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Summary. This article continues the development of the basic
terminology for the SCM as defined in [11,12,18]. There is developed of
the terminology for discussing static properties of instructions (i.e. not
related to execution), for data locations, instruction locations, as well
as for states and partial states of SCM. The main contribution of the
article consists in characterizing SCM computations starting in states
containing autonomic finite partial states.

MML Identifier: AMI_5.

The articles [17], [2], [16], [10], [15], [20], [5], [6], [7], [19], [1], [14], [4], [9], [3],
[8], [11], [12], [18], and [13] provide the notation and terminology for this paper.

1. PRELIMINARIES

The following propositions are true:

(1) For all sets A, B, X, Y suchthat AC X and BCY and XNY =0
holds AN B = 0.

(2) For all sets X, Y, Z such that X C Y holds X C ZUY and X CYUZ.
(3)  For all natural numbers m, k such that k& # 0 holds m - k + k = m.

(4)  For all natural numbers 4, j such that ¢ > j holds i —' j + j = i.

(5)  For all functions f, g and for all sets A, B such that A C B and
fIB=glBholds fTA=g1 A.

(6)  For all functions p, ¢ and for every set A holds (p+-q)[| A =p| A+-q A.

(7)  For all functions f, g and for every set A such that A misses dom g
holds (f+ g)1 A= f1 A.

© 1996 Warsaw University - Bialystok
1 ISSN 0777-4028



YASUSHI TANAKA

(8) For all functions f, g and for every set A such that dom f misses A
holds (f+-g) 1 A=g1 A.
(9) For all functions f, g, h such that dom g = domh holds f +- g+ h =
f+h
(10)  For all functions f, g such that f C g holds f +g=gand g+ f = g.
(11)  For every function f and for every set A holds f+- f | A= f.

(12)  For all functions f, g and for all sets B, C such that dom f C B and
domg C C and B misses C holds (f+-¢g) | B=fand (f+-¢9) | C =g.

(13)  For all functions p, ¢ and for every set A such that domp C A and
dom g misses A holds (p+-¢q) | A=p.

(14)  For every function f and for all sets A, B holds f|(AUB) = f1 A+ f1B.

2. TOTAL STATES OF SCM

One can prove the following propositions:

(15) Let a be a data-location and let s be a state of SCM. Then
(Exec(Divide(a, a), s))(ICscm) = Next(IC;) and (Exec(Divide(a,a), s))
(a) = s(a) mod s(a) and for every data-location ¢ such that ¢ # a holds
(Exec(Divide(a, a), s))(c) = s(c).

(16)  For arbitrary x such that z € Data-Locgcy holds x is a data-location.

(17)  For arbitrary x such that = € Instr-Locgom holds z is an instruction-
location of SCM.

(18)  For every data-location d; there exists a natural number ¢ such that
dy =d;.

(19)  For every instruction-location i; of SCM there exists a natural number
i such that 71 = i;.

(20)  For every data-location d; holds d; # ICgcmM-

(21)  For every instruction-location ¢; of SCM holds i1 # ICgcm-

(22)  For every instruction-location i; of SCM and for every data-location
d1 holds il 75 dl.

(23)  The objects of SCM = {ICgcm } U Data-Locgonm U Instr-Locgco.

(24) Let s be a state of SCM, and let d be a data-location, and let [ be an
instruction-location of SCM. Then d € dom s and [ € dom s.

(25)  For every state s of SCM holds ICgcpm € dom s.

(26)  Let s1, so be states of SCM. Suppose IC(,,) = IC,,) and for every
data-location a holds s1(a) = s2(a) and for every instruction-location i of
SCM holds s1(i) = s2(i). Then s1 = so.

(27)  For every state s of SCM holds Data-Locgcy € dom s.

(28)  For every state s of SCM holds Instr-Locgcy € dom s.

(29) For every state s of SCM holds dom(s | Data-Locgonm) = Data-Locgom.
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(30)  For every state s of SCM holds dom(s | Instr-Locgcn) = Instr-Locgom.
(31) Data-Locgcy is finite.

(32)  The instruction locations of SCM is finite.

(33) Data-Locgcnm misses Instr-Locgon.

(34)  For every state s of SCM holds Start-At(IC;) = s | {ICgcm }-

(35)  For every instruction-location [ of SCM holds Start-At(l) = {{ICscm,

)}
Let I be an instruction of SCM. The functor InsCode(I) yields a natural
number and is defined as follows:

(Def.1)  InsCode(I) = I3.
The functor @7 yielding an element of Instrgon is defined by:
(Def.2) ©I=1.
Let I; be an element of Instr-Locgcy. The functor llT yields an instruction-
location of SCM and is defined as follows:
(Def.3) 1T =1,.
Let I; be an element of Data-Locgcy. The functor llT yielding a data-
location is defined as follows:
(Def.4) 4t =1.
One can prove the following proposition
(36)  For every instruction ! of SCM holds InsCode(l) < 8.

In the sequel a, b are data-locations and [ is an instruction-location of SCM.
One can prove the following propositions:

(37) InsCode(haltSCM) =0.

(38)  InsCode(a:=b) =

(39) InsCode(AddTo( )) =2.
(40)  InsCode(SubFrom(a,b)) =
(41)  InsCode(MultBy(a,b)) =

(42)  InsCode(Divide(a,b)) =

(43)  InsCode(goto 1) = 6.

(44) InsCode(if a =0 goto 1;) =T7.
(45)  InsCode(if a > 0 goto 1;) = 8.

In the sequel do, ds denote data-locations and [; denotes an instruction-
location of SCM.
We now state a number of propositions:
(46)  For every instruction is of SCM such that InsCode(iz) = 0 holds iy =
haltgcon-
(47)  For every instruction iy of SCM such that InsCode(iz) = 1 there exist
ds, dz such that is = dy:=d3.
(48)  For every instruction io of SCM such that InsCode(iz) = 2 there exist
d2, d3 such that ig = AddTO(dg, d3)
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(49)  For every instruction io of SCM such that InsCode(iz) = 3 there exist
dsy, d3 such that iy = SubFrom(ds, d3).

(50)  For every instruction iy of SCM such that InsCode(iz) = 4 there exist
dsy, d3 such that i9 = MultBy(dg,dg).

(51)  For every instruction iy of SCM such that InsCode(iz) = 5 there exist
ds, d3 such that i9 = DiVide(dg, dg).

(52)  For every instruction ia of SCM such that InsCode(iz) = 6 there exists
[1 such that iy = goto (7.

