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The articles [21], [24], [5], [23], [9], [2], [19], [17], [1], [4], [3], [7], [22], [10], [11],
[18], [25], [6], [8], [12], [13], [15], [20], [16], and [14] provide the terminology and
notation for this paper.

1. PRELIMINARIES

For simplicity we adopt the following convention: f will denote a standard
special circular sequence, i, j, k, n, i1, i2, j1, jo will denote natural numbers, r,
s, r1, 1o will denote real numbers, p, ¢, p1 will denote points of £%, and G will
denote a Go-board.

The following propositions are true:

(1) If|ry —rol > s, thenr +s <rgorry+s<ry.

(2) |r—s|=0iff r=s.

(3)  For all points p, p1, ¢ of EF such that p+ p; = ¢+ p; holds p = g¢.

(4)  For all points p, p1, g of EF such that p; +p = p; + ¢ holds p = ¢.

(5) Ifpy € L(p,q) and p1 = qq, then (p1)1 = q1.

(6) If p1 € L(p,q) and pa = g2, then (p1)2 = qa.

(1) 3-(p+q) € Lpq)

(8) Ifp1 =qqand g = (p1)1 and p2 < g2 and g2 < (p1)2, then ¢ € L(p,p1).

(9) Ifpr <qrand g1 < (p1)1 and p2 = g2 and g2 = (p1)2, then ¢ € L(p, p1).
(10) Let D be a non empty set, and given i, j, and let M be a matrix over

D.Ifl1<iandi<lenM and 1 < j and j < width M, then (i, j) € the
indices of M.
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(11) 1 <iand i+ 1 <lenG and 1 < j and j + 1 < widthG, then
37 (Gij+Givrj41) = 5 (Giga + G g)-

(12)  Suppose L(f, k) is horizontal. Then there exists j such that 1 < j and
j < widththe Go-board of f and for every p such that p € L(f, k) holds
p2 = ((the Go-board of ) ;)2.

(13)  Suppose L(f,k) is vertical. Then there exists ¢ such that 1 < i and
i < lenthe Go-board of f and for every p such that p € L(f, k) holds
p1 = ((the Go-board of f);1)1.

(14) If ¢ < lenthe Go-board of f and j < widththe Go-board of f, then
Int cell(the Go-board of f, i, j) misses Z(f)

2. SEGMENTS ON A GO-BOARD

Next we state a number of propositions:

(15) If 1 < dand i < lenG and 1 < j and j + 2 < widthG, then
L(Gij, Gijr1) N L(Gijr1, Gijr2) = {Gije}

(16) If 1 < diand i+ 2 < lenG and 1 < j and j < widthG, then
L(Gij, Git1,5) N L(Giy5, Givaj) = {Giy1,5}-

(17) Ifl1 <iand i+ 1 <lenG and 1 < j and j+ 1 < widthG, then
L(Gij, Gij+1) N L(Gijt1, Gigrj+1) = {Gijy1}

(18) If1 <iand i+ 1 < lenG and 1 < j and j+ 1 < widthG, then
L(Gij+1,Gir1,5+1) N L(Giv1j, Giv1j+1) = {Giv1j+1}

(19) Ifl1 <iand i+ 1 <lenG and 1 < j and j+ 1 < widthG, then
L(Gij, Giv1,5) N L(Gij, Gijj+1) = {Gij}-

(200 Ifl1 <iandi+1 <lenG and 1 < j and j+ 1 < widthG, then
L(Gij, Git15) N L(Giv1, Giv1,j+1) = {Gig1,5}-

(21)  Let i1, j1, i2, j2 be natural numbers. Suppose 1 < i; and i1 < lenG
and 1 < j; and j1+1 < width G and 1 < i and i < lenG and 1 < js and
jo + 1 < width G and £(Gi1,j1,Gi1,j1+1) meets ‘C(Gig,jgyGiz,jQ—l—l)' Then
i1 =12 and [j1 — jof < 1.

