I)).

Next we state several propositions:

(16) 1If s(intloc(0)) = 1, then (StepForUp(a, b1, c1, I, s))(0)(intloc(0)) = 1.
(17) (StepForUp(a, b1, c1,1,5))(0)(a) = s(b1).
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(18) If a # by, then (StepForUp(a, by, c1,1,s))(0)(b1) = s(b1).
(19) If a # c1, then (StepForUp(a, b1, c1,1,s))(0)(c1) = s(c1).
(20) Ifa # d; and d; € UsedIntLoc(I), then (StepForUp(a, b1, c1,1,5))(0)(d1) =

S(dl).

(21) (StepForUp(a, by, c1,1,5))(0)(f) = s(f).

(22) Suppose s(intloc(0)) = 1. Let as be a read-write integer lo-
cation. If ay = 1*-RWNotIn({a,b;,c1} U UsedIntLoc([)), then

[Exec((ag:=c1);SubFrom(az, b1 );AddTo(ag, intloc(0));(a:=b1), s)[D = (s+-
(ag, (s(c1)—s(b1))+1)+(a,s(b1))) D, where ag = 15" -RWNotIn({a, b, c}U
UsedIntLoc(7)) and D = Int-Locations U FinSeq-Locations.

Let a, b, ¢ be integer locations, let I be a macro instruction, and let s be a
state of SCMpga. We say that ProperForUpBody a, b, ¢, I, s if and only if:

(Def. 7)  For every natural number i such that i < (s(¢)—s(b))+1 holds I is closed
on (StepForUp(a,b,c,I,s))(i) and halting on (StepForUp(a, b, ¢, I, s))(i).

Next we state several propositions:

(23) For every parahalting macro instruction I holds ProperForUpBody a1,
bl, C1, I, S.

(24) If (StepForUp(a,b,c1,I1,s))(k)(intloc(0)) = 1 and I; is closed on
(StepForUp(a, by, c1, I1, s))(k) and halting on (StepForUp(a, by, c1, I1, s))(k),
then (StepForUp(a, by, c1, 11, ))(k + 1)(intloc(0)) = 1.

(25) Suppose s(intloc(0)) = 1 and ProperForUpBody a, b1, c1, I1, s. Let given
k. Suppose k < (s(c1) — s(b1)) + 1. Then

(i)  (StepForUp(a, by, c1, I1,8))(k)(intloc(0)) = 1,
(ii)  if I; does not destroy a, then (StepForUp(a,bi,c1,11,s))(k)(a) =k +
s(b1) and (StepForUp(a, by, c1, 11, 8))(k)(a) < s(c1) + 1, and
(iii)  (StepForUp(a, by, c1, I1,s))(k) (15" -RWNotIn({a, by, c; }UUsedIntLoc(I1)))+
k= (s(c1) —s(b1)) + 1.

(26) Suppose s(intloc(0)) = 1 and ProperForUpBody a, b1, c1, I, s. Let
given k. Then (StepForUp(a,bs,c1,I1,s))(k)(15*-RWNotIn({a, b1, c1} U
UsedIntLoc(71))) > 0 if and only if k& < (s(¢1) — s(b1)) + 1.

(27) Suppose s(intloc(0)) = 1 and ProperForUpBody a, b1, c¢1, I1, s and
k < (s(c1)—s(b1))+1. Then (StepForUp(a, by, c1, I1, s))(k+1)[({a, b1, c1 }U
UsedIntLoc(I1)UFy) = IExec(I1;AddTo(a, intloc(0)), (StepForUp(a, by, c1,
I, s))(k))I({a, b1, c1 }UUsedIntLoc(I1)UFy), where F» = FinSeq-Locations.

Let a, b, ¢ be integer locations and let I be a macro instruction. The functor
for-up(a, b, ¢, I') yields a macro instruction and is defined by:
(Def. 8) for-up(a,b,c,I) =
(ag:=c);
SubFrom(ag, b);
AddTo(ag, intloc(0));
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(a:=b);(while a2 > 0 do (I;
AddTo(a, intloc(0));SubFrom(as, intloc(0)))),
where ag = 15*-RWNotIn({a, b, c} U UsedIntLoc(I)).
The following proposition is true
(28) {a1,b1,c1} U UsedIntLoc(l) € UsedIntLoc(for-up(a, by, c1,1)).
Let a be a read-write integer location, let b, ¢ be integer locations, and let I
be a good macro instruction. Note that for-up(a, b, ¢, I) is good.
Next we state four propositions:
(29) If a # ay and a; # 15*-RWNotIn({a, b, c; } UUsedIntLoc(I)) and I does
not destroy ai, then for-up(a, by, c1, ) does not destroy aj.

(30) Suppose s(intloc(0)) = 1 and s(by) > s(c1). Then for every
x such that * # a and =z € {b,c1} U UsedIntLoc(I) holds
(IExec(for-up(a, by, c1,1),s))(x) = s(z) and for every f holds

(IExec(for-up(a, by, c1,1),5))(f) = s(f).

(31) Suppose s(intloc(0)) = 1 but & = (s(c1) — s(b1)) + 1 but
ProperForUpBody a, b1, ¢, I, s or I; is parahalting. Then
IExec(for-up(a, b, c1,I1),s)| D = (StepForUp(a, b1, c1, I1, s)) (k)| D, where
D = Int-Locations U FinSeq-Locations.

(32) Suppose s(intloc(0)) = 1 but ProperForUpBody a, by, ¢1, 1, s or I is
parahalting. Then for-up(a, b1, c1, I1) is closed on s and for-up(a, by, c1, I1)
is halting on s.

4. FINDING MINIMUM IN A SECTION OF AN ARRAY

Let s1, f1, mo be integer locations and let f be a finite sequence location.
The functor FinSeqMin( f, s1, f1, m2) yielding a macro instruction is defined by:
(Def. 9) FinSeqMin(f, s1, f1,m2) =
(mo:=s1);
for-up(cg, s1, f1,
(az:=fc,);
(a43:fm2)§
(if a4 > a3 then Macro(ma:=cz) else (Stopgcnipg,)))
where ¢ = 3" -RWNotIn({sy, f1,m2}),
az = 15 -RWNotIn({s1, f1,m2}), and
ay = 2"-RWNotIn({s1, f1,ma}).
Let sy, fi be integer locations, let mo be a read-write integer location, and
let f be a finite sequence location. Note that FinSeqMin(f, s1, f1, m2) is good.
The following propositions are true:

(33) If ¢ # ay, then FinSeqMin(f, a1, b1, ¢) does not destroy a;.
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(34) {a1,b1,c} C UsedIntLoc(FinSeqMin(f, a1, b1, c)).

(35) If s(intloc(0)) = 1, then FinSeqMin(f,ai,b1,c) is closed on s and
FinSeqMin(f, a1, b1, ¢) is halting on s.

(36) If ag # ¢ and by # ¢ and s(intloc(0)) = 1, then
(IExec(FinSeqMin(f, a1, b1,¢), s))(f) = s(f) and (IExec(FinSeqMin(f, a1,
bi,c¢),s))(a1) = s(a1) and (IExec(FinSeqMin(f, a1, b1,¢),s))(b1) = s(b1).

(37) If 1 < s(a1) and s(a1) < s(b1) and s(b1) < lens(f) and a1 # ¢ and
b1 # c and s(intloc(0)) = 1, then (IExec(FinSeqMin(f,a1,b1,c),s))(c) =
ming ) s(5)-

5. A SWAP MACRO INSTRUCTION

Let f be a finite sequence location and let a, b be integer locations. The
functor swap(f, a,b) yields a macro instruction and is defined as follows:
(Def. 10) swap(f,a,b) = (ag:=fa);(as:=1p);(fa:=aa);(fo:=a3), where a3 =
15* -RWNotIn({s1, f1,m2}) and ay = 2°4-RWNotIn({s1, f1,m2}).
Let f be a finite sequence location and let a, b be integer locations. Note
that swap(f, a,b) is good and parahalting.
The following propositions are true:

(38) If ¢; # 1*-RWNotIn({a1,b1}) and ¢; # 2"-RWNotIn({ay,b1}), then
swap(f, a1, b1) does not destroy c;.

(39) If 1 < s(a1) and s(a;) < lens(f) and 1 < s(by) and s(by) <
len s(f) and s(intloc(0)) = 1, then (IExec(swap(f,a1,b1),))(f) = s(f) +-
(s(a1), s(f)(s(b1))) +- (s(b1), s(f)(s(a1)))-

(40) Suppose 1 < s(a1) and s(a;) < lens(f) and 1 < s(b1) and s(b1)
len s(f) and s(intloc(0)) = 1. Then (IExec(swap(f, a1, b1),s))(f)(s(a1))
s(f)(s(b1)) and (IExec(swap(f,a1,b1),s))(f)(s(b1)) = s(f)(s(a1)).

(41) {a1,b1} C UsedIntLoc(swap(f, a1, b1)).

(42) UsedInt* Loc(swap(f,a1,b1)) = {f}.

(1IN

6. SELECTION SORT

Let f be a finite sequence location. The functor Selection-sort f yielding a
macro instruction is defined as follows:
(Def. 11) Selection-sort f = (fi1:=lenf); for-up(cg, intloc(0), f1, FinSeqMin(f, 2, f1,
mll)ﬂ Swap(f7 C2, mll))a where C2 = 3rd 'RWNOtIn({Sla fla mQ})? fl
15-NotUsed(swap( f, ca,m})), and m} = 2°-RWNotIn(Dimi-Locations) -
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The following proposition is true

(43) Let S be a state of SCMpga. Suppose S = IExec(Selection-sort f, s).
Then S(f) is non decreasing on 1, len S(f) and there exists a permutation
p of Seglen s(f) such that S(f) = s(f) - p.
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1. PRELIMINARIES
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finite sequence of elements of 8%, and I, i1, 1, j, k denote natural numbers.
We now state a number of propositions:

(1) Let B be a subset of R. Suppose there exists a real number 71 such that
r1 € B and B is lower bounded and for every r such that » € B holds
s <r. Then s < inf B.

(2) Let B be a subset of R. Suppose there exists a real number 71 such that
r1 € B and B is upper bounded and for every r such that r € B holds
s 2 r. Then s > sup B.

(3) Ten hh € E(h,lenh —/ 1).
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(4) 1If 3 <4, then imod (: —' 1) = 1.

(5) If p € rngh, then there exists a natural number ¢ such that 1 < ¢ and
i+1<lenh and h(i) = p.

(6) For every finite sequence g of elements of R such that r € rng g holds
(Inc(g))(1) < r and r < (Inc(g))(lenInc(g)).

(7) Suppose 1 < ¢ and @ < lenh and 1 < I and I < widththe Go-
board of h. Then ((the Go-board of h)1 )1 < (mh)1 and (mh)1 <
((the GO-bO&I‘d of h)lonthc Go-board of h, I)l-

(8) Suppose 1 < ¢ and i < lenh and 1 < I and I < lenthe Go-
board of h. Then ((the Go-board of h)r1)2 < (mh)2 and (mh)z <
((the Go-board of h)1 width the Go-board of h)2-

(9) Suppose 1 < i and i < lenthe Go-board of f. Then there exist k, j
such that k£ € dom f and (i, j) € the indices of the Go-board of f and
7, f = (the Go-board of f); ;.

(10) Suppose 1 < j and j < width the Go-board of f. Then there exist k, ¢
such that k£ € dom f and (i, j) € the indices of the Go-board of f and
7, f = (the Go-board of f); ;.

(11) Suppose 1 < iand i < lenthe Go-board of f and 1 < j and j < width the
Go-board of f. Then there exists k such that k£ € dom f and (i, j) € the
indices of the Go-board of f and (7 f)1 = ((the Go-board of f); )1.

