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Summary. We prove the Euler theorem on existence of Euler circuits and
paths in multigraphs.

MML Identifier: GRAPH_3.

The notation and terminology used in this paper are introduced in the following
papers: [19], [23], [13], [10], [22], [24], [6], [9], [7], [4], [8], [2], [20], [12], [3], [5],
211, [1], [14], [15], [11], [16], [17], and [18].

1. PRELIMINARIES

Let D be a set, let T' be a non empty set of finite sequences of D, and let .S
be a non empty subset of 7. We see that the element of S is a finite sequence
of elements of D.

Let i, j be even integers. One can verify that ¢ — j is even.

We now state two propositions:

(1) For all integers 4, j holds i is even iff j is even iff i — j is even.

(2) Let p be a finite sequence and m, n, a be natural numbers. Suppose
a € dom(p(m),...,p(n)). Then there exists a natural number k such that
k € domp and p(k) = (p(m),...,p(n))(a) and k+1=m+a and m < k
and k < n.
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Let G be a graph. A vertex of GG is an element of the vertices of G.

For simplicity, we follow the rules: G denotes a graph, v, v1, v denote vertices
of G, ¢, c¢1, ¢ denote chains of G, p, p1, p2 denote paths of G, vs, vy, vs denote
finite sequences of elements of the vertices of G, e, X denote sets, and n, m
denote natural numbers.

One can prove the following propositions:

3
4

If v is vertex sequence of ¢, then vs is non empty.

If ¢ is cyclic and v3 is vertex sequence of ¢, then v3(1) = v3(lenwvs).

ot

If n € domp and m € domp and n # m, then p(n) # p(m).
€ is a path of G.

If e € the edges of G, then (e) is a path of G.
(p(m),...,p(n)) is a path of G.

Suppose rngp; misses rngpy and vy is vertex sequence of p; and vy is

J
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vertex sequence of ps and vg(lenwvy) = v5(1). Then p; ~ pg is a path of G.

(10) p is one-to-one.

(11) If ¢; " cg is a path of G, then rng c; misses rng cs.

(12) If ¢ = ¢, then c is cyclic.

Let G be a graph. Observe that there exists a path of G which is cyclic.
Next we state several propositions:

(13) For every cyclic path p of G holds (p(m + 1),...,p(lenp)) 7
(p(1),...,p(m)) is a cyclic path of G.

(14) If m+1 € domp, then len({(p(m +1),...,p(lenp)) ~ (p(1),...,p(m))) =
lenp and rng({(p(m + 1),...,p(lenp)) = (p(1),...,p(m))) = rngp and
((p(m +1),...,p(lenp)) = (p(1),...,p(m)))(1) = p(m +1).

(15) For every cyclic path p of G such that n € domp there exists a cyclic
path p’ of G such that p'(1) = p(n) and lenp’ = lenp and rngp’ = rngp.

(16) Let s, t be vertices of G. Suppose s = (the source of G)(e) and t = (the
target of G)(e). Then (¢, s) is vertex sequence of (e).

(17) Suppose e € the edges of G and v3 is vertex sequence of ¢ and vz(lenvs) =
(the source of G)(e). Then

(i) ¢~ (e) is a chain of G, and

(ii)  there exists a finite sequence v} of elements of the vertices of G such
that v} = v3 ~~ ((the source of G)(e), (the target of G)(e)) and v} is vertex
sequence of ¢ ™ (e) and v} (1) = v3(1) and v} (lenv}) = (the target of G)(e).

(18) Suppose e € the edges of G and vs is vertex sequence of ¢ and vz(lenwvz) =

(the target of G)(e). Then

(i) ¢~ (e) is a chain of G, and

(i)  there exists a finite sequence v] of elements of the vertices of G such
that v] = v3 ~ ((the target of G)(e), (the source of G)(e)) and v} is vertex
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sequence of ¢ (e) and v](1) = v3(1) and v (lenv}) = (the source of G)(e).

(19) Suppose vs is vertex sequence of ¢. Let n be a natural number. Suppose
n € domc. Then

(i)  w3(n) = (the target of G)(c(n)) and vs(n+1) = (the source of G)(c(n)),
or
(ii) ws(n) = (the source of G)(c(n)) and vs(n+1) = (the target of G)(c(n)).

(20) If v3 is vertex sequence of ¢ and e € rnge, then (the target of G)(e) €
rng vg and (the source of G)(e) € rngvs.

Let G be a graph and let X be a set. Then G-VSet(X) is a subset of the
vertices of G.
One can prove the following propositions:

(21) G-VSet(0) = 0.