(22)  Let i1, j1, 92, j2 be natural numbers. Suppose 1 <ij andi;+1 <lenG
and 1 < j; and j; < widthG and 1 <49 and is +1 <lenG and 1 < j
and j2 S width G and ‘C(Gi1,j1’Gi1+1,j1) meets E(Gi2,j2,Gi2+1,j2). Then
j1 :j2 and |i1 —i2| < 1.

(23)  Let i1, j1, 92, j2 be natural numbers. Suppose 1 < i; and i; < lenG
and 1 < jpand j1+1 <widthGand 1 <isandis+1<lenG and 1 < j
and j2 S width G and ‘C(Gi1,j1’Gi1,j1+1) meets E(Gi2,j2,Gi2+1,j2). Then
i1 =19 or i1 = 1o + 1 but j; = jg or j1 + 1 = jo.

(24)  Let i1, j1, 92, j2 be natural numbers. Suppose 1 < i; and i; < lenG
and 1 < jjand j1+1 < widthG and 1 < i and i3 < lenG and 1 < jo and
jo +1 < width G and ‘C(Gil,jlth,jl-l-l) meets £(Gi27j2, Gi2,j2+1). Then
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(i) j1= g2 and L(G4y j1, Giy ji+1) = L(Giy gy, Giy jot1), OF
(ii) J1=J2+ 1 and £(Gi17j1’ Gil,jl-l-l) N E(Giz,jzv Gi27j2+1) = {Gil,j1}7 or
(i) j1+1=j2 and L(Giy j1, Giyji+1) N L(Gig oy Gig 1) = { Gz }-

(25)  Let 41, ji1, 2, jo be natural numbers. Suppose 1 <i; and i1 +1 <lenG
and 1 < j; and j; < widthG and 1 < iy and io +1 <lenG and 1 < j
and jo < widthG and L(G;, j,, Gi,+1,5,) meets L(Gi, jy, Gigt1,j,)- Then

(i) i1 =iz and ‘C(Gh,jp Gi1+17j1) = ﬁ(Gimjz? Gi2+17j2)7 or
(ii) i1 =iz + 1 and E(Gi17j17 Gi1+1,j1) N ‘C(Gimjw Gi2+17j2) = {Gihjl}? or
(iii) 41+ 1 =iz and L(Gy, jy, Giy41,5:) N L(Giy oy Giy1,52) = {Gin o }-

(26)  Let i1, j1, 92, j2 be natural numbers. Suppose 1 < i; and i; < lenG
and 1 < jpand j;+1<widthGand 1 <isandis+1<lenG and 1 < j
and j2 S width G and ‘C(Gi1,j1’Gi1,j1+1) meets E(Gi2,j2,Gi2+1,j2). Then
J1 = je and L(G, j1, Giy ji+1)NL(Giy oy Giny1,jo) = {Giy i} or j1+1 = jo
and L(Giy j1, Gy ji+1) N L(Giy gn> Gigr1,2) = {Giy jiv1}-

(27)  Suppose 1 < i3 and i3 < lenG and 1 < j; and j; + 1 < widthG and
1 <49 and iy <lenG and 1 < j5 and jo + 1 < width G and % (G gy +
Gi17j1+1) c ,C(Gi27j2,Gi27j2+1). Then il = ig and jl = jg.

(28) Suppose 1 < i3 and i3 +1 <lenG and 1 < j; and j; < widthG and
1<igandig+1<lenG and 1 < j5 and jo < width G and % (G +
Gi1+17j1) S £(G’i27j27Gi2+1,j2)’ Then i1 = 49 and j; = jo.

(29) Suppose 1 <ij and i3 +1 <lenG and 1 < j; and j; < widthG. Then
it is not true that there exist iy, jo such that 1 < iy and is < len G and
1 <jp and jo+1 < width G and §-(Giy j, +Giy11,51) € L(Giy oy Giy o 41)-

(30) Supposel <ijandi; <lenG and 1 < j; and j; +1 < width G. Then it
is not true that there exist is, jo such that 1 <is and is +1 < len G and
1 <jzand ja < width G and % ’ (Gi17j1 + Gi17j1+1) € ‘C(Gizdw Gi2+1,j2)’

3. STANDARD SPECIAL CIRCULAR SEQUENCES

In the sequel f will be a non constant standard special circular sequence.
The following propositions are true:

(31)  For every standard non empty finite sequence f of elements of 5% such
that ¢ € dom f and i + 1 € dom f holds 7; f # w11 f.