(12) Suppose 1 < iand i < lenthe Go-board of f and 1 < j and j < width the
Go-board of f. Then there exists k such that k£ € dom f and (i, j) € the
indices of the Go-board of f and (7 f)2 = ((the Go-board of f); ;).

2. EXTREMA OF PROJECTIONS

One can prove the following propositions:

(13) If 1 < i and i < lenh, then S-bound £(h) < (mh)2 and (mh)z <
N-bound L(h).

(14) If 1 < i and i < lenh, then W-bound £(h) < (mh); and (mh); <
E-bound £(h).

(15) For every subset X of R such that X = {g2 : ¢ = W-bound £L(h) A
¢ € L(h)} holds X = (proj2 | W-mostL(h))°(the carrier of
(E2)] W-most L(h)).

(16) For every subset X of R such that X = {gz : ¢1 = E-bound L(h) A ¢ €
L(h)} holds X = (proj2 | E-most £(h))°(the carrier of (£2)] E-most £(h)).

(17) For every subset X of R such that X = {q1 : g2 = N-bound L(h) A
¢ € L(h)} holds X = (projl | N-mostZ(h))°(the carrier of
(£2)] N-most L(h)).
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(18) For every subset X of R such that X = {g1 : g2 = S-bound L(h) A q€
L(h)} holds X = (projl | S-most £(h))°(the carrier of (£2)] S-most L(h)).

(19) For every subset X of R such that X = {q1 : ¢ € L(g)} holds X =
(projl | £(g))°(the carrier of (E2)1L(g)).

(20) For every subset X of R such that X = {¢2 : ¢ € L(g)} holds X =
(proj2 | L£(g))° (the carrier of (E2)1L(g)).

(21) For every subset X of R such that X = {g2 : ¢1 = W-bound Z(h) A q€
L(h)} holds inf X = inf(proj2 [ W-most L(h)).

(22) For every subset X of R such that X = {g2 : 1 = W-bound L(h) A q€
L(h)} holds sup X = sup(proj2 [ W-most L(h)).

(23) For every subset X of R such that X = {g2 : g1 = E-bound L(h) A qe
L(h)} holds inf X = inf(proj2 [ E-most L(h)).

(24) For every subset X of R such that X = {g2 : 1 = E-bound Z(h) A q€
L(h)} holds sup X = sup(proj2 | E-most L(h)).

(25) For every subset X of R such that X = {q1 : ¢ € L(g)} holds inf X =
inf(projl [ L(g))-

(26) For every subset X of R such that X = {q1 : g2 = S-bound L(h) A qe€
L(h)} holds inf X = inf(projl [ S-most L(h)).

(27) For every subset X of R such that X = {g1 : g2 = S-bound L(h) A qe€
L(h)} holds sup X = sup(projl [ S-most L(h)).

(28) For every subset X of R such that X = {q1 : g2 = N-bound Z(h) A q€
L(h)} holds inf X = inf(projl [ N-most L(h)).

(29) For every subset X of R such that X = {q1 : g2 = N-bound L(h) A qe€
L(h)} holds sup X = sup(projl [ N-most L(h)).

(30) For every subset X of R such that X = {g2 : ¢ € L(g)} holds inf X =
inf(proj2 | £(g)).

(31) For every subset X of R such that X = {q1 : ¢q € L(g)} holds sup X =
sup(projl [ L(g))-

(32) For every subset X of R such that X = {g2: q € L(g)} holds sup X =
sup(proj2 [ L(g))-

(33) If p € L£(h) and 1 < I and I < widththe Go-board of h, then
((the Go-board of h)1,1)1 < p1.

(34) If p e L£(h) and 1 < I and I < widththe Go-board of h, then p; <
((the Go-board of h)ien the Go-board of h, I)1-

35) If p € L(h) and 1 < I and I < lenthe Go-board of h, then
((the Go-board of h)r1)2 < p2.

(36) If p € L£(h) and 1 < I and I < lenthe Go-board of h, then py <

((the Go-board of h); width the Go-board of h)2-

115
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(37) Suppose 1 < ¢ and i < lenthe Go-board of h and 1 < j and
J < widththe Go-board of h. Then there exists ¢ such that ¢ =
((the Go-board of h); j)1 and g € L(h).

(38) Suppose 1 < ¢ and i < lenthe Go-board of h and 1 < j and

j < widththe Go-board of h. Then there exists ¢ such that ¢z =

((the Go-board of h); ;)2 and g € L(h).

(39) W-bound £(h) = ((the Go-board of h)11)1.-

(40) S-bound £(h) = ((the Go-board of h); 1)a.

(41) E-bound E(h) = ((the Go-board of h)ien the Go-board of h, 1)1-

(42) N-bound L£(h) = ((the Go-board of h)1 width the Go-board of h)2-

(43)

Let Y be a non empty finite subset of N. Suppose that
) 1<,
) i<lenf,
(i) 1<I,
) I <lenthe Go-board of f,
) Y = {j : (I, j) € the indices of the Go-board of f A V. (k €
dom f A mf = (the Go-board of f);)},
(vi)  (mif)1 = ((the Go-board of f)r 1)1, and
(vii) 4¢3 =minY.
Then ((the Go-board of f)7,)2 < (mif)a.
(44) Let Y be a non empty finite subset of N. Suppose that
(i) 1<,
(i) i <lenh,
(i) 1<1,
(iv) I < widththe Go-board of h,
(v) Y ={j: (j,I) € the indices of the Go-board of h A \/, (k €
domh A mih = (the Go-board of h); 1)},
(vi)  (mih)2 = ((the Go-board of h); 1)2, and
(vil) 43 =minY.
Then ((the Go-board of h);, 1)1 < (m;h)1.
(45) Let Y be a non empty finite subset of N. Suppose that
i) 1<4q,
(i) i<lenh,
(i) 1<I,
(iv) I < widththe Go-board of h,
(v) Y = {j: (j,I) € the indices of the Go-board of h A \/, (k €
domh A mih = (the Go-board of h); 1)},
(vi)  (mh)2 = ((the Go-board of h); )2, and
(vii) 43 = maxY.
Then ((the Go-board of h);, 1)1 > (mih)1.
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(46) Let Y be a non empty finite subset of N. Suppose that
) 1<,
) i<lenf,
(i) 1<,
) I <lenthe Go-board of f,
) Y = {j: (I, j) € the indices of the Go-board of f A V/, (k €
dom f A mf = (the Go-board of f);;)},
(vi)  (mif)1 = ((the Go-board of f);1)1, and
(vil) i3 = maxY.
Then ((the Go-board of f)r;,)2 > (mif)2.

3. COORDINATES OF THE SPECIAL CIRCULAR SEQUENCES BOUNDING BOXES

Let g be a non constant standard special circular sequence. The functor isw g
yields a natural number and is defined as follows:

(Def. 1) (1, iswg) € the indices of the Go-board of g and (the Go-board of
9I1,isw g = W-min L(g).
The functor inw g yields a natural number and is defined by:
(Def. 2) (1, inw g) € the indices of the Go-board of g and (the Go-board of
9 1inw g = W-max L(g).
The functor igg g yielding a natural number is defined by the conditions (Def. 3).
(Def. 3)(1)  (lenthe Go-board of g, isg g) € the indices of the Go-board of g, and
(11) (the Go-board of g)lenthe Go-board of g, isgg — E—mmﬁ(g)
The functor ing ¢ yielding a natural number is defined by the conditions (Def. 4).

(Def. 4)(i)  (lenthe Go-board of g, ixgg) € the indices of the Go-board of g,
and
(ii)  (the Go-board of g)ienthe Go-board of g, ixgg = E-max E(g)
The functor iws ¢ yields a natural number and is defined by:
(Def. 5)  (iwsg, 1) € the indices of the Go-board of g and (the Go-board of
9)iws g,1 = S-min L(g).
The functor igg g yields a natural number and is defined by:
(Def. 6) (ipsg, 1) € the indices of the Go-board of g and (the Go-board of
9)igs 9,1 = S-max L(g).
The functor iwyn g yields a natural number and is defined by the conditions
(Def. 7).
(Def. 7)(i)  (iwn g, width the Go-board of g) € the indices of the Go-board of g,
and N
(11) (the Go-board of g)iWN g,width the Go-board of g = N-min ﬁ(g)
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The functor ign g yields a natural number and is defined by the conditions
(Def. 8).

(Def. 8)(i)  (ign g, width the Go-board of g) € the indices of the Go-board of g,
and

(ii)  (the Go-board of g)iyy g,widththe Go-board of ¢ = N-max Z(g)
Next we state two propositions:
47)(i) 1 <iwnh,
) iwn h < lenthe Go-board of h,
) 1<ignh,
) ign h < lenthe Go-board of h,
(v) 1<iwsh,
) iws h < lenthe Go-board of h,
) 1< iES h, and
) igsh <lenthe Go-board of h.
(48)1) 1< ixgh,
i) iNgh < width the Go-board of h,
) 1<isgh,
(iv)  igg h < width the Go-board of h,
) 1<inwh,
) inw h < width the Go-board of h,
) 1<igwh, and
(viii)  igw h < width the Go-board of h.
Let g be a non constant standard special circular sequence. The functor
ngw ¢ yields a natural number and is defined as follows:
(Def. 9) 1 <ngwg and ngw g+ 1 <leng and g(nsw g) = W-min Z(g)
The functor nnw g yielding a natural number is defined as follows:
(Def. 10) 1< nnw g and nnw g + 1 < leng and g(nnw g) = W-max £(g).
The functor ngg ¢ yielding a natural number is defined by:
(Def. 11) 1< nggg and ngg g + 1 < leng and g(ngg g) = E-min £(g).
The functor nyg ¢ yielding a natural number is defined by:
(Def. 12) 1< nngg and nngg + 1 < leng and g(nng g) = E-max £(g).
The functor nws ¢ yielding a natural number is defined by:
(Def. 13) 1< nwsg and nws g+ 1 < leng and g(nws g) = S-min Z(g)
The functor ngg g yields a natural number and is defined as follows:
(Def. 14) 1< nggg and ngsg + 1 <leng and g(ngg g) = S-max L(g).
The functor nwy ¢ yielding a natural number is defined by:
(Def. 15) 1< nwng and nwy g + 1 < leng and g(nwy ¢g) = N-min £(g).
The functor ngy g yielding a natural number is defined by:

(Def. 16) 1 < ngng and ngny g+ 1 < leng and g(ngy g) = N-max Z(g)
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Next we state four propositions:

49) nwN h 7& nws h.

0) nswh # ngg h.
1) NEN h 75 NES h.
2) nNw h 75 nNg h.
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Summary. This article is concerned with Euler’s theorem and small Fer-
mat’s theorem that play important roles in public-key cryptograms. In the first
section, we present some selected theorems on integers. In the following section,
we remake definitions about the finite sequence of natural, the function of na-
tural times finite sequence of natural and 7 of the finite sequence of natural.
We also prove some basic theorems that concern these redefinitions. Next, we
define the function of modulus for finite sequence of natural and some funda-
mental theorems about this function are proved. Finally, Euler’s theorem and
small Fermat’s theorem are proved.

MML Identifier: EULER_2.

The articles [6], [3], [2], [11], [10], [9], [1], [8], [4], [12], [5], and [7] provide the
terminology and notation for this paper.

1. PRELIMINARY

We use the following convention: a, b, m, n, k, [, ¢, j, n1, no, n3 are natural
numbers, ¢ is an integer, and f, F' are finite sequences of elements of N.
We now state a number of propositions:

(1) aand b qua integer are relative prime iff a and b are relative prime.
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(2) Ifm>1andm-t>1,thent> 1.

(3) If m>1and m-t >0, thent > 0.

(4) If m # 0, then n mod m = (n qua integer) mod m.
(5)

Suppose a # 0 and b # 0 and m # 0 and a and m are relative prime and
b and m are relative prime. Then m and a - b mod m are relative prime.