(22) If e € the edges of G and e € X, then G-VSet(X) is non empty.

(23) @ is connected if and only if for all v1, ve such that vy # v there exist c,
v3 such that ¢ is non empty and vs is vertex sequence of ¢ and v3(1) = vy
and vs(lenwvs) = vo.

(24) Let G be a connected graph, X be a set, and v be a vertex of G. Suppose
X meets the edges of G and v ¢ G-VSet(X). Then there exists a vertex
v of G and there exists an element e of the edges of G such that v’ €
G-VSet(X) but e ¢ X but v = (the target of G)(e) or v’ = (the source of
G)(e).

2. DEGREE OF A VERTEX

Let G be a graph, let v be a vertex of GG, and let X be a set. The functor
EdgesIn(v, X) yields a subset of the edges of G and is defined as follows:

(Def. 1) For every set e holds e € EdgesIn(v, X) iff e € the edges of G and e € X
and (the target of G)(e) = v.
The functor EdgesOut(v, X) yields a subset of the edges of G and is defined as
follows:
(Def. 2) For every set e holds e € EdgesOut(v, X) iff e € the edges of G and
e € X and (the source of G)(e) = v.
Let G be a graph, let v be a vertex of G, and let X be a set. The functor
EdgesAt(v, X) yields a subset of the edges of G and is defined as follows:
(Def. 3) EdgesAt(v, X) = EdgesIn(v, X)) U EdgesOut(v, X).
Let G be a finite graph, let v be a vertex of G, and let X be a set. One can
check the following observations:
x  EdgesIn(v, X) is finite,
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*  EdgesOut(v, X) is finite, and
*  EdgesAt(v, X) is finite.
Let G be a graph, let v be a vertex of G, and let X be an empty set. One
can verify the following observations:
x  EdgesIn(v, X) is empty,
*x  EdgesOut(v, X) is empty, and
*  EdgesAt(v, X) is empty.
Let G be a graph and let v be a vertex of G. The functor EdgesInwv yields a
subset of the edges of G and is defined as follows:
(Def. 4) EdgesInv = EdgesIn(v, the edges of G).
The functor EdgesOut v yields a subset of the edges of G and is defined by:
(Def. 5) EdgesOut v = EdgesOut(v, the edges of G).
One can prove the following propositions:
(25) EdgesIn(v, X) C EdgesInv.
(26) EdgesOut(v, X) C EdgesOut v.
Let G be a finite graph and let v be a vertex of G. Note that EdgesInv is
finite and EdgesOut v is finite.
For simplicity, we follow the rules: G denotes a finite graph, v denotes a
vertex of GG, ¢ denotes a chain of GG, v denotes a finite sequence of elements of

the vertices of G, and X7, X9 denote sets.
One can prove the following two propositions:

(27) card EdgesInv = EdgIn(v).
(28) card EdgesOutv = EdgOut(v).

Let G be a finite graph, let v be a vertex of G, and let X be a set. The
functor Degree(v, X) yields a natural number and is defined as follows:

(Def. 6) Degree(v, X) = card EdgesIn(v, X') + card EdgesOut(v, X).
The following propositions are true:

(29) The degree of v = Degree(v, the edges of G).

(30) If Degree(v, X) # 0, then EdgesAt(v, X) is non empty.

(31) Suppose e € the edges of G but e ¢ X but v = (the target of G)(e) or
v = (the source of G))(e). Then the degree of v # Degree(v, X).

(32) If X9 C Xy, then card EdgesIn(v, X; \ X2) = card EdgesIn(v, X1) —
card EdgesIn(v, X2).

(33) If X9 C Xy, then card EdgesOut(v, X7 \ X2) = card EdgesOut (v, X1) —
card EdgesOut (v, Xs).

(34) If Xy C Xy, then Degree(v, X1 \ X2) = Degree(v, X1) — Degree(v, X2).

(35) EdgesIn(v, X) = EdgesIn(v, X Nthe edges of G) and EdgesOut(v, X) =
EdgesOut(v, X N the edges of G).
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(36) Degree(v, X) = Degree(v, X N the edges of G).

(37) If ¢ is non empty and v3 is vertex sequence of ¢, then v € rnguws iff

Degree(v, g c¢) # 0.

(38) For every non empty finite connected graph G and for every vertex v of

G holds the degree of v # 0.