(32)  There exists i such that i € dom f and (7;f)1 # (m1.f)1-

(33)  There exists i such that i € dom f and (7;f)2 # (m1.f)2.

(34) lenthe Go-board of f > 1.

(35)  widththe Go-board of f > 1.

(36) len f > 4.

(37) Let f be a circular s.c.c. finite sequence of elements of 5%. Suppose

len f > 4. Let 4, j be natural numbers. If 1 < i and 7 < j and j < len f,
then TFZ‘f 75 7ij.
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(38)  For all natural numbers i, j such that 1 < i and ¢ < j and j < len f
holds m; f # =; f.

(39)  For all natural numbers 4, j such that 1 < i and i < j and j < len f
holds 7Tif 75 TI'jf.

(40)  For every natural number ¢ such that 1 < i and i <len f and 7;f = m f
holds i = len f.

(41)  Suppose that

1) 1<i,
(ii) 4 <lenthe Go-board of f,
(i) 1<)
(iv) j+1 < widththe Go-board of f, and
(v) 1 ((the Go-board of f);; + (the Go-board of f); ;1) € L(f).

Then there exists k such that 1 < k and k+1 < len f and £((the Go-board
of f)ij,(the Go-board of f); j+1) = L(f, k).
(42)  Suppose that

1) 1<i,
(ii) i+ 1 <lenthe Go-board of f
(i) 1<,
(iv) j < widththe Go-board of f and
(v) 1 ((the Go-board of f);; + (the Go-board of f)i41;) € L(f).

Then there exists k such that 1 < k and k+1 < len f and £((the Go-board
of f)ij,(the Go-board of f)i11;) = L(f, k).
(43)  Suppose that

(i) 1<i,

(ii) 741 <lenthe Go-board of f

(i) 1<y,

(iv) j+ 1 < widththe Go-board of f

(v) 1<k,

(vi) k+1<lenf,

(vii)  L((the Go-board of f); j+1, (the Go-board of f);y1 1) = L(f, k), and
(vili)  L£((the Go-board of f)it1 j, (the Go-board of f);y1,+1) = L(f, k+1).

Then 7 f = (the Go-board of f); 41 and w41 f = (the Go-board of
f)it1,j+1 and mp4of = (the Go-board of f);y1 ;.
(44)  Suppose that

i) 1<4i,
(ii)) i <lenthe Go-board of f,
(i) 1<)
(iv)  j+1 < widththe Go-board of f,
(v) 1<k,
(vi) E+1<lenf,
(vii)  L((the Go-board of f); j4+1, (the Go-board of f); j+2) = L(f, k), and
)

(viii)  L((the Go-board of f); ;, (the Go-board of f); ;+1) = L(f, k+1).
Then 7, f = (the Go-board of f); j42 and w1 f = (the Go-board of

f)ij+1 and T o f = (the Go-board of f); ;.
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(45)  Suppose that

(i) 1<i,

(ii)) ¢+ 1 <lenthe Go-board of f,

(i) 1<)

(iv)  j+1 < widththe Go-board of f,

(v) 1<k,

(vi) k+1<lenf,

(vii)  L((the Go-board of f); j;+1, (the Go-board of f);y1,+1) = L(f, k), and
(viii)  L£((the Go-board of f); ;, (the Go-board of f); jy1) = L(f,k + 1).

Then 7, f = (the Go-board of f);y1,4+1 and w41 f = (the Go-board of
f)ij+1 and T o f = (the Go-board of f); ;.
(46)  Suppose that

G 1<i,

(i) ¢+ 1 <lenthe Go-board of f,

(i) 1< j,

(iv)  j+1 < widththe Go-board of f,

(v) 1<k,

(vi) k+1<lenf,

(vii)  L((the Go-board of f);y1,;, (the Go-board of f);41,+1) = L(f, k), and
(viii)  L£((the Go-board of f); j+1, (the Go-board of f);y1+1) = L(f, k+1).