(53)  For every instruction i3 of SCM such that InsCode(iz) = 7 there exist
l1, dg such that io = if dy = 0 goto [;.

(54)  For every instruction iy of SCM such that InsCode(iz) = 8 there exist
l1, dg such that io = if dy > 0 goto ;.

(55)  For every instruction-location I; of SCM holds (®goto I1)address; = [;.

(56) For every instruction-location I3 of SCM and for every data-
location a holds (®(if a = 0 goto [1))address; = [; and (®(if a =
0 goto [y))address. = a.

(57)  For every instruction-location I3 of SCM and for every data-
location a holds (®(if @ > 0 goto [;))address; = [; and (®(if a >
0 goto [y))address. = a.

(58)  For all states s1, s of SCM such that s; [ (Data-LocsemU{ICscm}) =
s9 | (Data-Locgem U{ICgcm }) and for every instruction [ of SCM holds
Exec(l, s1) | (Data-Locsem U {ICgcm}) = Exec(l, s2) | (Data-Locgen U
{ICscm})-

(59)  For every instruction i of SCM and for every state s of SCM holds
Exec(i, s) | Instr-Locgem = s | Instr-Locgc.

3. FINITE PARTIAL STATES OF SCM

The following proposition is true
(60)  For every finite partial state p of SCM and for every state s of SCM
such that ICgcn € domp and p C s holds IC, = IC;.
Let p be a finite partial state of SCM and let [; be an instruction-location of

SCM. Let us assume that [; € dom p. The functor 7, p yielding an instruction
of SCM is defined by:

(Def.5)  m,p=p(h).
The following proposition is true

(61) Let x be arbitrary and let p be a finite partial state of SCM. If x C p,
then z is a finite partial state of SCIM.

Let p be a finite partial state of SCM. The functor ProgramPart(p) yields
a programmed finite partial state of SCM and is defined by:

(Def.6)  ProgramPart(p) = p | (the instruction locations of SCM).
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The functor DataPart(p) yielding a finite partial state of SCM is defined as
follows:
(Def.7)  DataPart(p) = p | Data-Locscm.
A finite partial state of SCM is data-only if:
(Def.8)  domit C Data-Locsc.
Next we state a number of propositions:
(62)  For every finite partial state p of SCM holds DataPart(p) C p.
(63)  For every finite partial state p of SCM holds ProgramPart(p) C p.
(64) Let p be a finite partial state of SCM and let s be a state of SCM.
If p C s, then for every natural number i holds ProgramPart(p) C
(Computation(s))(i).
(65) For every finite partial state p of SCM holds ICgcm ¢
dom DataPart(p).
(66) For every finite partial state p of SCM holds ICgcm ¢
dom ProgramPart(p).
(67) For every finite partial state p of SCM holds {ICgcn} misses
dom DataPart(p).
(68) For every finite partial state p of SCM holds {ICgcn} misses
dom ProgramPart(p).
(69) For every finite partial state p of SCM holds dom DataPart(p) C
Data-Locgcum.-
(70)  For every finite partial state p of SCM holds dom ProgramPart(p) C
Instr-Locgom.
(71)  For all finite partial states p, ¢ of SCM holds dom DataPart(p) misses
dom ProgramPart(q).
(72) For every programmed finite partial state p of SCM holds
ProgramPart(p) = p.
(73)  For every finite partial state p of SCM and for every instruction-
location [ of SCM such that [ € dom p holds | € dom ProgramPart(p).
(74)  Let p be a data-only finite partial state of SCM and let ¢ be a finite
partial state of SCM. Then p C ¢ if and only if p C DataPart(q).
(75)  For every finite partial state p of SCM such that ICgcng € dom p holds
p = Start-At(IC,) +- ProgramPart(p) +- DataPart(p).
A partial function from FinPartSt(SCM) to FinPartSt(SCM) is data-only
if it satisfies the condition (Def.9).

(Def.9)  Let p be a finite partial state of SCM. Suppose p € domit. Then p is
data-only and for every finite partial state ¢ of SCM such that ¢ = it(p)
holds ¢ is data-only.

Next we state the proposition

(76)  For every finite partial state p of SCM such that ICgcng € dom p holds

p is not programmed.
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Let s be a state of SCM and let p be a finite partial state of SCM. Then
s +-pis a state of SCM.
Next we state several propositions:

(77)  Let i be an instruction of SCM, and let s be a state of SCM, and let
p be a programmed finite partial state of SCM. Then Exec(i, s +- p) =
Exec(i,s) + p.

(78)  For every finite partial state p of SCM such that ICgcpy € dom p holds
Start-At(IC,) C p.

(79)  For every state s of SCM and for every instruction-location i3 of SCM
holds ICs+~Start—At(i3) = 13.

(80)  For every state s of SCM and for every instruction-location i3 of SCM
and for every data-location a holds s(a) = (s +- Start-At(i3))(a).

(81) Let s be a state of SCM, and let i3 be an instruction-location of
SCM, and let a be an instruction-location of SCM. Then s(a) =
(s +- Start-At(i3))(a).

(82)  For all states s, t of SCM holds s+-¢ | Data-Locgcw is a state of SCM.

4. AUTONOMIC FINITE PARTIAL STATES OF SCM

The following proposition is true

(83) For every autonomic finite partial state p of SCM such that
DataPart(p) # 0 holds ICgcpn € dom p.

One can check that there exists a finite partial state of SCM which is auto-
nomic and non programmed.
We now state a number of propositions:

(84)  For every autonomic non programmed finite partial state p of SCM
holds ICgcp € dom p.

(85)  For every autonomic finite partial state p of SCM such that ICgcnm €
domp holds IC,, € dom p.

(86) Let p be an autonomic non programmed finite partial state of SCM
and let s be a state of SCM. If p C s, then for every natural number 7
holds IC computation(s))(i) € dom ProgramPart(p).

(87) Let p be an autonomic non programmed finite partial state of SCM
and let s1, so be states of SCM. Suppose p C s1 and p C s9. Let
i be a natural number, and let do, d3 be data-locations, and let I; be
an instruction-location of SCM, and let I be an instruction of SCM.
If I = Curlnstr((Computation(s1))(i)), then IC(computation(si))(i) =
IC (Computation(ss))(i) and I = Curlnstr((Computation(sz))(7)).

(88) Let p be an autonomic non programmed finite partial state of SCM
and let s1, so be states of SCM. Suppose p C s; and p C so. Let ¢
be a natural number, and let do, d3 be data-locations, and let [; be an
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instruction-location of SCM, and let I be an instruction of SCM. If
I = Curlnstr((Computation(sy))(2)), then if I = do:=d3 and ds € dom p,
then (Computation(s1))(z)(ds) = (Computation(sz))(i)(ds).