3. ADDING AN EDGE TO A GRAPH

Let G be a graph and let v1, vy be vertices of G. The functor AddNewEdge(v1, v2)

yielding a strict graph is defined by the conditions (Def. 7).
(Def. 7)(i)  The vertices of AddNewEdge(v1, v2) = the vertices of G,

(ii))  the edges of AddNewEdge(vi,v2) = (the edges of G) U {the edges of

G}7

(iii)  the source of AddNewEdge(v1,v2) = (the source of G)+-((the edges of

G)——(v1)), and

(iv)  the target of AddNewEdge(vi,vs) = (the target of G)+-((the edges of

G)I—)(UQ))
Let G be a finite graph and let vy, vy be vertices of G. Observe that

AddNewEdge(v1, v2) is finite.

For simplicity, we adopt the following rules: G is a graph, v, vy, vy are

vertices of GG, ¢ is a chain of G, p is a path of GG, vs is a finite sequence of
elements of the vertices of G, v is a vertex of AddNewEdge(vy,vs), p’ is a path
of AddNewEdge(v1,v2), and v} is a finite sequence of elements of the vertices
of AddNewEdge(v1,v2).

We now state a number of propositions:

(39)(1) The edges of G € the edges of AddNewEdge(vy, v2),

(ii)  the edges of G = (the edges of AddNewEdge(vy,v2)) \ {the edges of
G},

(iii)  (the source of AddNewEdge(v1,v2))(the edges of G) = vy, and

(iv)  (the target of AddNewEdge(v1,v2))(the edges of G) = vs.

(40) Suppose e € the edges of G. Then (the source of AddNewEdge(v1, v2))(€e)
(the source of G)(e) and (the target of AddNewEdge(vi,v2))(e) = (the
target of G)(e).

(41) If v} = v3 and v is vertex sequence of ¢, then v} is vertex sequence of c.
(42) cis a chain of AddNewEdge(v1, v2).

(43) pis a path of AddNewEdge(vy,vs).

(44) 1If o' = vy and vy # vy, then EdgesIn(v’, X) = EdgesIn(vy, X).

(45) If v' = vg and vy # v, then EdgesOut(v’, X') = EdgesOut(ve, X).
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(46) 1If o' = vy and vy # vy and the edges of G € X, then EdgesOut(v', X) =
EdgesOut(vy, X) U {the edges of G} and EdgesOut(v1, X) N {the edges of
G} =10.

(47) If v' = v9 and v; # v9 and the edges of G € X, then EdgesIn(v', X) =
EdgesIn(vg, X) U {the edges of G} and EdgesIn(ve, X) N {the edges of
G} =10.

(48) If v' = v and v # vy and v # vy, then EdgesIn(v’, X)) = EdgesIn(v, X).

(49) If v/ = v and v # wv; and v # vy, then EdgesOut(v/,X) =
EdgesOut(v, X).

(50) If the edges of G ¢ rngp’, then p’ is a path of G.

(51) If the edges of G ¢ rngp’ and v3 = v} and v} is vertex sequence of p/,
then v3 is vertex sequence of p'.

Let G be a connected graph and let v1, vo be vertices of GG. One can check
that AddNewEdge(v1,v2) is connected.

For simplicity, we adopt the following rules: G is a finite graph, v, v1, vy are
vertices of G, v3 is a finite sequence of elements of the vertices of G, and v’ is a
vertex of AddNewEdge(v1,v2).

We now state two propositions:

(52) Ifv' =wv and v1 # vy and v = v1 or v = v9 and the edges of G € X, then
Degree(v’, X)) = Degree(v, X) + 1.
(53) If o' = v and v # v and v # vy, then Degree(v’, X) = Degree(v, X).

4. SOME PROPERTIES OF AND OPERATIONS ON CYCLES

The following two propositions are true:
(54) For every cyclic path ¢ of G holds Degree(v,rngc) is even.
(55) Let ¢ be a path of G. Suppose ¢ is non cyclic and v3 is vertex sequence of
c. Then Degree(v, rng c) is even if and only if v # v3(1) and v # vs(lenvs).
In the sequel G is a graph, v is a vertex of G, and v3 is a finite sequence of
elements of the vertices of G.
Let G be a graph. The functor G-CycleSet yields a non empty set of finite
sequences of the edges of G and is defined as follows:

(Def. 8) For every set x holds x € G-CycleSet iff x is a cyclic path of G.
One can prove the following propositions:
(56) ¢ is an element of G-CycleSet.