Then 7 f = (the Go-board of f);41,; and mpy1f = (the Go-board of
f)it1,j+1 and m4of = (the Go-board of f); j41.
(47)  Suppose that

(i) 1<4
(ii) i+ 1 < lenthe Go-board of f,
(i) 1<)
(iv) j < widththe Go-board of f,
(v) 1<k,
(vi) k+1<lenf,
(vii)  L((the Go-board of f);;1,, (the Go-board of f);y2;) = L(f, k), and

L((the Go-board of f); ;, (the Go-board of f);11 ;) = L(f,k+1).
Then 7 f = (the Go-board of f);42; and w1 f = (the Go-board of
f)it1,; and myof = (the Go-board of f); ;.

(48)  Suppose that

(i 1<4,
(ii) ¢+ 1 <lenthe Go-board of f,
(i) 1<)
(iv)  j+1 < widththe Go-board of f,
(v) 1<k,
(vi) k+1<lenf,
(vii)  L((the Go-board of f);y1,;, (the Go-board of f);y1,+1) = L(f, k), and

L((the Go-board of f); ;, (the Go-board of f);11 ;) = L(f,k+1).
Then 7, f = (the Go-board of f);y1 41 and w41 f = (the Go-board of
f)it1,j and w40 f = (the Go-board of f); ;.
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(49) Suppose that

(i) 1<i,

(i) i+ 1 <lenthe Go-board of f,

(i) 1<)

(iv)  j+1 < widththe Go-board of f,

(v) 1<Kk,

(vi) k+1<lenf,

(vii)  L((the Go-board of f);y1,j, (the Go-board of f);y1 1) = L(f, k), and
(viii)  L((the Go-board of f); j+1, (the Go-board of f);y1 1) = L(f, k+1).

Then 7, f = (the Go-board of f);41,; and w41 f = (the Go-board of
[it1,j+1 and mpyof = (the Go-board of f); ;1.
(50)  Suppose that

(1) 1<,

(ii) 4 <lenthe Go-board of f,

(i) 1<7j,

(iv)  j+1 < widththe Go-board of f,

(v) 1<k,

(vi) k+1<lenf,

(vii)  L((the Go-board of f); ;, (the Go-board of f); j+1) = L(f, k), and
(viii)  £((the Go-board of f); j+1, (the Go-board of f); j+2) = L(f,k+1).

Then 7 f = (the Go-board of f); ; and w41 f = (the Go-board of f); j+1
and 4o f = (the Go-board of f); j;o.

(51)  Suppose that

(i) 1<i,
(i) i+ 1 <lenthe Go-board of f,
(i) 1<)
(iv)  j+1 < widththe Go-board of f,
(v) 1<k,
(vi) k+1<lenf,
(vii)  L((the Go-board of f); , (the Go-board of f); j+1) = L(f, k), and

L((the Go-board of f); j+1, (the Go-board of f)i41,41) = L(f, k+1).
Then 7, f = (the Go-board of f); ; and 741 f = (the Go-board of f); j4+1
and 7o f = (the Go-board of f);y1 j41.

(52)  Suppose that

(i 1<4,
(i) i+ 1 <lenthe Go-board of f,
(i) 1<)
(iv)  j+1 < widththe Go-board of f,
(v) 1<k,
(vi) k+1<lenf,
(vii)  L((the Go-board of f); j+1, (the Go-board of f);y1 1) = L(f, k), and

L((the Go-board of f);11j, (the Go-board of f);11,41) = L(f, k+1).
Then 7, f = (the Go-board of f); j41 and 741 f = (the Go-board of
[it1,j+1 and mpyof = (the Go-board of f)i;1 ;.
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(53)  Suppose that

() 1<i,
(ii)) i+ 1 < lenthe Go-board of f,
(i) 1< j,
(iv) j < widththe Go-board of f,
v) 1<k,
(vi) k+1<lenf,
(vii)  L((the Go-board of f); j, (the Go-board of f);+1,;) = L(f, k), and
(viii)  L((the Go-board of f);y1,;, (the Go-board of f)i12;) = L(f,k+ 1).

