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Summary. The part of [12, pp. 73-77], i.e. definitions and propositions
3.16-3.27, is formalized in the paper.

MML Identifier: WAYBEL_7.

The notation and terminology used in this paper are introduced in the following
articles: [22], [25], [8], [24], [19], [26], [27], [7], [11], [6], [20], [10], [15], [21], [23],
[1], [21, 3], [14], [9], [16], [17], [5], [4], [18], and [13].

1. THE LATTICE OF SUBSETS

One can prove the following propositions:
(1) For every complete lattice L and for every ideal I of L holds L, € I.

(2) For every upper-bounded non empty poset L and for every filter F' of L
holds Ty € F.

(3) For every complete lattice L and for all sets X, Y such that X C Y
holds I_ILX < |—|LY and ’_‘LX = HLY

(4) For every set X holds the carrier of 2% = 2.

(5) For every bounded antisymmetric non empty relational structure L holds
L is trivial iff T, = Lj,.
Let X be a set. Note that Qé is Boolean.

Let X be a non empty set. Note that 2& is non trivial.
We now state three propositions:
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(6) For every upper-bounded non empty poset L holds {Tr} = 1(Tp).
(7) For every lower-bounded non empty poset L holds {11} = |(Lz).
(8) For every lower-bounded non empty poset L and for every filter F' of L
holds F' is proper iff 1 ¢ F.
One can verify that there exists a lattice which is non trivial, Boolean, and
strict.
Let L be a non trivial upper-bounded non empty poset. One can check that
there exists a filter of L which is proper.
Next we state several propositions:
(9) For every set X and for every element a of 2% holds —a = X \ a.
(10) Let X be a set and Y be a subset of 2&. Then Y is lower if and only if
for all sets z, y such that z C y and y € Y holds x € Y.
(11) Let X be a set and Y be a subset of 25. Then Y is upper if and only if
for all sets x, y such that z Cy and y C X and x € Y holds y € Y.
(12) Let X be aset and Y be a lower subset of 25. Then Y is directed if and
only if for all sets z, y such that z € Y and y € Y holds z Uy € Y.
(13) Let X be a set and Y be an upper subset of 2&. Then Y is filtered if
and only if for all sets x, y such that z € Y and y € Y holds x Ny € Y.
(14) Let X be a set and Y be a non empty lower subset of 2&. Then Y is
directed if and only if for every finite family Z of subsets of X such that
Z CY holds | JZ €Y.
(15) Let X be a set and Y be a non empty upper subset of 25. Then Y is

filtered if and only if for every finite family Z of subsets of X such that
Z CY holds Intersect(Z) € Y.

2. PRIME IDEALS AND FILTERS

Let L be a poset with g.l.b.’s and let I be an ideal of L. We say that [ is
prime if and only if:
(Def. 1) For all elements x, y of L such that ztMy €I holdsz € [ or y € I.
One can prove the following proposition
(16) Let L be a poset with g.1.b.’s and I be an ideal of L. Then I is prime if
and only if for every finite non empty subset A of L such that inf A € I
there exists an element a of L such that a € A and a € 1.
Let L be a lattice. Note that there exists an ideal of L which is prime.
Next we state the proposition
(17) Let Ly, Lo be lattices. Suppose the relational structure of L; = the
relational structure of Lo. Let x be a set. If x is a prime ideal of L1, then
x is a prime ideal of Lo.
Let L be a poset with Lu.b.’s and let F' be a filter of L. We say that F' is
prime if and only if:
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(Def. 2) For all elements z, y of L such that z Uy € F holds x € F or y € F.
Next we state the proposition
(18) Let L be a poset with l.u.b.’s and F' be a filter of L. Then F is prime if
and only if for every finite non empty subset A of L such that sup A € F
there exists an element a of L such that a € A and a € F.
Let L be a lattice. One can verify that there exists a filter of L which is
prime.
The following propositions are true:
(19) Let Ly, Lo be lattices. Suppose the relational structure of L; = the
relational structure of Lo. Let x be a set. If = is a prime filter of Ly, then
x is a prime filter of Lo.
(20) Let L be a lattice and « be a set. Then z is a prime ideal of L if and
only if x is a prime filter of L°P.
(21) Let L be a lattice and « be a set. Then x is a prime filter of L if and
only if x is a prime ideal of L°P.
(22) Let L be a poset with g.l.b.’s and I be an ideal of L. Then I is prime if
and only if one of the following conditions is satisfied:
(i) —Iis afilter of L, or
(i) —-I=40.
(23) For every lattice L and for every ideal I of L holds I is prime iff I €
PRIME((Ids(L), C)).
(24) Let L be a Boolean lattice and F' be a filter of L. Then F' is prime if and
only if for every element a of L holds a € F or —a € F.
(25) Let X be a set and F be a filter of 2%. Then F is prime if and only if
for every subset A of X holds A€ For X\ A€ F.