(89) Let p be an autonomic non programmed finite partial state of SCM
and let s1, so be states of SCM. Suppose p C s1 and p C s9. Let
i be a natural number, and let do, d3 be data-locations, and let [; be
an instruction-location of SCM, and let I be an instruction of SCM.
Suppose I = Curlnstr((Computation(sy))(i)). If I = AddTo(ds,ds) and
ds € domp, then (Computation(sy))(i)(ds)+ (Computation(sy))(z)(ds) =
(Computation(sz))(i)(dz2) + (Computation(sz))(4)(d3).

(90) Let p be an autonomic non programmed finite partial state of SCM
and let si, so be states of SCM. Suppose p C s; and p C so. Let
i be a natural number, and let do, d3 be data-locations, and let [y be
an instruction-location of SCM, and let I be an instruction of SCM.
Suppose I = Curlnstr((Computation(sy))(4)). If I = SubFrom(ds, d3) and
dy € dom p, then (Computation(sy))(i)(d2) — (Computation(sy))(i)(ds) =
(Computation(ss))(i)(d2) — (Computation(ss))()(ds).

(91) Let p be an autonomic non programmed finite partial state of SCM
and let s1, so be states of SCM. Suppose p C s1 and p C s9. Let
i be a natural number, and let do, d3 be data-locations, and let [; be
an instruction-location of SCM, and let I be an instruction of SCM.
Suppose I = Curlnstr((Computation(s1))()). If I = MultBy(ds,ds) and
ds € domp, then (Computation(s1))(i)(dz) - (Computation(s))(i)(ds) =
(Computation(s2))(7)(dz) - (Computation(ssz))(i)(ds).

(92)  Let p be an autonomic non programmed finite partial state of SCM and
let s1, so be states of SCM. Suppose p C s and p C so. Let ¢ be a natural
number, and let dy, d3 be data-locations, and let I; be an instruction-
location of SCM, and let I be an instruction of SCM. Suppose I =
Curlnstr((Computation(sy))(7)). If I = Divide(ds,ds) and do € domp
and dy # ds, then (Computation(sy))(7)(dz)-+(Computation(sy))(i)(ds) =
(Computation(ss))(i)(dz2) + (Computation(ss))(i)(ds).

(93)  Let p be an autonomic non programmed finite partial state of SCM and
let s1, s be states of SCM. Suppose p C s; and p C s5. Let ¢ be a natural
number, and let dy, d3 be data-locations, and let [ be an instruction-
location of SCM, and let I be an instruction of SCM. Suppose [ =
CurlInstr((Computation(sy))(i)). If I = Divide(dg, d3) and d3 € dom p and
da # ds, then (Computation(s;))(7)(d2) mod (Computation(sy))(i)(ds) =
(Computation(sz2))(7)(d2) mod (Computation(sa))(i)(ds).

(94) Let p be an autonomic non programmed finite partial state of SCM
and let s1, so be states of SCM. Suppose p C s1 and p C so. Let
i be a natural number, and let do, d3 be data-locations, and let [; be
an instruction-location of SCM, and let I be an instruction of SCM.
Suppose I = Curlnstr((Computation(s;))(¢)). If I = if do = 0 goto [;
and Iy # Next(IC(computation(s1))(i)), then (Computation(sy))(i)(dz) = 0
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iff (Computation(ss))(i)(d2) = 0.

Let p be an autonomic non programmed finite partial state of SCM
and let s1, so be states of SCM. Suppose p C s; and p C sg. Let
i be a natural number, and let ds, d3 be data-locations, and let [; be
an instruction-location of SCM, and let I be an instruction of SCM.
Suppose I = Curlnstr((Computation(sy))(¢)). If I = if do > 0 goto [;
and Iy # Next(IC(computation(s1))(i)), then (Computation(sy))(i)(dz) > 0
iff (Computation(ss))(i)(dg) > 0.
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On Defining Functions on Binary Trees !
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Summary. This article is a continuation of an article on defining
functions on trees (see [6]). In this article we develop terminology special-
ized for binary trees, first defining binary trees and binary grammars. We
recast the induction principle for the set of parse trees of binary gram-
mars and the scheme of defining functions inductively with the set as
domain. We conclude with defining the scheme of defining such functions
by lambda-like expressions.

MML Identifier: BINTREE1.

The terminology and notation used here are introduced in the following articles:
12], [14], [15], [13], [8], [9], [5], [7], [11], [10], [1], [3], [4], [2], and [6].

Let D be a non empty set and let ¢ be a tree decorated with elements of D.
The root label of ¢ is an element of D and is defined by:

(Def.1)  The root label of t = t(¢).
One can prove the following two propositions:

(1) Let D be a non empty set and let ¢ be a tree decorated with elements
of D. Then the roots of (t) = (the root label of ¢).

(2) Let D be a non empty set and let ¢y, to be trees decorated with elements
of D. Then the roots of (t1,t2) = (the root label of t;, the root label of
ta).

A tree is binary if:
(Def.2)  For every element ¢ of it such that ¢ ¢ Leaves(it) holds succt = {t ~
(0),¢~ (1)}

The following propositions are true:

!This work was partially supported by NSERC Grant OGP9207 while the first author
visited University of Alberta, May-June 1993.

© 1996 Warsaw University - Bialystok
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(3)  For every tree T and for every element ¢ of T" holds ¢ € Leaves(T') iff
t~(0) ¢ T.

(4)  For every tree T and for every element ¢ of T holds ¢ € Leaves(T) iff it
is not true that there exists a natural number n such that ¢t = (n) € T.

(5)  For every tree T' and for every element ¢ of T holds succt = ) iff
t € Leaves(T).

(6) The elementary tree of 0 is binary.
(7)  The elementary tree of 2 is binary.

Let us note that there exists a tree which is binary and finite.
A decorated tree is binary if:
(Def.3)  domit is binary.
Let D be a non empty set. Observe that there exists a tree decorated with
elements of D which is binary and finite.
Let us mention that there exists a decorated tree which is binary and finite.
Let us observe that every tree which is binary is also finite-order.
We now state four propositions:

—~=
(8)  Let Tp, T1 be trees and let t be an element of Ty, T7. Then

— =
(i)  for every element p of Ty such that ¢ = (0) ~ p holds ¢ € Leaves(Tp, T1)
iff p € Leaves(Tp), and

— =
(ii)  for every element p of T3 such that t = (1) ~ p holds t € Leaves(Tp, T1)
iff p € Leaves(T7).