Then 7, f = (the Go-board of f); ; and 7441 f = (the Go-board of f)it1;
and 742 f = (the Go-board of f);y2 ;.

(54)  Suppose that

() 1<i,
(ii) ¢+ 1 <lenthe Go-board of f,
(i) 1< j,
(iv)  j+1 < widththe Go-board of f,
(v) 1<k,
(vi) k+1<lenf,
(vii)  L((the Go-board of f); j, (the Go-board of f);1;) = L(f, k), and
)

L((the Go-board of f);11 j, (the Go-board of f)414+1) = L(f, k+1).
Then 7, f = (the Go-board of f); ; and 7441 f = (the Go-board of f)it1;
and 7o f = (the Go-board of f)i11 j41.

(55)  Suppose that
G 1<i,
i

( i; i <lenthe Go-board of f,

(i) 1<)

(iv)  j+1 < widththe Go-board of f,

(v)  L((the Go-board of f); ;, (the Go-board of f); j+1) C L(f), and
(vi)  L((the Go-board of f); j+1, (the Go-board of f); j12) C L(f).

Then

(vii) 1 f = (the Go-board of f); j+1 but mof = (the Go-board of f);; and
Ten f—1.f = (the Go-board of f); j12 or mof = (the Go-board of f); ;4o
and Tey -1 f = (the Go-board of f); j, or

(viii)  there exists k such that 1 < k and k+ 1 < len f and 741 f = (the
Go-board of f); j+1 and 7 f = (the Go-board of f); ; and 7 of = (the
Go-board of f); j42 or m,f = (the Go-board of f); j12 and mj4of = (the
Go-board of f); ;.

(56)  Suppose that

() 1<i,
(ii)) ¢+ 1 <lenthe Go-board of f,
(i) 1< j,
(iv)  j+1 < widththe Go-board of f,
(v)  L((the Go-board of f); j, (the Go-board of f); j41) € L(f), and
(vi)  L((the Go-board of f); j+1, (the Go-board of f);11,41) C L(f).



436 ANDRZEJ TRYBULEC

Then

(vii)  mf = (the Go-board of f); ;41 but mof = (the Go-board of f);;
and ey -1 f = (the Go-board of f)iy1,j4+1 or mof = (the Go-board of
f)it1,j+1 and Tiey 1 f = (the Go-board of f); ;, or

(viii)  there exists k such that 1 < k and k+1 < len f and 711 f = (the Go-
board of f); j+1 and 7 f = (the Go-board of f); ; and 7442 f = (the Go-
board of f);41,j4+1 or T, f = (the Go-board of f);41 j4+1 and 7 yof = (the
Go-board of f); ;.

(57)  Suppose that

(i) 1<i,
ii) i+ 1 <lenthe Go-board of f,
(i) 1<)
(iv)  j+1 < widththe Go-board of f,
(v)  L((the Go-board of f); i1, (the Go-board of f);1141) € L(f), and
(vi)  L((the Go-board of f);y1 11, (the Go-board of f)ir1,) C L(f).

Then

(vii) w1 f = (the Go-board of f);41 j4+1 but mof = (the Go-board of f); j+1
and Ten p—1f = (the Go-board of f);41; or maf = (the Go-board of
f)it1,; and men p—r1 f = (the Go-board of f); j41, or

(viii)  there exists k such that 1 < k and k+1 < len f and 711 f = (the Go-
board of f)it1,;4+1 and 7 f = (the Go-board of f); j4+1 and my4of = (the
Go-board of f);y1,; or m,f = (the Go-board of f);11; and mp1of = (the
Go-board of f); jy1.

(58)  Suppose that

(i) 1<i,
ii) i+ 1 < lenthe Go-board of f,
(i) 1<j,
(iv) j < widththe Go-board of f,
(v)  L((the Go-board of f); ;, (the Go-board of f);y1,;) C L(f), and
(vi)  L((the Go-board of f)i11, (the Go-board of f)iia;) C L(f).