Let L be a non empty poset and let F' be a filter of L. We say that F is
ultra if and only if:

(Def. 3) F is proper and for every filter G of L such that F' C G holds F = G or
G = the carrier of L.

Let L be a non empty poset. Note that every filter of L which is ultra is also
proper.
The following propositions are true:

(26) For every Boolean lattice L and for every filter F' of L holds F' is proper
and prime iff F' is ultra.

(27) Let L be a distributive lattice, I be an ideal of L, and F' be a filter of
L. Suppose I misses F. Then there exists an ideal P of L such that P is
prime and I C P and P misses F'.

(28) Let L be a distributive lattice, I be an ideal of L, and = be an element
of L. If z ¢ I, then there exists an ideal P of L such that P is prime and
ICPanduz¢P.

(29) Let L be a distributive lattice, I be an ideal of L, and F' be a filter of
L. Suppose I misses F'. Then there exists a filter P of L such that P is
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prime and F' C P and I misses P.

(30) Let L be a non trivial Boolean lattice and F' be a proper filter of L.
Then there exists a filter G of L such that F C GG and G is ultra.

3. CLUSTER POINTS OF A FILTER OF SETS

Let T be a topological space and let F', x be sets. We say that x is a cluster
point of F', T" if and only if:
(Def. 4) For every subset A of T such that A is open and = € A and for every
set B such that B € F holds A meets B.
We say that = is a convergence point of F', T if and only if:
(Def. 5) For every subset A of T' such that A is open and = € A holds A € F.

Let X be a non empty set. Note that there exists a filter of 2% which is
ultra. -
We now state several propositions:

(31) Let T be a non empty topological space, F' be an ultra filter of
2tche carrier of T “and p be a set. Then p is a cluster point of F, T if and
only if p is a convergence point of F, T'.

(32) Let T be a non empty topological space and z, y be elements of (the to-
pology of T', C). Suppose z < y. Let F be a proper filter of 2tghe carrier of T'
Suppose x € F. Then there exists an element p of T such that p € y and
p is a cluster point of F', T.

(33) Let T be a non empty topological space and z, y be elements of (the to-
pology of T', C). Suppose x < y. Let I be an ultra filter of 2the carrier of T'
Suppose x € F. Then there exists an element p of T such that p € y and
p is a convergence point of F, T'.

(34) Let T be a non empty topological space and z, y be elements of (the
topology of T', C). Suppose that

(i) xCy, and

(i)  for every ultra filter F' of 2the carrier of T qyych that 2 € I there exists
an element p of T such that p € y and p is a convergence point of F, T.
Then z < y.

(35) Let T be a non empty topological space, B be a prebasis of T', and =z,
y be elements of (the topology of T, C). Suppose = C y. Then = < y if
and only if for every subset F' of B such that y C |J F there exists a finite
subset G of F' such that z C |JG.

(36) Let L be a distributive complete lattice and x, y be elements of L. Then
x < y if and only if for every prime ideal P of L such that y < sup P
holds z € P.

(37) For every lattice L and for every element p of L such that p is prime
holds |p is prime.
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4. PSEUDO PRIME ELEMENTS

Let L be a lattice and let p be an element of L. We say that p is pseudoprime
if and only if:
(Def. 6) There exists a prime ideal P of L such that p = sup P.
We now state several propositions:

(38) For every lattice L and for every element p of L such that p is prime
holds p is pseudoprime.

(39) Let L be a continuous lattice and p be an element of L. Suppose p is
pseudoprime. Let A be a finite non empty subset of L. If inf A < p, then
there exists an element a of L such that a € A and a < p.

(40) Let L be a continuous lattice and p be an element of L. Suppose that
(i) p# Tpor Tr is not compact, and
(ii)  for every finite non empty subset A of L such that inf A < p there
exists an element a of L such that a € A and a < p.
Then (fininfs(—|p) misses |p.

(41) Let L be a continuous lattice. Suppose T, is compact. Then
(i) for every finite non empty subset A of L such that inf A < T, there
exists an element a of L such that a € A and a < T, and
(i)  Tfininfs(—|(T 1)) meets L(Tp).

(42) Let L be a continuous lattice and p be an element of L. Suppose
Tfininfs(—|p) misses |p. Let A be a finite non empty subset of L. If
inf A < p, then there exists an element a of L such that a € A and
a < p.

(43) Let L be a distributive continuous lattice and p be an element of L. If
Tininfs(—|p) misses |p, then p is pseudoprime.

Let L be a non empty relational structure and let R be a binary relation on
the carrier of L. We say that R is multiplicative if and only if:

(Def. 7) For all elements a, x, y of L such that (a, ) € R and (a, y) € R holds
(a, xMy) € R.
Let L be a lower-bounded sup-semilattice, let R be an auxiliary binary re-
lation on L, and let = be an element of L. Observe that z is upper.
We now state several propositions:

(44) Let L be a lower-bounded lattice and R be an auxiliary binary relation
on L. Then R is multiplicative if and only if for every element x of L holds
Tp is filtered.