(6) Suppose m > 1 and b # 0 and m and n are relative prime and a and m
are relative prime and n = a - bmod m. Then m and b are relative prime.

(7) For every n such that n # 0 holds m mod n mod n = m mod n.

(8) For every n such that n # 0 holds (I +m) mod n = (({ mod n) + (m mod
n)) mod n.

(9) For every n such that n # 0 holds [ - m mod n = [ - (m mod n) mod n.
(10) For every n such that n # 0 holds [ - m mod n = (I mod n) - m mod n.
(11) For every n such that n # 0 holds I-mmodn = (Imodn)-(mmodn)modn.

2. FINITE SEQUENCE OF NATURALS

We now state two propositions:
(12) For every finite sequence f of elements of N such that n # 0 and n < m
holds (fm)(n) = f(n).
(13) For every finite sequence f of elements of N such that n < m holds
fimn = fin.
Let us consider a, f. Then a - f is a finite sequence of elements of N.
One can prove the following propositions:
(14) For every finite sequence f of elements of N and for every natural number
r holds [[(f~(r)) =]If
(15) For all finite sequences f1, fa of elements of N holds [[(f1 ™ f2) =[] f1-
[T /e

(16) Tl(ew) = 1.

(7) Tlle) =a.

(18) [I((@) " F) =a-ITF.

(19) [I{n1,n2) =ni - no.

(20) [I{n1,m2,n3) = n1-ny - ns.

(21) ]G+~ (1 qua real number)) = 1.

(22) TI(G+j) = m) =T16 = m) - T1(G — m).
(23) T1(G-5) = m) =110 = [1( = m)).

(24) TIG— (n1-n2)) =16 — n1) - [1(E — na).
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(25) For all finite sequences Rj, Rs of elements of N such that R; and Ry are
fiberwise equipotent holds [[ Ry = [] Re.

3. MODULUS FOR FINITE SEQUENCE OF NATURALS

Let f be a finite sequence of elements of N and let m be a natural number.
The functor f mod m yielding a finite sequence of elements of N is defined by:

(Def. 1) len(fmodm) = len f and for every natural number ¢ such that i € dom f

holds (f mod m)(i) = f(i) mod m.
We now state several propositions:

(26) For every finite sequence f of elements of N such that m # 0 holds
[1(f mod m) mod m = [] f mod m.

(27) Ifa#0and m > 1 and n # 0 and a-nmod m = nmodm and m and n
are relative prime, then a mod m = 1.

(28) For every F' such that m # 0 holds F mod m mod m = F mod m.
(29) For every F' such that m # 0 holds a - (F mod m) mod m = a - F mod m.

(30) For all finite sequences F', G of elements of N such that m # 0 holds
F~ Gmodm = (Fmodm) ™~ (G modm).
(31) For all finite sequences F', G of elements of N such that m # 0 holds
a-(F~G)modm = (a-Fmodm) " (a-Gmodm).
Let us consider n, k. Then n{% is a natural number.
We now state the proposition

(32) If a # 0 and m # 0 and a and m are relative prime, then for every b
holds a% and m are relative prime.

4. EULER’S THEOREM AND SMALL FERMAT’S THEOREM

The following propositions are true:

mod

(33) Ifa#0andm >1andaand m are relative prime, then (a5™)

m=1.

(34) If a # 0 and m is prime and a and m are relative prime, then (af’) mod
m = a mod m.
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The terminology and notation used here are introduced in the following articles:
(6], [1], [4], 2], (3], [9], [101, [8], [12], [13], [11], [7], and [5].

1. PRELIMINARIES

In this paper a, b, ¢, d, e, f are sets.
Next we state three propositions:
(1) If (a) = (b), then a = b.
(2) If (a,b) = (c,d), then a = c and b = d.
(3) If (a,b,c) = (d,e, ), then a =d and b=-e and ¢ = f.

S o

2. THE PRODUCT OF THE FAMILIES OF THE GROUPS

We use the following convention: ¢, I denote sets, f, g, h denote functions,
and s denotes a many sorted set indexed by I.

Let R be a binary relation. We say that R is semigroup yielding if and only
if:

(Def. 1) For every set y such that y € rng R holds y is a non empty semigroup.

Let us note that every function which is semigroup yielding is also 1-sorted
yielding.

Let I be a set. One can verify that there exists a many sorted set indexed
by I which is semigroup yielding.

Let us observe that there exists a function which is semigroup yielding.

@ 1998 University of Bialystok
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Let I be a set. A family of semigroups indexed by [ is a semigroup yielding
many sorted set indexed by I.

Let I be a non empty set, let F' be a family of semigroups indexed by I, and
let i be an element of I. Then F'(i) is a non empty semigroup.

Let I be a set and let F' be a family of semigroups indexed by I. One can
verify that the support of F' is non-empty.

Let I be a set and let I be a family of semigroups indexed by I. The functor
[[ F yielding a strict semigroup is defined by the conditions (Def. 2).

(Def. 2)(i) The carrier of [[ F' = [] (the support of F'), and
(ii)  for all elements f, g of [ [ (the support of F') and for every set i such that
i € I there exists a non empty semigroup F; and there exists a function
h such that F; = F(i) and h = (the multiplication of [[ F)(f, g) and
h(i) = (the multiplication of F})(f(7), g(7)).

Let I be a set and let F' be a family of semigroups indexed by I. Note that
[[ F is non empty.

Let I be a set and let F' be a family of semigroups indexed by I. Observe
that every element of the carrier of [[ F' is function-like and relation-like.

Let I be a set, let F' be a family of semigroups indexed by I, and let f, g be
elements of [] (the support of F'). Observe that (the multiplication of [ F)(f,
g) is function-like and relation-like.

One can prove the following proposition

(4) Let F be a family of semigroups indexed by I, G be a non empty se-
migroup, p, ¢ be elements of the carrier of [[ F, and z, y be elements of
the carrier of G. Suppose i € I and G = F(i) and f = p and g = ¢ and
h=p-qand f(i) =z and g(i) =y. Then = -y = h(i).

Let I be a set and let F' be a family of semigroups indexed by I. We say
that F' is group-like if and only if:

(Def. 3) For every set i such that ¢ € I there exists a group-like non empty
semigroup Fj such that Fy = F(i).
We say that F' is associative if and only if:
(Def. 4) For every set i such that i € I there exists an associative non empty
semigroup Fj such that Fy = F(i).
We say that F' is commutative if and only if:
(Def. 5) For every set i such that ¢ € I there exists a commutative non empty
semigroup Fj such that Fy = F(i).

Let I be a non empty set and let F' be a family of semigroups indexed by I.
Let us observe that F' is group-like if and only if:

(Def. 6) For every element i of I holds F'(i) is group-like.
Let us observe that F' is associative if and only if:

(Def. 7)  For every element ¢ of I holds F(7) is associative.
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Let us observe that F' is commutative if and only if:
(Def. 8) For every element ¢ of I holds F'(i) is commutative.

Let I be a set. Note that there exists a family of semigroups indexed by I
which is group-like, associative, and commutative.

Let I be a set and let F' be a group-like family of semigroups indexed by 1.
Note that [[ F' is group-like.

Let I be a set and let F' be an associative family of semigroups indexed by
I. One can check that [] F' is associative.

Let I be a set and let F' be a commutative family of semigroups indexed by
I. One can verify that [[ F' is commutative.

We now state several propositions:

(5) Let F be a family of semigroups indexed by I and G be a non empty
semigroup. If i € I and G = F(i) and [ F is group-like, then G is group-
like.

(6) Let F be a family of semigroups indexed by I and G be a non empty
semigroup. If ¢ € I and G = F(i) and [[F is associative, then G is
associative.

(7) Let F be a family of semigroups indexed by I and G be a non empty
semigroup. If i € I and G = F(i) and [[ F is commutative, then G is
commutative.

(8) Let F' be a group-like family of semigroups indexed by I. Suppose that for
every set ¢ such that ¢ € I there exists a group-like non empty semigroup
G such that G = F(i) and s(i) = 1g. Then s = 19 .

(9) Let F' be a group-like family of semigroups indexed by I and G be a
group-like non empty semigroup. If i € I and G = F(i) and f = 19,
then f(i) = 1g.

(10) Let F be an associative group-like family of semigroups indexed by I
and z be an element of the carrier of [[ F. Suppose that
(i) x=g,and
(ii) for every set ¢ such that ¢ € I there exists a group G and there exists

an element y of the carrier of G such that G = F(i) and s(i) = y~! and
y = g(1).
Then s = 27 L.

(11) Let F be an associative group-like family of semigroups indexed by I, x
be an element of the carrier of [[ F, G be a group, and y be an element
of the carrier of G. If i € I and G = F(i) and f = v and g = 27! and
f(i) =y, then g(i) =y~ .

Let I be a set and let F' be an associative group-like family of semigroups
indexed by I. The functor sum F' yielding a strict subgroup of [[ F' is defined
by the condition (Def. 9).
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(Def. 9) Let = be a set. Then x € the carrier of sum F' if and only if there exists
an element g of [ (the support of F') and there exists a finite subset J of
I and there exists a many sorted set f indexed by J such that g = 19 5
and x = g+ f and for every set j such that j € J there exists a group-like
non empty semigroup G such that G = F(j) and f(j) € the carrier of G
and f(j) # 1g.

Let I be a set, let F' be an associative group-like family of semigroups indexed
by I, and let f, g be elements of the carrier of sum F. One can check that (the
multiplication of sum F')(f, g) is function-like and relation-like.

The following proposition is true

(12) For every finite set I and for every associative group-like family F' of
semigroups indexed by I holds [[ F' = sum F.

3. THE ProDUCT OF ONE, TWO AND THREE GROUPS

One can prove the following proposition
(13) For every non empty semigroup G holds (G1) is a family of semigroups
indexed by {1}.
Let G1 be a non empty semigroup. Then (G) is a family of semigroups
indexed by {1}.
We now state the proposition
(14) For every group-like non empty semigroup G holds (G1) is a group-like
family of semigroups indexed by {1}.
Let G be a group-like non empty semigroup. Then (G;) is a group-like
family of semigroups indexed by {1}.
Next we state the proposition

(15) For every associative non empty semigroup G holds (G) is an associa-
tive family of semigroups indexed by {1}.

Let G1 be an associative non empty semigroup. Then (G) is an associative
family of semigroups indexed by {1}.
The following proposition is true
(16) For every commutative non empty semigroup G holds (G;) is a com-
mutative family of semigroups indexed by {1}.
Let G be a commutative non empty semigroup. Then (G) is a commutative
family of semigroups indexed by {1}.
We now state the proposition
(17) For every group G; holds (G1) is a group-like associative family of se-
migroups indexed by {1}.
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Let G1 be a group. Then (G1) is a group-like associative family of semigroups
indexed by {1}.
Next we state the proposition
(18) Let G be a commutative group. Then (G;) is a commutative group-like
associative family of semigroups indexed by {1}.

Let G be a commutative group. Then (G) is a group-like associative com-
mutative family of semigroups indexed by {1}.
Let G be a non empty semigroup. Note that every element of | [ the support
of (G1) is finite sequence-like.
Let G1 be a non empty semigroup. Note that every element of the carrier of
[1(G1) is finite sequence-like.
Let GG1 be a non empty semigroup and let « be an element of the carrier of
G1. Then (z) is an element of [[(G1).
One can prove the following proposition
(19) For all non empty semigroups G1, G2 holds (G1, Go) is a family of semi-
groups indexed by {1,2}.
Let G1, G2 be non empty semigroups. Then (G, G2) is a family of semigro-
ups indexed by {1,2}.
One can prove the following proposition
(20) For all group-like non empty semigroups Gi, G2 holds (G1,Gs) is a
group-like family of semigroups indexed by {1, 2}.
Let G, G2 be group-like non empty semigroups. Then (G1, G2) is a group-
like family of semigroups indexed by {1,2}.
Next we state the proposition
(21) For all associative non empty semigroups Gi, Gz holds (G1,G2) is an
associative family of semigroups indexed by {1, 2}.