(9) Let Tp, Ty be trees and let ¢ be an element of Ty, 7;. Then
(i) ift=¢, then succt = {t~(0),t "~ (1)},
(ii)  for every element p of Ty such that ¢ = (0) ~ p and for every finite
sequence s holds s; € succp iff (0) ™ sy € succt, and
(iii)  for every element p of Tj such that ¢t = (1) ~ p and for every finite
sequence s holds s; € succp iff (1) ~ s1 € succt.

(10)  For all trees T4, T5 holds T} is binary and T% is binary iff 71, T5 is binary.
(11)  For all decorated trees T1, T5 and for arbitrary = holds T} is binary and
T, is binary iff z-tree(T7,T5) is binary.

Let D be a non empty set, let  be an element of D, and let T7, T5 be binary
finite trees decorated with elements of D. Then z-tree(T,T>) is a binary finite
tree decorated with elements of D.

A non empty tree construction structure is binary if:

(Def.4)  For every symbol s of it and for every finite sequence p such that s = p
there exist symbols x1, x9 of it such that p = (z1, z9).
One can check that there exists a non empty tree construction structure which
is binary and strict and has terminals, nonterminals, and useful nonterminals.
The scheme BinDTConstrStrEz concerns a non empty set A and a ternary
predicate P, and states that:
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There exists a binary strict non empty tree construction structure
G such that the carrier of G = A and for all symbols x, y, z of G
holds = = (y, z) iff Plz,y, 2]
for all values of the parameters.
One can prove the following proposition

(12)  Let G be a binary non empty tree construction structure with terminals
and nonterminals, and let ¢3 be a finite sequence of elements of TS(G),
and let nq be a symbol of G. Suppose nq = the roots of t3. Then

) np is a nonterminal of G,

) domts = {1,2},
(iii) 1€ domts,

) 2 € domts, and

) there exist elements ¢4, t5 of TS(G) such that the roots of t3 = (the
root label of t4, the root label of t5) and t4 = t3(1) and t5 = t3(2) and
ni-tree(ts) = ni-tree(ty,ts) and t4 € rngts and t5 € rngts.

Now we present three schemes. The scheme BinDTConstrind concerns a
binary non empty tree construction structure A with terminals and nonterminals
and a unary predicate P, and states that:

For every element t of TS(.A) holds P[]
provided the parameters have the following properties:
e For every terminal s of 4 holds P[the root tree of s,
e Let n; be a nonterminal of A and let t4, t5 be elements of TS(A).
Suppose n; = (the root label of t4, the root label of ¢5) and Plt4]
and Pts]. Then Plni-tree(ts,ts)].
The scheme BinDTConstrindDef concerns a binary non empty tree construc-
tion structure A with terminals, nonterminals, and useful nonterminals, a non
empty set B, a unary functor F yielding an element of B, and a 5-ary functor
G yielding an element of B, and states that:
There exists a function f from TS(A) into B such that
(i) for every terminal ¢ of A holds f(the root tree of t) = F(t),
and
(ii)  for every nonterminal n; of A and for all elements t4, t5 of
TS(A) and for all symbols 71, ro of A such that r; = the root label
of t4 and ry = the root label of t5 and n; = (r,r2) and for all
elements x3, x4 of B such that 3 = f(t4) and x4 = f(t5) holds
f(ni-tree(ty, ts)) = G(n1,71,72, T3, 24)

for all values of the parameters.

The scheme BinDTConstrUnigDef deals with a binary non empty tree con-
struction structure A with terminals, nonterminals, and useful nonterminals, a
non empty set B, functions C, D from TS(.A) into B, a unary functor F yielding
an element of B, and a 5-ary functor G yielding an element of B, and states that:

C=DD
provided the following requirements are met:
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e (i) For every terminal ¢ of A holds C(the root tree of t) = F(t),
and
(ii)  for every nonterminal n; of A and for all elements t4, t5 of
TS(A) and for all symbols r1, 79 of A such that 7y = the root label
of t4 and ro = the root label of t5 and ny = (ry1,r2) and for all
elements x3, x4 of B such that x3 = C(t4) and x4 = C(t5) holds
C(ni-tree(ty,t5)) = G(ny, 71,72, 3, T4),
e (i) For every terminal ¢ of A holds D(the root tree of t) = F(t),
and
(ii)  for every nonterminal n; of A and for all elements t4, t5 of
TS(A) and for all symbols 71, ro of A such that r; = the root label
of t4 and ro = the root label of t5 and ny = (ry,r2) and for all
elements x3, x4 of B such that x3 = D(t4) and x4 = D(t5) holds
D(ni-tree(ty, t5)) = G(ni,71,72, T3, T4a).
Let A, B, C be non empty sets, let a be an element of A, let b be an element
of B, and let ¢ be an element of C. Then (a, b, ¢) is an element of [ A, B, C'].
Now we present two schemes. The scheme BinDTC DefLambda deals with a
binary non empty tree construction structure A with terminals, nonterminals,
and useful nonterminals, non empty sets B, C, a binary functor F yielding an
element of C, and a 4-ary functor G yielding an element of C, and states that:
There exists a function f from TS(A) into CB such that
(i) for every terminal ¢ of A there exists a function ¢ from B into
C such that g = f(the root tree of ¢) and for every element a of B
holds g(a) = F(t,a), and
(ii)  for every nonterminal n; of A and for all elements t1, ty of
TS(A) and for all symbols r1, 79 of A such that 7y = the root label
of t1 and ro = the root label of t; and ny = (rq,ry) there exist
functions g, f1, fo from B into C such that g = f(ni-tree(ty,tq))
and f1 = f(t1) and fy = f(t2) and for every element a of B holds
g(a) = G(n1, f1, f2,a)

for all values of the parameters.

The scheme BinDTC DefLambdaUniq deals with a binary non empty tree
construction structure A with terminals, nonterminals, and useful nonterminals,
non empty sets B, C, functions D, £ from TS(A) into CB, a binary functor F
yielding an element of C, and a 4-ary functor G yielding an element of C, and
states that:

D=¢&
provided the parameters satisfy the following conditions:

e (i) For every terminal t of A there exists a function g from B
into C such that g = D(the root tree of ¢) and for every element a
of B holds g(a) = F(t,a), and
(ii)  for every nonterminal n; of A and for all elements t1, ty of
TS(A) and for all symbols r1, 79 of A such that 71 = the root label
of t; and ro = the root label of t3 and ny = (rq,rs) there exist
functions g, f1, fo from B into C such that g = D(ni-tree(ty,t2))
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and fi = D(t1) and fo = D(t2) and for every element a of B holds
g(a) = g(nbflvf%a’)?