(45) Let L be a lower-bounded lattice and R be an auxiliary binary relation
on L. Then R is multiplicative if and only if for all elements a, b, x, y of
L such that (a, ) € R and (b, y) € R holds (aMb, zMy) € R.

(46) Let L be a lower-bounded lattice and R be an auxiliary binary rela-
tion on L. Then R is multiplicative if and only if for every full relational
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substructure S of [ L, L] such that the carrier of S = R holds S is meet-
inheriting.

(47) Let L be a lower-bounded lattice and R be an auxiliary binary relation
on L. Then R is multiplicative if and only if | R is meet-preserving.

(48) Let L be a continuous lower-bounded lattice. Suppose <, is multiplica-
tive. Let p be an element of L. Then p is pseudoprime if and only if for all
elements a, b of L such that aMb < p holds a < p or b < p.

(49) Let L be a continuous lower-bounded lattice. Suppose <, is multiplica-
tive. Let p be an element of L. If p is pseudoprime, then p is prime.

(50) Let L be a distributive continuous lower-bounded lattice. Suppose that
for every element p of L such that p is pseudoprime holds p is prime. Then
&, is multiplicative.

REFERENCES

[1] Grzegorz Bancerek. Complete lattices. Formalized Mathematics, 2(5):719-725, 1991.

[2] Grzegorz Bancerek. Bounds in posets and relational substructures. Formalized Mathe-
matics, 6(1):81-91, 1997.

[3] Grzegorz Bancerek. Directed sets, nets, ideals, filters, and maps. Formalized Mathematics,
6(1):93-107, 1997.

[4] Grzegorz Bancerek. Duality in relation structures. Formalized Mathematics, 6(2):227-232,

1997.
[5] Grzegorz Bancerek. The “way-below” relation. Formalized Mathematics, 6(1):169-176,

1997.
[6] Jozef Biatas. Group and field definitions. Formalized Mathematics, 1(3):433-439, 1990.

[7] Czestaw Byliniski. Functions and their basic properties. Formalized Mathematics, 1(1):55—
65, 1990.
[8] Czestaw Bylinski. Some basic properties of sets. Formalized Mathematics, 1(1):47-53,

1990.
[9] Czestaw Bylinski. Galois connections. Formalized Mathematics, 6(1):131-143, 1997.

[10] Agata Darmochwal. Families of subsets, subspaces and mappings in topological spaces.
Formalized Mathematics, 1(2):257-261, 1990.

[11] Agata Darmochwal. Finite sets. Formalized Mathematics, 1(1):165-167, 1990.

[12] G. Gierz, K.H. Hofmann, K. Keimel, J.D. Lawson, M. Mislove, and D.S. Scott. A Com-
pendium of Continuous Lattices. Springer-Verlag, Berlin, Heidelberg, New York, 1980.

[13] Adam Grabowski. Auxiliary and approximating relations. Formalized Mathematics,
6(2):179-188, 1997.

[14] Adam Grabowski and Robert Milewski. Boolean posets, posets under inclusion and pro-
ducts of relational structures. Formalized Mathematics, 6(1):117-121, 1997.

[15] Zbigniew Karno. Maximal discrete subspaces of almost discrete topological spaces. For-
malized Mathematics, 4(1):125-135, 1993.

[16] Artur Kornitowicz. Cartesian products of relations and relational structures. Formalized
Mathematics, 6(1):145-152, 1997.

[17] Artur Kornitowicz. Definitions and properties of the join and meet of subsets. Formalized
Mathematics, 6(1):153-158, 1997.

[18] Beata Madras. Irreducible and prime elements. Formalized Mathematics, 6(2):233-239,

1997.
[19] Beata Padlewska. Families of sets. Formalized Mathematics, 1(1):147-152, 1990.

[20] Beata Padlewska and Agata Darmochwal. Topological spaces and continuous functions.
Formalized Mathematics, 1(1):223-230, 1990.

[21] Alexander Yu. Shibakov and Andrzej Trybulec. The Cantor set. Formalized Mathematics,
5(2):233-236, 1996.

[22] Andrzej Trybulec. Tarski Grothendieck set theory. Formalized Mathematics, 1(1):9-11,
1990.



[23]

[24]
[25]

[26]

27]

PRIME IDEALS AND FILTERS 247

Wojciech A. Trybulec. Partially ordered sets. Formalized Mathematics, 1(2):313-319,
1990.

Zinaida Trybulec. Properties of subsets. Formalized Mathematics, 1(1):67-71, 1990.
Zinaida Trybulec and Halina Swieczkowska. Boolean properties of sets. Formalized Ma-
thematics, 1(1):17-23, 1990.

Edmund Woronowicz. Relations and their basic properties. Formalized Mathematics,
1(1):73-83, 1990.

Edmund Woronowicz. Relations defined on sets. Formalized Mathematics, 1(1):181-186,
1990.

Received December 1, 1996