Then
(vii) i f = (the Go-board of f);11; but maf = (the Go-board of f);; and
Ten f—1.f = (the Go-board of f);12; or mof = (the Go-board of f);12;
and e, /1 f = (the Go-board of f); ;, or
(viii)  there exists k such that 1 < k and k+ 1 < len f and 71 f = (the
Go-board of f);;1; and 7w f = (the Go-board of f); ; and miof = (the
Go-board of f);yo; or mf = (the Go-board of f);12; and mpiof = (the
Go-board of f); ;.
(59)  Suppose that
() 1<,
ii) i+ 1 <lenthe Go-board of f,
i) 1<j,
) 7+ 1< widththe Go-board of f,
) L((the Go-board of f); j, (the Go-board of f);+1,;) C L(f), and
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(vi)  L((the Go-board of f);41j, (the Go-board of f);41,41) € L(f).
Then

(vii) mf = (the Go-board of f);1; but mf = (the Go-board of f);;
and ey -1 f = (the Go-board of f)iy1,j4+1 or maf = (the Go-board of
f)it1,j+1 and Tiey 1 f = (the Go-board of f); ;, or

(viii)  there exists k such that 1 < k and k+1 < len f and 741 f = (the Go-
board of f);+1,; and 7 f = (the Go-board of f); ; and 7442 f = (the Go-
board of f);y1,j4+1 or m,f = (the Go-board of f);41 j+1 and mpyof = (the
Go-board of f); ;.

(60)  Suppose that

G 1<i,
(i) ¢+ 1 <lenthe Go-board of f,
(i) 1<)
(iv)  j+1 < widththe Go-board of f,
(v)  L((the Go-board of f)i11j, (the Go-board of f);11,4+1) C L(f), and
(vi)  L((the Go-board of f);y1 41, (the Go-board of f); j+1) C L(f).

Then
(vii) 7 f = (the Go-board of f);y1 j4+1 but mof = (the Go-board of f);y1;
and ey p—r1f = (the Go-board of f); 41 or mof = (the Go-board of
f)ij+1 and Ten f—r1 f = (the Go-board of f);41 5, or
(viii)  there exists k such that 1 < k and k+1 < len f and 7i41f = (the Go-
board of f);t1 41 and 7 f = (the Go-board of f);y1,; and m4of = (the
Go-board of f); j+1 or m,f = (the Go-board of f); j4+1 and mpiof = (the
Go-board of f)iy1 ;.
(61) Suppose 1 < i and i < lenthe Go-board of f and 1 < jand j+1 <
width the Go-board of f. Then N
(i)  L((the Go-board of f); , (the Go-board of f); j+1) € L(f), or
(i)  £((the Go-board of f); ji1, (the Go-board of f); ji+a) Z L(f), or
(iti)  £((the Go-board of f); j+1, (the Go-board of f)is14+1) Z L(f).
(62) Suppose 1 < i and i < lenthe Go-board of f and 1 < jand j+1 <
width the Go-board of f. Then N
(i)  L((the Go-board of f);y1;, (the Go-board of f)it1+1) € L(f), or
(i)  £((the Go-board of f)i+1j+1,(the Go-board of f)ii149) € L(f), or
(i)  L((the Go-board of f); j+1,(the Go-board of f);11,4+1) € L(f).
(63) Suppose 1 < j and j < widththe Go-board of f and 1 <iandi+ 1<
len the Go-board of f. Then
(i)  L((the Go-board of f); ;, (the Go-board of f)i11;) Z L(f), or
(i)  L((the Go-board of f);t1 ;, (the Go-board of f);y2;) L(f), or
(ili)  L((the Go-board of f)it1j, (the Go-board of f);41,j4+1) L(f).
(64) Suppose 1 < j and j < widththe Go-board of f and 1 <iandi+ 1<
len the Go-board of f. Then N
(i)  L((the Go-board of f); ji+1, (the Go-board of f)it1+1) € L(f), or
(ii)  L((the Go-board of f)it1 j+1,(the Go-board of f);1241) € L(f), or
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(ili)  L((the Go-board of f)it1 j, (the Go-board of f);y1,j4+1) € L(f).
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