(i) For every terminal ¢ of A there exists a function g from B
into C such that g = £(the root tree of ¢) and for every element a
of B holds g(a) = F(t,a), and
(ii)  for every nonterminal n; of A and for all elements t1, ty of
TS(A) and for all symbols rq, 79 of A such that 7y = the root label
of t; and ro = the root label of to and ny = (ry,r2) there exist
functions g, f1, fo from B into C such that g = £(ni-tree(ty,t2))
and fi = £(t1) and fa = &(t2) and for every element a of B holds

g(a) = g(nbflvf%a’)'

Let G be a binary non empty tree construction structure with terminals and

nonterminals. Note that every element of TS(G) is binary.
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Summary. We define a set of binary arithmetic expressions with
the following operations: +, —, -, mod, and div and formalize the com-
mon meaning of the expressions in the set of integers. Then, we define a
compile function that for a given expression results in a program for the
SCM machine defined by Nakamura and Trybulec in [13]. We prove that
the generated program when loaded into the machine and executed com-
putes the value of the expression. The program uses additional memory
and runs in time linear in length of the expression.

MML Identifier: SCM_COMP.

The articles [16], [12], [1], [21], [18], [20], [17], [9], [10], [3], [2], [13], [14], [19],
[15], [5], [4], [8], [11], [6], and [7] provide the terminology and notation for this
paper.

The following two propositions are true:

(1) Let Iy, Iy be finite sequences of elements of the instructions of SCM,
and let D be a finite sequence of elements of Z, and let i1, p1, d; be natural
numbers. Then every state with instruction counter on i1, with I; ~ I
located from p1, and D from dp is a state with instruction counter on
i1, with I; located from pq, and D from d; and a state with instruction
counter on 47, with I located from p; + len I7, and D from d;.

(2) Let Iy, I> be finite sequences of elements of the instructions of SCM,
and let 71, p1, di, k, i2 be natural numbers, and let s be a state with
instruction counter on i1, with I; ~ Iy located from p1, and 7 from dj,
and let u be a state of SCM. Suppose u = (Computation(s))(k) and

!This work was partially supported by NSERC Grant OGP9207 while the first author
visited University of Alberta, May-June 1993.
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i(iz) = IC,. Then u is a state with instruction counter on o, with Iy
located from p1 + len I, and €7 from d;.
The binary strict non empty tree construction structure AEgcy with termi-
nals, nonterminals, and useful nonterminals is defined by the conditions (Def.1).
(Def.1) (i) The terminals of AEgcym = Data-Locgom,
(ii)  the nonterminals of AEgcy = |1, 51, and
(i)  for all symbols z, y, z of AEgem holds = (y, z) iff x € [ 1, 5.
A binary term is an element of TS(AEgcm).
Let ny be a nonterminal of AEgcym and let tq, to be binary terms. Then
ni-tree(ty,t2) is a binary term.
Let ¢ be a terminal of AEgcy. Then the root tree of ¢ is a binary term.
Let ¢ be a terminal of AEgcy. The functor @t yielding a data-location is
defined as follows:
(Def.2) @t =t.
One can prove the following propositions:
(3)  For every nonterminal nq of AEgcy holds ny = (0, 0) or ny = (0, 1) or
ny = (0, 2) or ny = (0, 3) or ny = (0, 4).
(4) (i) (0, 0) is a nonterminal of AEgcm,
(ii) (0, 1) is a nonterminal of AEgc,
(iii) (0, 2) is a nonterminal of AEgcw,
(iv) (0, 3) is a nonterminal of AEgcn, and
(v) {0, 4) is a nonterminal of AEgcy.
Let t3, t4 be binary terms. The functor ¢35 + t4 yields a binary term and is
defined as follows:
(Detf.3)  ts3+tg = (0, 0)-tree(ts,ts).
The functor t3 — t4 yielding a binary term is defined as follows:
(Def.4) t3 - t4 = (0, 1)—tree(t3, t4).
The functor t3 - t4 yields a binary term and is defined by:
(Def5) t3-14 = (0, 2)—tree(t3, t4).
The functor t3 + t4 yields a binary term and is defined by:
(Def6) i3 +14 = (0, 3)—tree(t3, t4).
The functor t3 mod t4 yielding a binary term is defined as follows:
(Def.7)  tzmodty = (0, 4)-tree(ts, t4).
We now state the proposition
(5)  Let t5 be a binary term. Then
(i)  there exists a terminal ¢ of AEgcy such that t5 = the root tree of ¢, or
(ii)  there exist binary terms t1, to such that t5 =t +t9 or t5 =t; — t9 or
ts =t1 -ty or t5 = t1 +~ tg or t5 = t; mod ty.
Let o be a nonterminal of AEgcy and let 4, j be integers. The functor o(i, )
yielding an integer is defined as follows:
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(Def8) (i) o(i,j) =i+ j if o = (0, 0),

(il)  o(i,j) =i—jifo=(0,1),
(iii)  o(i,j) =i-jif o= (0, 2),
(iv)  o(i,j) =i=+7jif o= (0, 3),

(v)  o(i,j) =imodj if o = (0, 4).

Let s be a state of SCM and let ¢ be a terminal of AEgcy. Then s(t) is an
integer.

Z is a non empty subset of R.

One can verify that every element of 7 is integer.

Let D be a non empty set, let f be a function from Z into D, and let x be
an integer. Then f(x) is an element of D.

Let s be a state of SCM and let t5 be a binary term. The functor t¢s Qg
yields an integer and is defined by the condition (Def.9).

(Def.9)  There exists a function f from TS(AEgcm) into Z such that
(i) 5% s= f(ts),
(ii)  for every terminal ¢t of AEgcy holds f(the root tree of t) = s(t), and
(iii)  for every nonterminal ny of AEgcy and for all binary terms ¢4, to and
for all symbols rq, ro of AEgcn such that ri = the root label of ¢; and
ro = the root label of t9 and ny = (r1,r2) and for all elements x1, 9 of Z
such that z1 = f(¢1) and xo = f(t2) holds f(ni-tree(ti,t2)) = ni(z1,x2).
One can prove the following three propositions:
(6)  For every state s of SCM and for every terminal ¢ of AEgcy holds (the
root tree of t) @ s = s(t).
(7)  For every state s of SCM and for every nonterminal n; of AEgcy and
for all binary terms t1, ty holds (ni-tree(t;,t2)) @ s = ny(t; @ s,to @ 5).
(8) Let s be a state of SCM and let 1, t3 be binary terms. Then (t; +
t)) @ s = (t1 @ s) 4+ (129 s) and (t; —t3) @5 = (t; @ 5) — (t2 @ s) and
tytg@s=(t19s) (t2®s) and (t; ~t2) @ s = (t1 @ s) + (t2 ® s) and
(t; mod ts) © s = (t; @ s) mod (to @ s).