Let G1, G2 be associative non empty semigroups. Then (G, G2) is an asso-
ciative family of semigroups indexed by {1,2}.
One can prove the following proposition

(22) For all commutative non empty semigroups Gp, G2 holds (G1,Gs) is a
commutative family of semigroups indexed by {1,2}.

Let G1, G2 be commutative non empty semigroups. Then (G, G3) is a com-
mutative family of semigroups indexed by {1, 2}.

The following proposition is true

(23) For all groups G1, G2 holds (G1, G2) is a group-like associative family of
semigroups indexed by {1, 2}.

Let G1, G5 be groups. Then (G1,G>) is a group-like associative family of
semigroups indexed by {1,2}.

Next we state the proposition

129
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(24) Let G1, G2 be commutative groups. Then (G1,G2) is a group-like asso-
ciative commutative family of semigroups indexed by {1,2}.

Let G1, G be commutative groups. Then (G1, G2) is a group-like associative
commutative family of semigroups indexed by {1, 2}.

Let G1, G2 be non empty semigroups. Note that every element of []the
support of (G1,G2) is finite sequence-like.

Let G1, G2 be non empty semigroups. Note that every element of the carrier
of [[(G1, Ga) is finite sequence-like.

Let GG1, G2 be non empty semigroups, let = be an element of the carrier of
G1, and let y be an element of the carrier of Gy. Then (z,y) is an element of
[1{G1, Ga2).

One can prove the following proposition

(25) For all non empty semigroups G1, G2, G3 holds (G1, G2, G3) is a family
of semigroups indexed by {1, 2, 3}.

Let G1, G2, G5 be non empty semigroups. Then (G1, G2, G3) is a family of
semigroups indexed by {1, 2, 3}.

Next we state the proposition

(26) For all group-like non empty semigroups G1, Ga, G3 holds (G1, Go, G3)
is a group-like family of semigroups indexed by {1,2,3}.

Let G1, G2, G3 be group-like non empty semigroups. Then (G, G2, G3) is a
group-like family of semigroups indexed by {1,2,3}.

Next we state the proposition

(27) Let G1, G2, G3 be associative non empty semigroups. Then (G1, Ga, G3)
is an associative family of semigroups indexed by {1, 2, 3}.

Let G1, G2, G3 be associative non empty semigroups. Then (G, G2, G3) is
an associative family of semigroups indexed by {1, 2, 3}.

One can prove the following proposition

(28) Let Gy, G2, G3 be commutative non empty semigroups. Then (G1, Ga,
G3) is a commutative family of semigroups indexed by {1, 2, 3}.

Let G1, G2, G3 be commutative non empty semigroups. Then (G, G2, G3)
is a commutative family of semigroups indexed by {1, 2, 3}.
Next we state the proposition
(29) For all groups G1, G2, G3 holds (G1,Ge,G3) is a group-like associative
family of semigroups indexed by {1,2,3}.
Let G1, G2, G3 be groups. Then (G1,G2,G3s) is a group-like associative
family of semigroups indexed by {1,2,3}.
One can prove the following proposition
(30) Let G1, G2, G3 be commutative groups. Then (G, G, G3) is a group-like
associative commutative family of semigroups indexed by {1, 2, 3}.
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Let G1, G2, G3 be commutative groups. Then (G1,Gs,G3) is a group-like
associative commutative family of semigroups indexed by {1, 2, 3}.

Let G1, G2, G3 be non empty semigroups. Observe that every element of
[ ] the support of (G1, G2, G3) is finite sequence-like.

Let G1, G2, G3 be non empty semigroups. Note that every element of the
carrier of [[(G1, Ge,G3) is finite sequence-like.

Let G1, G2, G3 be non empty semigroups, let x be an element of the carrier
of G1, let y be an element of the carrier of G2, and let z be an element of the
carrier of G3. Then (x,y, z) is an element of [ [(G1, G2, G3).

For simplicity, we adopt the following rules: G1, G2, G3 denote non empty
semigroups, x1, o denote elements of the carrier of G1, y1, y2 denote elements
of the carrier of G, and z1, zo denote elements of the carrier of Gg.

One can prove the following propositions:

(31) (@1) - (w2) = (@1 - 22).
(32) (1, 91) - (T2, 92) = (T1 - T2, 41 - Y2)-
(33) (z1,91,21) - (72,2, 22) = (71 - T2, Y1 - Y2, 21 * 22)-
In the sequel G1, G, G'3 denote group-like non empty semigroups.
We now state three propositions:
(34) 1%ay = (Liay))-
(35) 1%a1.69) = (L) L)
(36) 1%cn.0.69) = (Licn)s L@ Lion))-
For simplicity, we adopt the following rules: G1, Ga, G5 are groups, z is an
element of the carrier of G, y is an element of the carrier of G2, and z is an

element of the carrier of Gj.
The following propositions are true:

(37) ({z) qua element of the carrier of [[(G1))™! = (z~1).

(
(38) ((x,y) qua element of the carrier of [[(G1,G2))~! = (z~ 1, y~1).
(

(z,y,2) qua element of the carrier of [[(G1,Ga,G3))™! = (a1 y~L,

271,

(40) Let f be a function from the carrier of G; into the carrier of [[(G1).
Suppose that for every element x of the carrier of Gy holds f(z) = (z).
Then f is a homomorphism from G; to [[(G1).

(41) Let f be a homomorphism from G; to [[(G1). Suppose that for every
element z of the carrier of G holds f(z) = (z). Then f is an isomorphism.

(42) Gi and [[(G1) are isomorphic.

(39)
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Summary. At the beginning, the concept of the segment of the simple
closed curve in 2-dimensional Euclidean space is defined. Some properties of
segments are shown in the succeeding theorems. At the end, the existence of the
function which can divide the simple closed curve into segments is shown. We
can make the diameter of segments as small as we want.

MML Identifier: JORDAN7.

The terminology and notation used in this paper are introduced in the following
papers: [17], [5], [7], [2], [15], [3], [11], [12], [13], [1], [14], [4], [18], [16], [10], 8],
[9], and [6].

1. DEFINITION OF THE SEGMENT AND ITS PROPERTY

In this paper p, p1, g are points of 5%.
The following three propositions are true:
(1) Let P be a compact non empty subset of 5%. Suppose P is a simple

closed curve. Then W-min P € LowerArc P and E-max P € LowerArc P
and W-min P € UpperArc P and E-max P € UpperArc P.

(2) For every compact non empty subset P of 5% and for every ¢ such that
P is a simple closed curve and LE(g, W-min P, P) holds ¢ = W-min P.

(3) For every compact non empty subset P of £2 and for every g such that
P is a simple closed curve and ¢ € P holds LE(W-min P, ¢, P).
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Let P be a compact non empty subset of 5% and let q1, go be points of 5%.
The functor Segment(q1, g2, P) yields a subset of 5% and is defined by:

{p : LE(qlapvp) A LE(p7qQ>P)}>

if g0 #% W-min P,

{p1 : LE(¢1,p1,P) V ¢1 € P N p; = W-min P},
otherwise.

(Def. 1) Segment(q1, g2, P) =

One can prove the following propositions:

(4) For every compact non empty subset P of £2 such that P is a sim-
ple closed curve holds Segment(W-min P, E-max P, P) = UpperArc P and
Segment (E-max P, W-min P, P) = LowerArc P.

(5) Let P be a compact non empty subset of £2 and g1, g2 be points of £2.
If P is a simple closed curve and LE(q1, g2, P), then ¢; € P and ¢y € P.

(6) Let P be a compact non empty subset of 5% and q1, g2 be points of 5%. If
P is a simple closed curve and LE(q, g2, P), then ¢; € Segment(q1, g2, P)
and ¢o € Segment(q1, g2, P).

(7) Let P be a compact non empty subset of 8% and ¢ be a point of
8%. If P is a simple closed curve and ¢ € P and ¢ # W-min P, then

Segment(q, ¢, P) = {q}.

(8) Let P be a compact non empty subset of 5% and ¢, g2 be points of 5%.
If P is a simple closed curve and ¢; # W-min P and ¢o # W-min P, then
W-min P ¢ Segment(q1, g2, P).

(9) Let P be a compact non empty subset of 5% and q1, g2, g3 be points of 5%.
Suppose P is a simple closed curve and LE(q1, g2, P) and LE(q2, g3, P) and
q1 = ¢2 and ¢ = W-min P and ¢; # g3 and ¢ = g3 and ¢o = W-min P.
Then Segment(q1, g2, P) N Segment(qa, g3, P) = {q2}-

(10) Let P be a compact non empty subset of 6’% and g1, g2 be points of 8%.
Suppose P is a simple closed curve and LE(q1, g2, P) and q1 # g2 and q; #
W-min P. Then Segment(g2, W-min P, P) N Segment(W-min P, g1, P) =
{W-min P}.

(11) Let P be a compact non empty subset of €% and q1, g2, g3, ¢4 be points of
E2. Suppose P is a simple closed curve and LE(q1, g2, P) and LE(g2, g3, P)
and LE(q3,q4, P) and ¢1 # ¢2 and g2 # g3. Then Segment(q1, g2, P) N
Segment(qs3, g4, P) = (.
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2. A FuNcTION TO DIVIDE THE SIMPLE CLOSED CURVE

In the sequel n is a natural number.
We now state three propositions:

(12) Let P be a non empty subset of the carrier of £} and f be a map from
I into (ER)[P. Suppose P # () and f is a homeomorphism. Then there
exists a map g from I into £F such that f = g and g is continuous and
one-to-one.

(13) For every finite sequence f of elements of R such that f is increasing
holds f is one-to-one.

(14) Let P be a compact non empty subset of £ and e be a real number.
Suppose P is a simple closed curve and e > 0. Then there exists a finite
sequence h of elements of the carrier of 5% such that

(i) h(l) = W-min P,

(ii)  h is one-to-one,

(ili) 8 <lenh,
) rmmghC P,
) for every natural number i such that 1 < ¢ and ¢ < lenh holds

LE(m;h, miy1h, P),

(vi)  for every natural number i and for every subset W of the carrier of
£? such that 1 < i and i < lenh and W = Segment(m;h, w11k, P) holds
OW < e,

(vii)  for every subset W of the carrier of &2 such that W =
Segment(mien ph, m1h, P) holds OW < e,

(viii)  for every natural number i such that 1 < ¢ and i + 1 < lenh holds
Segment(mh, mit1h, P) N Segment(mﬂh, miah, P) = {7Ti+1h},

(ix)  Segment(mien ph, m1h, P) N Segment(mih, moh, P) = {mh}, and

(x)  for all natural numbers ¢, j such that 1 < 7 and ¢ < lenh and
1 < jand j < lenh and ¢ # j and ¢ and j are not adjacent holds
Segment(m;h, mi11h, P) N Segment(7;h, wj41h, P) = 0.

(iv

(v
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Summary. Up to now, many properties of macro instructions of SCMpsa
are described by the parahalting concepts. However, many practical programs are
not always halting while they are halting for initialization states. For this reason,
we propose initialization halting concepts. That a program is initialization halting
(called "InitHalting” for short) means it is halting for initialization states.In
order to make the halting proof of more complicated programs easy, we present
?InitHalting” basic properties of the compositions of the macro instructions, if-
Macro (conditional branch macro instructions) and Times-Macro (for-loop macro
instructions) etc.

MML Identifier: SCM_HALT.