(57) Let ¢ be an element of G-CycleSet. Suppose v € G-VSet(rngc). Then
{c/,’ ranges over elements of G-CycleSet: rngc’ = mge A V/,, (vs is
vertex sequence of ¢ A wv3(1) =)} is a non empty subset of G-CycleSet.
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Let us consider G, v and let ¢ be an element of G-CycleSet. Let us assume
that v € G-VSet(rng c). The functor cfy yields an element of G-CycleSet and is
defined as follows:

(Def. 9) ¢ty = choose({c/, ¢ ranges over elements of G-CycleSet: rng¢’ = rnge A
V., (vs is vertex sequence of ¢ A v3(1) = v)}).
Let G be a graph and let ¢1, co be elements of G-CycleSet. Let us assume

that G-VSet(rng c¢1) meets G-VSet(rng c2) and rng ¢; misses rng cz. The functor
CatCycles(cy, ¢2) yields an element of G-CycleSet and is defined as follows:

(Def. 10) There exists a vertex v of G such that v = choose((G-VSet(rngc;1)) N
(G-VSet(rng cz))) and CatCycles(ci, c2) = (c1ty) ™ cafs.

The following proposition is true

(58) Let G be a graph and ¢, c2 be elements of G-CycleSet. Suppose
G-VSet(rng ¢1) meets G-VSet(rng cz) but rngc; misses rng ey but ¢y # €
or ¢y # €. Then CatCycles(cy, c2) is non empty.

In the sequel G denotes a finite graph, v denotes a vertex of GG, and ws
denotes a finite sequence of elements of the vertices of G.

Let us consider G, v and let X be a set. Let us assume that Degree(v, X') # 0.
The functor X-PathSet(v) yielding a non empty set of finite sequences of the
edges of GG is defined as follows:

(Def. 11)  X-PathSet(v) = {c, c ranges over elements of X*: ¢ is a path of G A ¢ is
non empty A \/ . (vs is vertex sequence of ¢ A v3(1) =v)}.

One can prove the following proposition

(59) For every element p of X-PathSet(v) and for every finite set ¥ such that
Y = the edges of G and Degree(v, X) # 0 holds lenp < card Y.

Let us consider G, v and let X be a set. Let us assume that for every
vertex v; of G holds Degree(vy, X) is even and Degree(v, X)) # 0. The functor
X-CycleSetv yielding a non empty subset of G-CycleSet is defined as follows:

(Def. 12) X-CycleSetv = {¢, c ranges over elements of G-CycleSet: rngc C X A ¢ is
non empty A \/ . (vs is vertex sequence of ¢ A v3(1) = v)}.

Next we state two propositions:

(60) If Degree(v, X) # 0 and for every v holds Degree(v, X) is even, then for
every element ¢ of X-CycleSetv holds ¢ is non empty and rngc C X and
v € G-VSet(rngc).

(61) Let G be a finite connected graph and ¢ be an element of G-CycleSet.
Suppose rng ¢ # the edges of G and ¢ is non empty. Then {v’, v’ ranges over
vertices of G: v/ € G-VSet(rngc) A the degree of v/ # Degree(v',rngc)}
is a non empty subset of the vertices of G.

Let G be a finite connected graph and let ¢ be an element of G-CycleSet.
Let us assume that rngc # the edges of G and c¢ is non empty. The functor
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ExtendCycle ¢ yields an element of G-CycleSet and is defined by the condition
(Def. 13).

(Def. 13) There exists an element ¢’ of G-CycleSet and there exists a vertex v of G
such that v = choose({v’, v’ ranges over vertices of G: v' € G-VSet(rngc) A
the degree of v' # Degree(v/,rngc)}) and ¢ = choose(((the edges of G) \
rng ¢)-CycleSetv) and ExtendCycle ¢ = CatCycles(c, ¢’).

One can prove the following proposition
(62) Let G be a finite connected graph and ¢ be an element of G-CycleSet.
Suppose rng ¢ # the edges of G and c is non empty and for every vertex v
of G holds the degree of v is even. Then ExtendCycle ¢ is non empty and
card rng ¢ < card rng ExtendCycle c.

5. EULER CIRCUITS AND PATHS

Let G be a graph and let p be a path of G. We say that p is Eulerian if and
only if:
(Def. 14) rngp = the edges of G.
We now state three propositions:

(63) Let G be a connected graph, p be a path of G, and v3 be a finite sequence
of elements of the vertices of G. Suppose p is Eulerian and v3 is vertex
sequence of p. Then rng v3 = the vertices of G.

(64) Let G be a finite connected graph. Then there exists a cyclic path of G
which is Eulerian if and only if for every vertex v of G holds the degree of
v is even.

(65) Let G be a finite connected graph. Then there exists a path of G which
is non cyclic and Eulerian if and only if there exist vertices vi, vo of G

such that v # vo and for every vertex v of GG holds the degree of v is even
iff v £ v1 and v # vs.
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