Let ny be a nonterminal of AEgcy and let n be a natural number. The func-
tor Selfwork(ni,n) yielding an element of (the instructions of SCM qua set)*
is defined as follows:

(Def.10) (i)  Selfwork(ni,n) = (AddTo(d,,dn+1)) if 71 = (0, 0),

(i)  Selfwork(ni,n) = (SubFrom(d,,d,+1)) if n1 = (0, 1),

(i)  Selfwork(ni,n) = (MultBy(d,,d,+1)) if n1 = (0, 2),

(iv)  Selfwork(ni,n) = (Divide(dy,, dp+1)) if ny = (0, 3),

(v)  Selfwork(ni,n) = (Divide(dy,, dyt1), dn:i=dp41) if n1 = (0, 4).

Let t5 be a binary term and let a; be a natural number. The functor
Compile(ts, a1 ) yielding a finite sequence of elements of the instructions of SCM
is defined by the condition (Def.11).

(Def.11)  There exists a function f from TS(AEgcwm) into ((the instructions of
SCM qua set)*)V such that
(i)  Compile(ts,a1) = (f(t5) qua element of ((the instructions of SCM

— — — —
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qua set)*)")(a1),

(ii)  for every terminal t of AEgonm there exists a function g from N into
(the instructions of SCM qua set)* such that g = f(the root tree of t)
and for every natural number n holds g(n) = (d,:=“t), and

(iii)  for every nonterminal ny of AEgcy and for all binary terms t3, t4 and
for all symbols r1, ro of AEgcnm such that r{ = the root label of t3 and ro =
the root label of t4 and ny = (r1,r2) there exist functions g, fi, fo from N
into (the instructions of SCM qua set)* such that g = f(ni-tree(ts, t4))
and f; = f(t3) and fo = f(t4) and for every natural number n holds
g(n) = fi(n) ™ fa(n + 1) ~ Selfwork(ny, n).

One can prove the following propositions:

(9) For every terminal ¢ of AEgcy and for every natural number n holds
Compile(the root tree of ¢, n) = (d,:=%t).

(10)  Let ny be a nonterminal of AEgcwm, and let t3, t4 be binary terms, and
let n be a natural number, and let 1, ro be symbols of AEgcn. Suppose
r1 = the root label of t3 and ro = the root label of t4 and ny = (ry,72).
Then Compile(ni-tree(ts, t4),n) = (Compile(ts,n)) ~ Compile(ty,n + 1)~
Selfwork(ni,n).

Let t be a terminal of AEgcy. The functor d () yielding a natural number

is defined as follows:

(Def.12) ddfl(t) =t.
Let na, n3 be natural numbers. Then max(ng, ng) is a natural number.
Let t5 be a binary term. The functor maxpy (t5) yielding a natural number
is defined by the condition (Def.13).
(Def.13)  There exists a function f from TS(AEgcym) into N such that

(i)  maxpr(ts) = f(ts),
(i) for every terminal ¢ of AEgcy holds f(the root tree of t) = d~1(t),
and

(iii)  for every nonterminal n; of AEgcy and for all binary terms ¢q, to and
for all symbols 71, ro of AEscum such that 71 = the root label of ¢; and
r9 = the root label of t3 and ny = (r1,r2) and for all natural numbers
x1, xg such that x1 = f(t1) and xo = f(t2) holds f(ni-tree(t,t2)) =
max(x1,x2).

One can prove the following propositions:

(11)  For every terminal ¢ of AEgcy holds maxpy, (the root tree of t) = d~1(¢).

(12)  For every nonterminal nq of AEgcy and for all binary terms ¢, to holds
maxpr,(ni-tree(ty, t2)) = max(maxpy (1), maxpy,(t2)).

(13)  Let t5 be a binary term and let s1, so be states of SCM. Suppose that
for every natural number dy such that dy < maxpy,(¢5) holds s1(d(ay)) =
Sg(d(d2)). Then t5 Q S1 = t5 Q S9.

(14)  Let t5 be a binary term, and let aj, n, & be natural numbers, and let
s be a state with instruction counter on n, with Compile(ts,aq) located
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from n, and £7 from k. Suppose a; > maxpy(t5). Then there exists a
natural number 7 and there exists a state u of SCM such that

u = (Computation(s))(i + 1),

i + 1 = len Compile(ts, aq),

Icu - ln—f—(i—i—l)a
u(d(q,)) = ts @ s, and
for every natural number dg such that da < a; holds s(d4,)) = u(d(4,))-

)
)
111) IC(COmputation(s))(i) = Inti,
) .
)
)

Let t5 be a binary term, and let a;, n, £ be natural numbers, and
let s be a state with instruction counter on n, with (Compile(ts,a;)) °
(haltgon) located from n, and &7 from k. Suppose a3 > maxpy,(t5).
Then s is halting and (Result(s))(d(,)) = t5 @ s and the complexity of
s = len Compile(ts, aq).
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The papers [8], [10], [4], [5], [6], [1], [2], [3], [7], and [9] provide the terminology
and notation for this paper.
The scheme FunctXD YD concerns a non empty set A, a non empty set B,
and a binary predicate P, and states that:
There exists a function F' from A into B such that for every element
x of A holds P[zx, F(z)]
provided the following condition is satisfied:
e For every element z of A there exists an element y of B such that
Plz, y.
Let X, Y be non empty sets. Note that Y X is non empty.
We now state a number of propositions:
(1)  There exists a function F from N into [N, N ] such that F' is one-to-one
and dom F' =N and rng F' = [N, N .
(2)  For every function F' from N into R such that F' is non-negative holds
Og <> F.
(3)  Let F be a function from N into R and let x be a Real number. Suppose

there exists a natural number n such that < F(n) and F' is non-negative.
Then z < > F.

(4)  For every Real number x such that there exists a Real number y such
that y < x holds z # —oo.

(5) For every Real number x such that there exists a Real number y such
that < y holds x # +o0.

(6)  For all Real numbers z, y holds x <y iff x <y or z = y.