The terminology and notation used in this paper have been introduced in the
following articles: [14], [18], [16], [26], [7], [9], [12], [11], [24], [8], [13], [27], [22],
(5, 6], (3], [1], [2], [4], [23], [19], [20], [21], [10], [15], [25], and [17].

1. THE DEFINITION OF SEVERAL NOTIONS RELATED TO INITIALIZATION

For simplicity, we adopt the following rules: m is a natural number, [ is a
macro instruction, s, s1, so are states of SCMgga, a is an integer location, and
f is a finite sequence location.
Let I be a macro instruction. We say that I is InitClosed if and only if:
(Def. 1) For every state s of SCMpga and for every natural number n such that
Initialized(I) C s holds IC(Computation(s))(n) € dom .
We say that [ is InitHalting if and only if:

@ 1998 University of Bialystok
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(Def. 2) Initialized(I) is halting.
We say that I is keepIntO 1 if and only if:

(Def. 3) For every state s of SCMpga such that Initialized(I) C s and for every
natural number k£ holds (Computation(s))(k)(intloc(0)) = 1.

2. THE RELATIONSHIP BETWEEN INITIALIZATION HALTING AND
UNCONDITIONAL HALTING

The following four propositions are true:

(1) For every set x and for all natural numbers i, m, n such that z €
dom((intloc(i)——m)+- Start-At(insloc(n))) holds x = intloc(i) or z =
ICscMpg, -

(2) For every macro instruction I and for all natural numbers i, m, n holds
dom I N dom((intloc(i)——m)+- Start-At(insloc(n))) = 0.

(3) Initialized(I) = I+-((intloc(0)——1)+- Start-At(insloc(0))).

(4) Macro(haltgscmys, ) is InitHalting.

Let us mention that there exists a macro instruction which is InitHalting.
One can prove the following three propositions:

(5) For every InitHalting macro instruction I such that Initialized(I) C s
holds s is halting.

(6) I+-Start-At(insloc(0)) C Initialized(I).
(7) For every macro instruction I and for every state s of SCMpga such
that Initialized(I) C s holds s(intloc(0)) = 1.

Let us mention that every macro instruction which is paraclosed is also
InitClosed.

Let us note that every macro instruction which is parahalting is also Ini-
tHalting.

One can check the following observations:

* every macro instruction which is InitHalting is also InitClosed,
% every macro instruction which is keepInt0O 1 is also InitClosed, and

* every macro instruction which is keeping 0 is also keepInt0 1.

3. THE OTHER PROPERTIES OF INITIALIZATION HALTING

One can prove the following two propositions:

(8) Let I be a InitHalting macro instruction and a be a read-write integer
location. If a ¢ UsedIntLoc(I), then (IExec(I, s))(a) = s(a).
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(9) Let I be a InitHalting macro instruction and f be a finite sequence
location. If f ¢ UsedInt® Loc([]), then (IExec(,s))(f) = s(f).

Let I be a InitHalting macro instruction. Note that Initialized (/) is halting.
Let us observe that every macro instruction which is InitHalting is also non
empty.
The following propositions are true:
(10) For every InitHalting macro instruction I holds dom I # ().
(11) For every InitHalting macro instruction I holds insloc(0) € dom 1.

(12) Let J be a InitHalting macro instruction. Suppose Initialized(J) C s;.
Let n be a natural number. Suppose ProgramPart(Relocated(J,n)) C
s2 and IC,,) = insloc(n) and s;[(Int-Locations U FinSeq-Locations) =
s2 | (Int-Locations U FinSeq-Locations). Let ¢ be a natural number. Then
IC(Computation(sl))(i) +n= IC(Computation(SQ))(i) and IncAddr(CurInstr
((Computation(si))()),n) = Curlnstr((Computation(ssz))(i))
and (Computation(sy))(7)[(Int-Locations U FinSeq-Locations) =
(Computation(sz))(7)[(Int-Locations U FinSeq-Locations).

(13) If Initialized(I) C s, then I C s.

(14) Let I be a InitHalting macro instruction. Suppose Initialized(l) C
s1 and Initialized(I) C sy and s; and sy are equal outside the in-
struction locations of SCMpgs. Let £ be a natural number. Then
(Computation(sy))(k) and (Computation(sz2))(k) are equal outside the in-
struction locations of SCMpgy and Curlnstr((Computation(sy))(k)) =
Curlnstr((Computation(ss))(k)).

(15) Let I be a InitHalting macro instruction. Suppose Initialized(I) C s;
and Initialized(I) C sy and s; and sy are equal outside the instruction
locations of SCMpga. Then LifeSpan(s;) = LifeSpan(s2) and Result(s;)
and Result(sq) are equal outside the instruction locations of SCMpga .

(16) Macro(haltscmy, ) is keeping 0 and InitHalting.

Let us observe that there exists a macro instruction which is keeping 0 and
InitHalting.

One can verify that there exists a macro instruction which is keepInt0O 1 and
InitHalting.

Next we state several propositions:

(17) For every keepInt0 1 InitHalting macro instruction I holds
(IExec(I, s))(intloc(0)) = 1.

(18) Let I be a InitClosed macro instruction and J be a macro in-
struction. Suppose Initialized(I) € s and s is halting. Let gi-
ven m. Suppose m < LifeSpan(s). Then (Computation(s))(m) and
(Computation(s+-(I;J)))(m) are equal outside the instruction locations
of SCMyga.

139
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(19) For all natural numbers i, m, n holds s+-I+-((intloc(7)——m)+- Start-At
(insloc(n))) = (s+-((intloc(i)——m)+- Start-At(insloc(n))))+-1.

(20) If (intloc(0)——1)4- Start-At(insloc(0)) C s, then Initialized(l) C
s+-(I+-((intloc(0)——1)+- Start-At(insloc(0)))) and s+-(I+-((intloc(0)——1)
+- Start-At(insloc(0)))) = s+-I and s+-(/+-((intloc(0)——1)
+- Start-At(insloc(0))))+- Directed(I) = s+- Directed(]).

(21) For every InitClosed macro instruction I such that s+-I is halting
and Directed(/) C s and (intloc(0)——1)+- Start-At(insloc(0)) C s holds
IC(Computation(s))(LifeSpan(s+-I)+l) - inSIOC<Card I)

(22) Let I be a InitClosed macro instruction. Suppose s+-I is halting and
Directed(I) € s and (intloc(0)——1)+- Start-At(insloc(0)) C s. Then
(Computation(s))(LifeSpan(s+-I))[(Int-Locations U FinSeq-Locations) =
(Computation(s))(LifeSpan(s+-1)+1)[(Int-Locations U FinSeq-Locations).

(23) Let I be a InitHalting macro instruction. Suppose Initialized(l) C
s. Let k be a natural number. If £ < LifeSpan(s), then
Curlnstr((Computation(s+- Directed([)))(k)) # haltgcmyg, -

(24) Let I be a InitClosed macro instruction. Suppose s+- Initialized(7) is hal-
ting. Let J be a macro instruction and k be a natural number. Suppose k <
LifeSpan(s+- Initialized(Z)). Then (Computation(s+-Initialized(I)))(k)
and (Computation(s+- Initialized(I;.J)))(k) are equal outside the instruc-
tion locations of SCMFpga .

4. THE INITIALIZATION HALTING FOR Two CONTINUOUS
MACRO-INSTRUCTIONS

One can prove the following proposition

(25) Let I be a keepIntO0 1 InitHalting macro instruction, J be a Ini-
tHalting macro instruction, and s be a state of SCMgpga. Suppose
Initialized(I;J) C s. Then

(1) IC(Computation(s))(LifeSpan(s-‘rJ)-ﬁ-l) = insloc(card I)7

(ii) (Computation(s))(LifeSpan(s+-I)+1)[(Int-Locations U FinSeq-Locations) =
((Computation(s+-1I))(LifeSpan(s+-I))+- Initialized(.J))[(Int-Locations U
FinSeg-Locations),

(ili) ProgramPart(Relocated(J,card I)) C (Computation(s))(LifeSpan(s+-1)+
1)7

(iv)  (Computation(s))(LifeSpan(s+-I) + 1)(intloc(0)) = 1,

(v) s is halting,

(vi) LifeSpan(s) = LifeSpan(s+-I)+1+LifeSpan(Result(s+-1)+- Initialized(.J)),
and

(vii) if J is keeping 0, then (Result(s))(intloc(0)) = 1.
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Let I be a keepInt0 1 InitHalting macro instruction and let J be a InitHalting
macro instruction. Note that I;J is InitHalting.
Next we state four propositions:

(26) Let I be a keepInt0O 1 macro instruction. Suppose s+-I is halting. Let J
be a InitClosed macro instruction. Suppose Initialized(I;J) C s. Let k be
a natural number. Then (Computation(Result(s+-I)+- Initialized(J))) (k)
+ Start'At(IC(Computation(Result(s+~[)+~ Initialized(J)))(k) + card I) and
(Computation(s—+-(I;J)))(LifeSpan(s+-I) + 1 + k) are equal outside the
instruction locations of SCMpga.

(27) Let I be a keepInt0 1 macro instruction. Suppose s+- Initialized(I) is not
halting. Let J be a macro instruction and k£ be a natural number. Then
(Computation(s+- Initialized(I)))(k) and (Computation(s+- Initialized
(I;J)))(k) are equal outside the instruction locations of SCMpga.

(28) Let I be a keepInt0 1 InitHalting macro instruction and J be a
InitHalting macro instruction. Then LifeSpan(s+- Initialized(I;J)) =
LifeSpan(s+- Initialized(I)) + 1 4 LifeSpan(Result(s+- Initialized(I))
+- Initialized(J)).

(29) Let I be a keepIntO 1 InitHalting macro instruction and J be a InitHal-
ting macro instruction. Then IExec(1;J, s) = [Exec(J, IExec(I, s))
+- Start'At(ICIExec(J,IExeC(I,s)) + card I)

Let i be a parahalting instruction of SCMgpga. Observe that Macro(i) is
InitHalting.

Let ¢ be a parahalting instruction of SCMpga and let J be a parahalting
macro instruction. Observe that i;J is InitHalting.

Let i be a keeping 0 parahalting instruction of SCMpga and let J be a
InitHalting macro instruction. Note that i;J is InitHalting.

Let I, J be keepInt0 1 macro instructions. One can verify that I;J is keepInt0

Let j be a keeping 0 parahalting instruction of SCMpga and let I be a
keepIntO 1 InitHalting macro instruction. One can check that I;j is InitHalting
and keepIntO 1.

Let ¢ be a keeping 0 parahalting instruction of SCMpga and let J be a
keepInt0 1 InitHalting macro instruction. Observe that ¢;J is InitHalting and
keepIntO 1.

Let j be a parahalting instruction of SCMygga and let I be a parahalting
macro instruction. One can check that I;j is InitHalting.

Let 4, 7 be parahalting instructions of SCMgga. One can check that 4;j is
InitHalting.

Next we state several propositions:

(30) Let I be a keepInt0 1 InitHalting macro instruction and J
be a InitHalting macro instruction. Then (IExec(I;J,s))(a) =
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(IExec(J, IExec(I, s)))(a).

(31) Let I be a keepInt0 1 InitHalting macro instruction and J
be a InitHalting macro instruction. Then (IExec(l;J,s))(f) =
(IExec(J, IExec(, s)))(f).

(32) For every keepInt0 1 InitHalting macro instruction I and for every state s
of SCMpga holds Initialize(IExec([, s))[(Int-Locations U FinSeq-Locations) =
IExec(I, s)[(Int-Locations U FinSeq-Locations).

(33) Let I be a keepInt0 1 InitHalting macro instruction and j be
a parahalting instruction of SCMpga. Then (IExec(l;j,s))(a) =
(Exec(j, IExec(I, s)))(a).

(34) Let I be a keepInt0 1 InitHalting macro instruction and j be
a parahalting instruction of SCMpga. Then (IExec(l;j,s))(f) =
(Exec(j, IExec(1,s)))(f).