(7) Let z, y be Real numbers and let p, ¢ be real numbers. If = p and
y=gq, then p<gqiff x <y.

(8)  For all Real numbers x, y such that x is a real number holds (y—z)+z =
yand (y+x) —xz =y.

(9) For all Real numbers x, y such that x € R holds = +y =y + «.

© 1996 Warsaw University - Bialystok
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(10)  For all Real numbers z, y, z such that z € R and y < x holds (z + z) —
(z+y)=z—y.

(11)  For all Real numbers x, y, z such that z € R and = < y holds z+x < z+y
andrz+z<y+zandz—2z<y-—z

(12)  For all Real numbers x, y, z such that z € R and = < y holds z+x < z4y
andr+z<y+zandzr—z<y-—z.

Let  be a real number. The functor R(x) yields a Real number and is defined
as follows:

(Def.1) R(x) = .
The following propositions are true:
(13)  For all real numbers z, y holds = < y iff R(z) < R(y).
(14)  For all real numbers z, y holds = < y iff R(z) < R(y).

(15)  For all Real numbers x, y, z such that z < y and y < z holds y is a real
number.

(16) Let x, y, z be Real numbers. Suppose z is a real number and z is a real
number and x < y and y < z. Then y is a real number.

(17)  For all Real numbers x, y, z such that z is a real number and = < y and
y < z holds y is a real number.

(18)  For all Real numbers x, y, z such that © < y and y < z and z is a real
number holds y is a real number.

(19)  For all Real numbers x, y such that O < z and x < y holds 0x < y — .

(20)  For all Real numbers x, y, z such that Og <z and Og < zand z+z <y
holds z < y — .

(21)  For every Real number x holds z — Og = .

(22)  For all Real numbers z, y, z such that Oy <z and Og < zand z+x <y
holds z < y.

(23)  For every Real number x such that O < x there exists a Real numbery
such that Oy < y and y < z.

(24)  Let z, z be Real numbers. Suppose O < x and < z. Then there exists
a Real number y such that Oy <y and v +y <z and y € R.

(25)  Let z, z be Real numbers. Suppose O < x and < z. Then there exists
a Real number y such that Oy <y and z +y < z and y € R.

(26)  For every Real number z such that Og < z there exists a Real numbery
such that Og <y and y +y < z.

Let x be a Real number. Let us assume that O < z. The functor Seg x yields
a non empty subset of R and is defined by:

(Def.2)  For every Real number y holds y € Segz iff Oy <y and y +y < =.

Let = be a Real number. Let us assume that O < z. The functor lenz
yielding a Real number is defined as follows:

(Def.3)  lenx = sup Segx.
Next we state several propositions:
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(27)  For every Real number x such that O < z holds O < len x.
(28)  For every Real number x such that Oz < z holds lenz < x.

(29)  For every Real number x such that Oz < z and x < 400 holds len x is
a real number.

(30)  For every Real number x such that O < x holds lenx + lenz < z.

(31)  Let e; be a Real number. Suppose O < e1. Then there exists a function
F from N into R such that for every natural number n holds Oz < F(n)
and Y F < ej.

(32)  Let e be a Real number and let X be a non empty subset of R. Suppose
O < er and inf X is a real number. Then there exists a Real number x
such that £ € X and z < inf X + e;.

(33)  Let eq be a Real number and let X be a non empty subset of R. Suppose
Og < e1 and sup X is a real number. Then there exists a Real number x
such that z € X and sup X —e1 < z.

(34) Let F be a function from N into R. Suppose F' is non-negative and
> F < +00. Let n be a natural number. Then F(n) € R.

—o00 is a Real number.
400 is a Real number.
We now state a number of propositions:

(35) R is an interval and R = |—o00,4+00[ and R = [—o00,+00| and R =
[—00, +00] and R = |—o0, +00].

(36)  For all Real numbers a, b such that b = —oo holds Ja, b] = 0 and [a, b] = 0
and [a,b] = 0 and ]a,b] = 0.

(37)  For all Real numbers a, b such that a = +o0c holds Ja, b[ = 0 and [a, b] = 0
and [a,b] = 0 and ]a,b] = 0.

(38) Let A be an interval and let a, b be Real numbers. Suppose A = |a, b|.
Let ¢, d be real numbers. Suppose ¢ € A and d € A. Let e be a real
number. If ¢ < e and e < d, then e € A.

(39) Let A be an interval and let a, b be Real numbers. Suppose A = [a, b].
Let ¢, d be real numbers. Suppose ¢ € A and d € A. Let e be a real
number. If ¢ < e and e < d, then e € A.

(40) Let A be an interval and let a, b be Real numbers. Suppose A = |a, b].
Let ¢, d be real numbers. Suppose ¢ € A and d € A. Let e be a real
number. If ¢ < e and e < d, then e € A.

(41) Let A be an interval and let a, b be Real numbers. Suppose A = [a, b[.
Let ¢, d be real numbers. Suppose ¢ € A and d € A. Let e be a real
number. If ¢ < e and e < d, then e € A.

(42) Let A be a non empty subset of R and let m, M be Real numbers.
Suppose m = inf A and M = sup A. Suppose that

(i)  for all real numbers ¢, d such that ¢ € A and d € A and for every real
number e such that ¢ < e and e < d holds e € A,
(i) m¢ A, and
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(iii) M ¢ A.
Then A = |m, M].
(43) Let A be a non empty subset of R and let m, M be Real numbers.
Suppose m = inf A and M = sup A. Suppose that
(i)  for all real numbers ¢, d such that ¢ € A and d € A and for every real
number e such that ¢ < e and e < d holds e € A,

(i) me A,
(i) M € A, and
(iv) ACR.

Then A = [m, M].
(44) Let A be a non empty subset of R and let m, M be Real numbers.
Suppose m = inf A and M = sup A. Suppose that
(i)  for all real numbers ¢, d such that ¢ € A and d € A and for every real
number e such that ¢ < e and e < d holds e € A,

(i) me A,
(i) M ¢ A, and
(iv) ACR.

Then A = [m, M].
(45) Let A be a non empty subset of R and let m, M be Real numbers.
Suppose m = inf A and M = sup A. Suppose that
(i)  for all real numbers ¢, d such that ¢ € A and d € A and for every real
number e such that ¢ < e and e < d holds e € A,

(i) mé A,
(ii) M € A, and
(iv) ACR.