Let I be a macro instruction and let s be a state of SCMpgga. We say that

I is closed onlnit s if and only if:

(Def. 4) For every natural number k holds ICcomputation(s+ Initialized(I)))(k) €
dom 1.
We say that I is halting onlnit s if and only if:
(Def. 5)  s+- Initialized (/) is halting.
We now state three propositions:

(35) Let I be a macro instruction. Then [ is InitClosed if and only if for every
state s of SCMpgga holds I is closed onlnit s.

(36) Let I be a macro instruction. Then I is InitHalting if and only if for
every state s of SCMpgsga holds [ is halting onlnit s.

(37) Let s be a state of SCMpga, I be a macro instruction, and a be
an integer location. Suppose I does not destroy a and [ is closed
onlnit s and Initialized(I) C s. Let k be a natural number. Then
(Computation(s))(k)(a) = s(a).

Let us observe that there exists a macro instruction which is InitHalting and
good.

Let us observe that every macro instruction which is InitClosed and good is
also keepIntO 1.

Let us mention that Stopgey,, 18 InitHalting and good.

We now state several propositions:

(38) Let s be a state of SCMFpga, @ be a keeping 0 parahalting instruction
of SCMFpga, J be a InitHalting macro instruction, and a be an integer
location. Then (IExec(i;J, s))(a) = (IExec(J, Exec(i, Initialize(s))))(a).

(39) Let s be a state of SCMFgga, @ be a keeping 0 parahalting instruction of
SCMpgga, J be a InitHalting macro instruction, and f be a finite sequence
location. Then (IExec(i;J, s))(f) = (IExec(J, Exec(i, Initialize(s))))(f).
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(40) Let s be a state of SCMpga and I be a macro instruction. Then I is
closed onlnit s if and only if I is closed on Initialize(s).

(41) Let s be a state of SCMpga and I be a macro instruction. Then I is
halting onlnit s if and only if [ is halting on Initialize(s).

(42) For every macro instruction I and for every state s of SCMpga holds
IExec(I, s) = IExec(!, Initialize(s)).

5. IF-PROGRAMS WITH INITIALIZATION HALTING

The following propositions are true:

(43) Let s be a state of SCMpga, I, J be macro instructions, and a be a
read-write integer location. Suppose s(a) = 0 and [ is closed onlnit s and
I is halting onlnit s. Then if @ = 0 then [ else J is closed onlnit s and
if a = 0 then I else J is halting onlnit s.

(44) Let s be a state of SCMpsa, I, J be macro instructions, and a be
a read-write integer location. Suppose s(a) = 0 and I is closed onlnit
s and I is halting onlnit s. Then IExec(if a = 0 then I else J,s) =
IExec(I, s)+- Start-At(insloc(card I + card J + 3)).

(45) Let s be a state of SCMpga, I, J be macro instructions, and a be a
read-write integer location. Suppose s(a) # 0 and J is closed onlnit s and
J is halting onlnit s. Then if @ = 0 then I else J is closed onlnit s and
if a = 0 then [ else J is halting onlnit s.

(46) Let I, J be macro instructions, a be a read-write integer location,
and s be a state of SCMpga. Suppose s(a) # 0 and J is closed onl-
nit s and J is halting onlnit s. Then IExec(if a = 0 then I else J,s) =
IExec(J, s)+- Start-At(insloc(card I + card J + 3)).

(47) Let s be a state of SCMygga, I, J be InitHalting macro instructions,
and a be a read-write integer location. Then if ¢ = 0 then [ else J is
InitHalting and if s(a) = 0, then IExec(if a = 0 then I else J,s) =
IExec(I, s)4- Start-At(insloc(card I + card J + 3)) and if s(a) # 0, then
IExec(if @ = 0 then [ else J, s) = IExec(J, s)+- Start-At(insloc(card I +
card J + 3)).

(48) Let s be a state of SCMygga, I, J be InitHalting macro instructions,
and a be a read-write integer location. Then
(i) ICIExec(if a=0 then [ else J,s) — insloc(card] + card J + 3)7
(ii)  if s(a) = 0, then for every integer location d holds (IExec(if a =
0 then [ else J,s))(d) = (IExec(I,s))(d) and for every finite sequence
location f holds (IExec(if a = 0 then I else J,s))(f) = (IExec(, s))(f),
and
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(iii)  if s(a) # 0O, then for every integer location d holds (IExec(if a =
0 then [ else J,s))(d) = (IExec(J,s))(d) and for every finite sequence
location f holds (IExec(if a = 0 then I else J,s))(f) = (IExec(J,s))(f).

(49) Let s be a state of SCMpsa, I, J be macro instructions, and a be a
read-write integer location. Suppose s(a) > 0 and [ is closed onlnit s and
I is halting onlInit s. Then if a > 0 then I else J is closed onlnit s and
if a > 0 then I else J is halting onlnit s.

(50) Let s be a state of SCMpsa, I, J be macro instructions, and a be
a read-write integer location. Suppose s(a) > 0 and [ is closed onlnit
s and I is halting onlnit s. Then IExec(if a > 0 then I else J,s) =
IExec(I, s)+- Start-At(insloc(card I + card J + 3)).

(51) Let s be a state of SCMpga, I, J be macro instructions, and a be a
read-write integer location. Suppose s(a) < 0 and J is closed onlnit s and
J is halting onlnit s. Then if a > 0 then I else J is closed onlnit s and
if a > 0 then [ else J is halting onlnit s.

(52) Let I, J be macro instructions, a be a read-write integer location,
and s be a state of SCMpga. Suppose s(a) < 0 and J is closed onl-
nit s and J is halting onlnit s. Then IExec(if a > 0 then I else J,s) =
[Exec(J, s)+- Start-At(insloc(card I + card J + 3)).

(53) Let s be a state of SCMygga, I, J be InitHalting macro instructions,
and a be a read-write integer location. Then if a > 0 then [ else J is
InitHalting and if s(a) > 0, then IExec(if a > 0 then I else J,s) =
IExec(I, s)4- Start-At(insloc(card I + card J + 3)) and if s(a) < 0, then
IExec(if a > 0 then I else J,s) = IExec(J, s)+- Start-At(insloc(card I +
card J + 3)).

(54) Let s be a state of SCMygga, I, J be InitHalting macro instructions,
and a be a read-write integer location. Then
(l) ICIExec(if a>0 then [ else J,s) — insloc(card[ + card J + 3)a
(ii)  if s(a) > 0, then for every integer location d holds (IExec(if a >
0 then [ else J,s))(d) = (IExec(/,s))(d) and for every finite sequence
location f holds (IExec(if a > 0 then [ else J,s))(f) = (IExec(Z,s))(f),
and
(iii)  if s(a) < 0, then for every integer location d holds (IExec(if a >
0 then I else J,s))(d) = (IExec(J,s))(d) and for every finite sequence
location f holds (IExec(if a > 0 then [ else J,s))(f) = (IExec(J, s))(f).
(55) Let s be a state of SCMpsa, I, J be macro instructions, and a be
a read-write integer location. Suppose s(a) < 0 and [ is closed onlnit
s and I is halting onlnit s. Then IExec(if a < 0 then I else J,s) =
IExec(I, s)4+- Start-At(insloc(card I + card J + card J + 7)).
(56) Let s be a state of SCMpga, I, J be macro instructions, and a be
a read-write integer location. Suppose s(a) = 0 and J is closed onlnit
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s and J is halting onlnit s. Then IExec(if a < 0 then I else J,s) =
IExec(J, s)+- Start-At(insloc(card I + card J + card J + 7)).
(57) Let s be a state of SCMpsa, I, J be macro instructions, and a be
a read-write integer location. Suppose s(a) > 0 and J is closed onlnit
s and J is halting onlnit s. Then IExec(if a« < 0 then I else J,s) =
IExec(.J, s)+- Start-At(insloc(card I + card J + card J + 7)).
(58) Let s be a state of SCMygga, I, J be InitHalting macro instructions,
and a be a read-write integer location. Then
(i) if a <0 then I else J is InitHalting,
(ii) if s(a) < 0, then IExec(if a < 0then Ielse Js) =
IExec(I, s)+- Start-At(insloc(card I + card J + card J + 7)), and
(iii) if s(a) > 0, then IExec(if a < O0thenelse Js) =
IExec( J, s)+- Start-At(insloc(card I + card J + card J + 7)).
Let I, J be InitHalting macro instructions and let a be a read-write integer
location. One can verify the following observations:

* if a =0 then I else J is InitHalting,

x if @ > 0 then [ else J is InitHalting, and
* if a < 0 then I else J is InitHalting.
Next we state a number of propositions:

(59) For every macro instruction I holds I is InitHalting iff for every state s
of SCMpga holds I is halting on Initialize(s).

(60) For every macro instruction I holds I is InitClosed iff for every state s
of SCMpga holds I is closed on Initialize(s).

(61) Let s be a state of SCMpga, I be a InitHalting macro instruc-
tion, and a be a read-write integer location. Then (IExec(I,s))(a) =
(Computation(Initialize(s)+-(I+- Start-At(insloc(0)))))
(LifeSpan(Initialize(s)+-(I+- Start-At(insloc(0)))))(a).

(62) Let s be a state of SCMpga, I be a InitHalting macro instruction, a be
an integer location, and k be a natural number. If I does not destroy a,
then (IExec(I, s))(a) =
(Computation(Initialize(s)+-(/+- Start-At(insloc(0)))))(k)(a).

(63) Let s be a state of SCMFpgya, I be a InitHalting macro instruction, and
a be an integer location. If I does not destroy a, then (IExec(I,s))(a) =
(Initialize(s))(a).

(64) Let s be a state of SCMpga, I be a keepInt0 1 InitHalting macro instruc-
tion, and a be a read-write integer location. Suppose I does not destroy
a. Then (Computation(Initialize(s)+-((/;SubFrom(a, intloc(0)))
+- Start-At(insloc(0)))) ) (LifeSpan(Initialize(s)+-(({;SubFrom(a, intloc(0)))
+- Start-At(insloc(0)))))(a) = s(a) — 1.
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(65) Let s be a state of SCMpgy and I be a InitClosed macro instruc-
tion. Suppose Initialized(/) C s and s is halting. Let m be a natu-
ral number. Suppose m < LifeSpan(s). Then (Computation(s))(m) and
(Computation(s+-loop I))(m) are equal outside the instruction locations
of SCMFSA.

(66) Let s be a state of SCMpga and I be a InitHalting macro instruction.
Suppose Initialized(I) C s. Let k be a natural number. If k£ < LifeSpan(s),
then Curlnstr((Computation(s+-loopI))(k)) # haltscmypg, -

(67) I C s+-Initialized([).

(68) Let s be a state of SCMpga and I be a macro instruction. Sup-
pose I is closed onlnit s and [ is halting onlnit s. Let m be
a natural number. Suppose m < LifeSpan(s+-Initialized([)). Then
(Computation(s+- Initialized(/)))(m) and (Computation(s+- Initialized
(loop I)))(m) are equal outside the instruction locations of SCMFpg4.

(69) Let s be a state of SCMpgy and I be a macro instruction.
Suppose [ is closed onlnit s and [ is halting onlnit s. Let m
be a natural number. If m < LifeSpan(s+-Initialized([)), then
Curlnstr((Computation(s+- Initialized(I)))(m)) =
CurlInstr((Computation(s+- Initialized(loop I)))(m)).

(70) For every instruction-location [ of SCMpga holds ! ¢ dom((intloc(0)——1)
+- Start-At(insloc(0))).

(71) Let s be a state of SCMpgn and I be a macro instruction.
Suppose I is closed onlnit s and [ is halting onlnit s. Then
Curlnstr((Computation(s+- Initialized(loop I)))

(LifeSpan(s+- Initialized(I)))) = goto insloc(0) and for every natu-
ral number m such that m < LifeSpan(s+- Initialized(/)) holds
Curlnstr((Computation(s+- Initialized(loop I)))(m)) # haltscmyg, -

(72) Let s be a state of SCMpgpn and I be a macro instruction.
Suppose I is closed onlnit s and [ is halting onlnit s. Then
Curlnstr((Computation(s+- Initialized(loop 7)) )(LifeSpan
(s+- Initialized(1)))) = goto insloc(0).

(73) Let s be a state of SCMpga, I be a good InitHalting macro in-
struction, and a be a read-write integer location. Suppose I does not

destroy a and s(intloc(0)) = 1 and s(a) > 0. Then loopif a =
0 then Goto(insloc(2)) else (I;SubFrom(a,intloc(0))) is pseudo-closed
on s.

(74) Let s be a state of SCMgpga, I be a good InitHalting ma-
cro instruction, and a be a read-write integer location. Suppose [
does not destroy a and s(a) > 0. Then Initialized(loopif a =
0 then Goto(insloc(2)) else (I;SubFrom(a,intloc(0)))) is pseudo-closed
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on s.

6. LOOP-PROGRAMS WITH INITIALIZATION HALTING

We now state two propositions:

(75) Let s be a state of SCMpga, I be a good InitHalting macro instruction,
and a be a read-write integer location. Suppose I does not destroy a and
s(intloc(0)) = 1. Then Times(a, I) is closed on s and Times(a, I) is halting
on s.

(76) Let I be a good InitHalting macro instruction and a be a read-write
integer location. If I does not destroy a, then Initialized(Times(a,I)) is
halting.

Let a be a read-write integer location and let I be a good macro instruction.
Observe that Times(a, I) is good.
Next we state several propositions:

(77) Let s be a state of SCMpga, I be a good InitHalting macro instruction,
and a be a read-write integer location. Suppose I does not destroy a and
s(intloc(0)) = 1 and s(a) > 0. Then there exists a state sy of SCMpga
and there exists a natural number & such that

(i) sz = s+-Initialized(loop if @ = 0 then Goto(insloc(2))
else (I;SubFrom(a, intloc(0)))),

(ii) k= LifeSpan(s+- Initialized(if @ = 0 then Goto(insloc(2))
else (I;SubFrom(a, intloc(0))))) + 1,

(iii)  (Computation(ss))(k)(a) = s(a) — 1,

(iv)  (Computation(sz))(k)(intloc(0)) = 1,

(v)  for every read-write integer location b such that b # a holds
(Computation(sz))(k)(b) = (IExec(1,s))(d),

(vi)  for every finite sequence location f holds (Computation(sq))(k)(f) =
(IExec(l, 5))(f).

(vii) IC(Computation(SQ))(k) = insloc(0), and

(viii) for every mnatural number n such that n < &k holds
IC (Computation(ss))(n) € domloopif a =0 then Goto(insloc(2))

else (I;SubFrom(a, intloc(0))).

(78) Let s be a state of SCMpga, I be a good InitHalting macro instruc-
tion, and a be a read-write integer location. If s(intloc(0)) = 1 and
s(a) < 0, then IExec(Times(a, I), s)[(Int-Locations U FinSeq-Locations) =
s[(Int-Locations U FinSeq-Locations).

(79) Let s be a state of SCMpga, I be a good InitHalting macro instruc-
tion, and a be a read-write integer location. Suppose I does not de-
stroy a and s(a) > 0. Then (IExec(I;SubFrom(a,intloc(0)),s))(a) =

147
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s(a) — 1 and IExec(Times(a, I), s)[(Int-Locations U FinSeqg-Locations) =
[Exec(Times(a, I'), IExec(I;SubFrom(a, intloc(0)), s)) [ (Int-Locations U
FinSeq-Locations).

(80) Let s be a state of SCMrpga, I be a good InitHalting macro instruction,
f be a finite sequence location, and a be a read-write integer location. If
s(a) <0, then (IExec(Times(a, ), s))(f) = s(f).

(81) Let s be a state of SCMpga, I be a good InitHalting macro instruction,
b be an integer location, and a be a read-write integer location. If s(a) < 0,
then (IExec(Times(a,I),s))(b) = (Initialize(s))(b).

(82) Let s be a state of SCMpgp, I be a good InitHalting macro instruction,
f be a finite sequence location, and a be a read-write integer location.
If I does not destroy a and s(a) > 0, then (IExec(Times(a,I),s))(f) =
(IExec(Times(a, I), IExec(I;SubFrom(a, intloc(0)), s)))(f).

(83) Let s be a state of SCMpga, I be a good InitHalting macro instruc-
tion, b be an integer location, and a be a read-write integer location.
If I does not destroy a and s(a) > 0, then (IExec(Times(a,I),s))(b) =
(IExec(Times(a, I), IExec(I;SubFrom(a, intloc(0)), s)))(b).

Let ¢ be an instruction of SCMygga. We say that ¢ is good if and only if:
(Def. 6) ¢ does not destroy intloc(0).

Let us observe that there exists an instruction of SCMypga which is para-
halting and good.

Let i be a good instruction of SCMggs and let J be a good macro instruc-
tion. Observe that i;J is good and J;i is good.

Let 4, 7 be good instructions of SCMpgga. Note that ;5 is good.

Let a be a read-write integer location and let b be an integer location. Ob-
serve that a:=b is good and SubFrom(a,b) is good.

Let a be a read-write integer location, let b be an integer location, and let f
be a finite sequence location. Observe that a:=f; is good.

Let a, b be integer locations and let f be a finite sequence location. One can
check that f,:=b is good.

Let a be a read-write integer location and let f be a finite sequence location.
One can verify that a:=lenf is good.

Let n be a natural number. One can check that intloc(n + 1) is read-write.
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Summary. We present the bubble sorting algorithm using macro instruc-
tions such as the if-Macro (conditional branch macro instructions) and the Times-
Macro (for-loop macro instructions) etc. The correctness proof of the program
should include the proof of autonomic, halting and the correctness of the pro-
gram result. In the three terms, we justify rigorously the correctness of the bubble
sorting algorithm. In order to prove it is autonomic, we use the following the-
orem: if all variables used by the program are initialized, it is autonomic. This
justification method probably reveals that autonomic concept is not important.

MML Identifier: SCMBSORT.

The articles [18], [24], [21], [19], [31], [7], [9], [12], [22], [10], [13], [29], [14], [15],
[11], [28], [8], [32], [17], [26], [5], [6], [3], [1], [2], [4], [27], [25], [16], [20], [30], and
[23] provide the terminology and notation for this paper.

1. PRELIMINARIES

For simplicity, we adopt the following rules: p is a programmed finite partial
state of SCMrgga, 71 is an instruction of SCMrygga, 4, j, k are natural numbers,
f1, f are finite sequence locations, a, b, di, do are integer locations, [, [ are
instructions-locations of SCMgga, and s1 is a state of SCMpga.

We now state a number of propositions:

(1) Let I, J be macro instructions and a, b be integer locations. Suppose I

does not destroy b and J does not destroy b. Then if a > 0 then I else J
does not destroy b.

@ 1998 University of Bialystok
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(2) Let I, J be macro instructions and a, b be integer locations. Suppose I
does not destroy b and J does not destroy b. Then if ¢ = 0 then I else J
does not destroy b.

(3) Let I be a macro instruction and a, b be integer locations. If I does not
destroy b and a # b, then Times(a, I) does not destroy b.

(4) For every function f and for all sets n, m holds
(f+(n=—m)+-(m——n))(m) = n.

(5) For every function f and for all sets n, m holds
(f+(m——m)-+-(m—n)) () = m.

(6) For every function f and for all sets n, m, x such that € dom f and
x #m and z # n holds (f+-(n——m)+-(m——n))(z) = f(x).

(7) Let f, g be functions and m, n be sets. Suppose that

i) f(m)=g(n),
) fn) =g(m),
) m € dom f,
(iv) n € dom f,
) dom f = domg, and
) for every set k such that k& # m and k& # n and k& € dom f holds

f(k) = g(k).

Then f and g are fiberwise equipotent.

(8) Let s be a state of SCMpga, f be a finite sequence location, and a, b
be integer locations. Then (Exec(b:=f,,s))(b) = 5 5(f)-

(9) Let s be a state of SCMpga, f be a finite sequence location, and a, b
be integer locations. Then (Exec(fq,:=b,s))(f) = s(f) +- (|s(a)|, s(b)).

(10) Let s be a state of SCMpga, f be a finite sequence location, m, n
be natural numbers, and a be an integer location. If m # n + 1, then
(Exec(intloc(m):=f,, Initialize(s)))(intloc(n + 1)) = s(intloc(n + 1)).

(11) Let s be a state of SCMpsa, m, n be natural numbers, and a be an inte-
ger location. If m # n+1, then (Exec(intloc(m):=a, Initialize(s)))(intloc(n+
1)) = s(intloc(n + 1)).

(12) Let s be a state of SCMypga, f be a finite sequence location, and a be
a read-write integer location. Then (IExec(Stopscny,s$))(a) = s(a) and

(IExec(Stopsampg, » $))(f) = s(f)-
In the sequel n denotes a natural number.
One can prove the following propositions:
(13) Ifn<10,thenn=0orn=1lorn=2orn=3orn=4orn=>5or
n=6orn=7orn=8orn=9orn=10.
(14) Suppose n < 12. Thenn=0orn=1lorn=2orn =3 or n =4 or
n=5orn=6orn=7orn=8orn=9orn=10orn =11 or n = 12.
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(15) Let f, g be functions and X be a set. If dom f = dom g and for every
set x such that x € X holds f(z) = g(x), then f|X = g X.

(16) If iy € rngp and if 43 = a:=b or i; = AddTo(a,b) or i; = SubFrom(a, b)
or i3 = MultBy(a,b) or iy = Divide(a,b), then a € UsedIntLoc(p) and
b € UsedIntLoc(p).

(17) 1If iy € rngp and if iy = if a = 0 goto [; or i; = if a > 0 goto [y, then
a € UsedIntLoc(p).

(18) 1If iy € rngp and if iy = b:=f1, or i1 = f1,:=b, then a € UsedIntLoc(p)
and b € UsedIntLoc(p).

(19) Ifiy € rngpandifiy = b:=fy, or iy = f1,:=b, then f; € UsedInt® Loc(p).

(20) If i1 € rngp and if iy = a:=lenf; or iy = f1:=(0,...,0), then a €

———

a

UsedIntLoc(p).
(21) If iy € rngp and if i3 = a:=lenf; or i1 = f1:=(0,...,0), then f; €
———

a

UsedInt* Loc(p).

(22) Let p be a macro instruction, s, s3 be states of SCMpga, and gi-
ven i. If p C sy and p C s3, then (Computation(ss))(i)]domp =
(Computation(ss))(i)] dom p.

(23) Let t be a finite partial state of SCMpga, p be a macro instruction,
and x be a set. Suppose domt C Int-Locations U FinSeqg-Locations and
x € dom tUUsedInt* Loc(p) UUsedIntLoc(p). Then z is an integer location
or a finite sequence location.

(24) For every fi holds (Exec(Divide(dy,d2),s1))(f1) = si1(f1) and
(EXGC(DiVide(dl, d2), 31))(ICSCMFSA) = NeXt(IC(Sl)).

(25) Let 4, k be natural numbers, ¢ be a finite partial state of SCMpga, p be
a macro instruction, and so, s3 be states of SCMpga. Suppose that

)k <i,
) pC sy
(iii) p C ss,
) domt C Int-Locations U FinSeqg-Locations,
) for every j holds IC(Computation(sz))(j) € domp and IC(Computation(33))(j) S

dom p,

(vi)  (Computation(s2))(k)(ICscmys,) = (Computation(ss))(k)(ICscMypsa )
and

(vil)  (Computation(sz))(k)[(domt¢ U UsedInt* Loc(p) U UsedIntLoc(p)) =
(Computation(ss))(k)[(dom ¢ U UsedInt® Loc(p) U UsedIntLoc(p)).

Then (Computation(s2))(i)(ICscmys, ) = (Computation(ss))(i)(ICscMypsy )
and (Computation(sg))(7)[(dom¢ U UsedInt* Loc(p) U UsedIntLoc(p)) =
(Computation(ssz))(i)[(domt U UsedInt* Loc(p) U UsedIntLoc(p)).
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(26) Let 4, k be natural numbers, p be a macro instruction, and sy, s3 be
states of SCMFpga. Suppose k£ < ¢ and p C sy and p C s3 and for every j
holds IC(Computation(sz))(j) € domp and IC(Computation(sg))(j) € domp and
(Computation(s2))(k)(ICscmys,) = (Computation(ss))(k)(ICscmys, )
and (Computation(sz))(k)[(UsedInt* Loc(p) U UsedIntLoc(p)) =
(Computation(ss))(k)[(UsedInt* Loc(p) U UsedIntLoc(p)).

Then (Computation(sz))(i)(ICscMyps, ) = (Computation(ss))(i)(ICscMypg,
and (Computation(sz))(7)[(UsedInt™ Loc(p) U UsedIntLoc(p)) =
(Computation(ss))(7)[(UsedInt® Loc(p) U UsedIntLoc(p)).

(27)  UsedIntLoc(Stopgcppg, ) = 9-
(28) UsedIntLoc(Goto(l)) = 0.

(29) For all macro instructions I, J and for every integer location a
holds UsedIntLoc(if @ = 0 then [ else J) = {a} U UsedIntLoc(I) U
UsedIntLoc(J) and UsedIntLoc(if @ > 0 then I else J) = {a} U
UsedIntLoc(7) U UsedIntLoc(.J).

(30) For every macro instruction I and for every instruction-location [ of
SCMrpga holds UsedIntLoc(Directed(1,1)) = UsedIntLoc(T).

(31) For every integer location a and for every macro instruction I holds
UsedIntLoc(Times(a, I)) = UsedIntLoc(/) U {a, intloc(0)}.

(32) For all sets x1, x2, x3 holds {za,x1} U{zs, 21} = {x1, 22, 23}.

(33) UsedInt™ Loc(Stopgonps, ) = 0

(34) UsedInt* Loc(Goto(l)) = 0.

(35) For all macro instructions I, J and for every integer location a

holds UsedInt* Loc(if @ = 0 then [ else J) = UsedInt* Loc(I) U
UsedInt® Loc(J) and UsedInt® Loc(if @ > 0 then [ else J)
= UsedInt™ Loc(I) U UsedInt™ Loc(J).

(36) For every macro instruction I and for every instruction-location [ of
SCMpgga holds UsedInt® Loc(Directed(Z,1)) = UsedInt™ Loc(1).

(37) For every integer location a and for every macro instruction I holds
UsedInt® Loc(Times(a, I)) = UsedInt® Loc([).
Let f be a finite sequence location and let ¢ be a finite sequence of elements
of Z. Then fr——t is a finite partial state of SCMpgp.
One can prove the following propositions:
(38) Every finite sequence of elements of Z is a finite sequence of elements of
R.

(39) Let ¢ be a finite sequence of elements of Z. Then there exists a finite
sequence u of elements of R such that ¢ and u are fiberwise equipotent
and u is a finite sequence of elements of Z and non-increasing.

(40) dom((intloc(0)——1)+- Start-At(insloc(0))) = {intloc(0), ICscMypsy }-
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(41) For every macro instruction I holds dom Initialized(/) = domI U
{intloc(0), ICSCMFSA}.

(42) Let w be a finite sequence of elements of Z, f be a finite sequence loca-
tion, and I be a macro instruction. Then dom(Initialized(I)+-(f——w)) =
dom I U {intloc(0), ICscMps,» f}-

(43) For every instruction-location I of SCMpga holds ICscmyg, # -

(44) For every integer location a and for every macro instruction I holds
card Times(a, I) = card I + 12.

(45) For all instructions 9, i3, i4 of SCMpga holds card(ie;ig;ig) = 6, where
i9 = by:=bs, by = intloc(3 + 1), bg = intloc(2 + 1), i3 = SubFrom(bs, agp),
ag = intloc(0), ig = bs:= foy,, bs = intloc(4 + 1), and fo = fsloc(0).

(46) Let ¢ be a finite sequence of elements of Z, f be a finite sequence location,
and I be a macro instruction. Then dom Initialized(I) N dom(f——t) = 0.

(47) Let w be a finite sequence of elements of Z, f be a finite sequence loca-
tion, and I be a macro instruction. Then Initialized(I)+-(f——w) starts
at insloc(0).

(48) Let I, J be macro instructions, k& be a natural number, and ¢ be
an instruction of SCMpga. If k¥ < cardJ and ¢ = J(insloc(k)), then

(I;J)(insloc(card I + k)) = IncAddr(i, card I).
(49) Suppose that
(i) i1 = a:=b, or
i1 = AddTo(a,b), or

G

)
)
(ili) 43 = SubFrom(a,b), or
(iv) 43 = MultBy(a,b), or
(v) i3 = Divide(a, b), or
(vi) i1 = goto Iy, or
(viil) 43 =if a =0 goto Iy, or
(viii) 43 =if a > 0 goto Iy, or
(ix) i3 =bi=f,, or
(x) 41 = fa:=b, or
(xi) 43 = a:=lenf, or
(xii) 41 = f:=(0,...,0).

a
Then i1 # haltscmyg, -

(50) Let I, J be macro instructions, k& be a natural number, and ¢ be
an instruction of SCMygga. Suppose for every natural number n holds
IncAddr(i,n) = 4 and ¢ # haltgscm,s, and k£ = cardl. Then
(I;i;J) (insloc(k)) = ¢ and (I3i;J)(insloc(k + 1)) = goto insloc(card I + 2).

(51) Let I, J be macro instructions and k be a natural number. If k = card I,
then (I;(a:=b);J)(insloc(k)) = a:=b and (I;(a:=b);J)(insloc(k + 1)) =

155
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goto insloc(card I + 2).

(52) Let I, J be macro instructions and k be a natural number. If k = card I,
then (I;(a:=lenf);J)(insloc(k)) = a:=lenf and (I;(a:=lenf);J)(insloc(k +
1)) = goto insloc(card I + 2).

(53) Let w be a finite sequence of elements of Z, f be a finite sequence
location, s be a state of SCMygga, and I be a macro instruction. If
Initialized(/)+-(f——w) C s, then I C s.

(54) Let w be a finite sequence of elements of Z, f be a finite sequence
location, s be a state of SCMygga, and I be a macro instruction. If
Initialized(I)+-(f——w) C s, then s(f) = w and s(intloc(0)) = 1.

(55) For every finite sequence location f and for every integer location a and
for every state s of SCMpga holds {a,ICscmgg,, f} € domss.

(56) For every macro instruction p and for every state s of SCMpga holds
UsedInt* Loc(p) U UsedIntLoc(p) C dom s.

(57) Let s be a state of SCMpga, I be a macro instruction, and f be a finite
sequence location. Then (Result(s—+- Initialized([)))(f) = (IExec(Z,s))(f).

2. THE PROGRAM CODE FOR BUBLE SORT

Let f be a finite sequence location. The functor bubble-sort( f) yields a macro
instruction and is defined as follows:

(Def. 1) bubble-sort(f) = is;

(ar:=len )
Times(aq,
(ag:=ay);
SubFrom(ag, ap);
(az=len )
Times(ag,
(ag:=a3);
SubFrom(as, agp);
(a5::fa3)§
(a6:=fay);

SubFrom(ag, as);
(if ag > 0 then (ag:=fa,);(fay:=06);(fas:=05) else (Stopgcrrs)))):
where i5 = (ag:=ap);(az:=ap);(as:=ag);(as:=ap);(as:=ao),
ay = intloc(2), ap = intloc(0), a3 = intloc(3), a4 = intloc(4), a5 =
intloc(5), ag = intloc(6), and a; = intloc(1).
The macro instruction the bubble sort algorithm is defined by:
(Def. 2) The bubble sort algorithm = bubble-sort(fsloc(0)).
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The following propositions are true:

(58) For every finite sequence location f holds UsedIntLoc(bubble-sort(f)) =
{ao,a1,a2,a3,a4,a5,a6}, where ay = intloc(0), a; = intloc(1l), as =
intloc(2), ag = intloc(3), a4 = intloc(4), as = intloc(5), and ag = intloc(6).

(59) For every finite sequence location f holds UsedInt* Loc(bubble-sort(f)) =
{r}-

3. DEFINING RELATIONSHIP BETWEEN THE INPUT AND OUTPUT OF
SORTING ALGORITHMS

The partial function Sorting-Function from FinPartSt(SCMpga) to
FinPartSt(SCMpga ) is defined by the condition (Def. 3).

(Def. 3) Let p, ¢ be finite partial states of SCMpgs. Then (p, ¢) €
Sorting-Function if and only if there exists a finite sequence t of elements
of Z and there exists a finite sequence u of elements of R such that ¢ and
u are fiberwise equipotent and w is a finite sequence of elements of Z and
non-increasing and p = fsloc(0)——t and ¢ = fsloc(0)——u.

We now state two propositions:
(60) For every set p holds p € dom Sorting-Function iff there exists a finite
sequence t of elements of Z such that p = fsloc(0)——t.
(61) Let ¢ be a finite sequence of elements of Z. Then there exists a finite
sequence u of elements of R such that
(i) t and u are fiberwise equipotent,
(ii)  w is non-increasing and a finite sequence of elements of Z, and
(iii)  (Sorting-Function)(fsloc(0)——t) = fsloc(0)——u.

4. THE BAsiCc PROPERTY OF BUBLE SORT

Next we state several propositions:
(62) For every finite sequence location f holds card bubble-sort(f) = 63.
(63) For every finite sequence location f and for every natural number k such
that & < 63 holds insloc(k) € dom bubble-sort(f).
(64) bubble-sort(fsloc(0)) is keepIntO 1 and InitHalting.
(65) Let s be a state of SCMpga. Then
(i)  s(fo) and (IExec(bubble-sort(fy),s))(fo) are fiberwise equipotent, and
(ii)  for all natural numbers 4, j such that i > 1 and j < lens(fy) and i < j
and for all integers z1, x2 such that 1 = (IExec(bubble-sort(fo), s))(fo)(?)
and x5 = (IExec(bubble-sort(fy), s))(fo)(j) holds z1 > x4,
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where fp = fsloc(0).

(66) Let ¢ be a natural number, s be a state of SCMpga, and w be a finite
sequence of elements of Z. Suppose Initialized(the bubble sort algorithm)
+(fsloc(0)—w) C s. Then IC computation(s))i) € dom (the bubble sort
algorithm).

(67) Let s be a state of SCMpga and ¢ be a finite sequence of elements of Z.
Suppose Initialized(the bubble sort algorithm) +-(fsloc(0)——t) C s. Then
there exists a finite sequence u of elements of R such that

(i) ¢ and w are fiberwise equipotent,

(ii)  w is non-increasing and a finite sequence of elements of Z, and
(iii)  (Result(s))(fsloc(0)) = u.

5. THE CORRECTNESS AND AUTONOMOUSNESS OF BUBLE SORT ALGORITHM

We now state two propositions:

(68) For every finite sequence w of elements of Z holds Initialized(the bubble
sort algorithm) +-(fsloc(0)——w) is autonomic.

(69) Initialized(the bubble sort algorithm) computes Sorting-Function.
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