Then A = |m, M].
(46) Let A be a subset of R. Then A is an interval if and only if for all real
numbers a, b such that a € A and b € A and for every real number ¢ such
that a < cand ¢ < b holds ¢c € A.
Let A, B be intervals. Then AU B is a subset of R.
Next we state the proposition
(47)  For all intervals A, B such that AN B # () holds AU B is an interval.
Let A be an interval. Let us assume that A # ). The functor inf A yields a
Real number and is defined as follows:
(Def.4)  There exists a Real number b such that inf A < b but A = |inf A, b[ or
A=]inf A, b] or A = [inf A,b] or A = [inf A, b[.
Let A be an interval. Let us assume that A # (). The functor sup A yielding
a Real number is defined as follows:
(Def.5)  There exists a Real number a such that a < sup A but A = |a,sup A or
A =]a,sup A] or A = [a,sup A] or A = [a,sup A[.
Next we state a number of propositions:

(48)  For every interval A such that A is open interval and A # () holds
inf A <sup A and A = |inf A, sup AJ.
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(49)  For every interval A such that A is closed interval and A # ) holds
inf A <sup A and A = [inf A, sup A].

(50)  For every interval A such that A is right open interval and A # () holds
inf A <sup A and A = [inf A, sup AJ.

(51)  For every interval A such that A is left open interval and A # ) holds
inf A <sup A and A = Jinf A, sup A].

(52)  For every interval A such that A #  holds infA < supA but
A = Jinf A,supA] or A = Jinf A;sup A] or A = [inf A,supA] or A =
[inf A, sup A].

(563)  For all intervals A, B such that A = ) or B = ) holds AU B is an
interval.

(54)  For every interval A and for every real number a such that a € A holds
inf A < R(a) and R(a) < sup A.

(55)  For all intervals A, B and for all real numbers a, b such that a € A and
b € B holds if sup A < inf B, then a < b.

(56)  For every interval A and for every Real number a such that a € A holds
inf A <a and a < sup A.

(57)  For every interval A such that A # () and for every Real number a such
that inf A < @ and a < sup 4 holds a € A.

(58)  For all intervals A, B such that sup A = inf B but sup A € A or inf B €
B holds AU B is an interval.

Let A be a subset of R and let z be a real number. The functor x + A yields
a subset of R and is defined by:

(Def.6)  For every real number y holds y € x + A iff there exists a real number
z such that z € A and y = z + 2.

One can prove the following propositions:

(59)  For every subset A of R and for every real number x holds —z+(z+A) =
A.

(60)  For every real number x and for every subset A of R such that A = R
holds z + A = A.

(61)  For every real number x holds = + () = (.

(62)  For every interval A and for every real number z holds A is open interval
iff x + A is open interval.

(63) For every interval A and for every real number x holds A is closed
interval iff z + A is closed interval.

(64) Let A be an interval and let = be a real number. Then A is right open
interval if and only if z 4+ A is right open interval.

(65) Let A be an interval and let x be a real number. Then A is left open
interval if and only if z + A is left open interval.

(66) For every interval A and for every real number x holds z + A is an
interval.

25



26

1]
2]
8]
[4]
[5]
(6]
[7]
8]

[9]
[10]

JOZEF BIALAS

Let A be an interval and let = be a real number. Note that x + A is interval.
The following proposition is true

(67)

For every interval A and for every real number x holds vol(A) = vol(z+

A).
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Summary. This article is a continuation of [6] and presents the
concepts of binary arithmetic operations for integers. There is introduced
2’s complement representation of integers and natural numbers to inte-
gers are expanded. The binary addition and subtraction for integers are
defined and theorems on the relationship between binary and numerical
operations presented.
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The notation and terminology used here are introduced in the following papers:
[8], [5], [4], [9), [11], [7], [2], [1], [3], [10], and [6].

Let X be a non empty set, let D be a non empty subset of X, let x, y be
arbitrary, and let a, b be elements of D. Then (xr =y — a,b) is an element of
D.

We follow the rules: i will be a natural number, n will be a non empty natural
number, and x, y, z1, 22 will be tuples of n and Boolean.

Let us consider n. The functor Binl(n) yielding a tuple of n and Boolean is
defined by:

(Def.1)  For every i such that i € Segn holds 7; Binl(n) = (i = 1 — true, false).

Let us consider n, x. The functor Neg2(x) yielding a tuple of n and Boolean
is defined by:

(Def.2)  Neg2(z) = -« + Binl(n).
Let us consider n, . The functor Intval(z) yielding an integer is defined by:
(Def.3) (i) Intval(z) = Absval(z) if m,z = false,

(ii)  Intval(z) = Absval(z) — (the n-th power of 2), otherwise.

Let us consider n, z1, zo. The functor Int_add_ovfl(z1, z2) yields an element
of Boolean and is defined by:

@ 1996 Warsaw University - Bialystok
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(Def.4)  Int_add_ovfl(zq, 22) = =721 A =29 A Ty carry (21, 22).

Let us consider n, z1, z2. The functor Int_add_udfl(z1, z2) yields an element
of Boolean and is defined by:

(Def.5)  Int_add_udfi(z1, 22) = mp21 A T2 A =7, carry(z1, 22).
The following propositions are true:

(1) For every tuple z; of 1 and Boolean such that z; = (false) holds
Absval(z1) = 0.

(2) For every tuple z; of 1 and Boolean such that z; = (true) holds
Absval(z1) = 1.

(3)  For every tuple z; of 2 and Boolean such that z; = (false) ~ (false) holds
Intval(z1) = 0.

(4)  For every tuple z; of 2 and Boolean such that z; = (true) ~ (false) holds
Intval(z;) = 1.

(5)  For every tuple z1 of 2 and Boolean such that z; = (false) ~ (true) holds
Intval(z;) = —2.

(6) For every tuple z1 of 2 and Boolean such that z; = (true) ™ (true) holds
Intval(z) = —1.

(7)  For every i such that ¢ € Segn and 7 = 1 holds 7; Binl(n) = true.
(8)  For every i such that ¢ € Segn and i # 1 holds 7; Binl(n) = false.
(9)  For every n holds Binl(n + 1) = (Binl(n)) ~ (false).
(10)  For every n holds Intval((Binl(n)) ~ (false)) = 1.
)

For every n and for every tuple z of n and Boolean and for every element
d of Boolean holds —(z ™ (d)) = (—z) ~ (—d).
(12)  Given n, and let z be a tuple of n and Boolean, and let d be an element
of Boolean. Then Intval(z ~ (d)) = Absval(z) — ((d = false — 0, the n-th
power of 2) qua natural number).

(13)  Given n, and let z1, zo be tuples of n and Boolean, and let dy, dy be
elements of Boolean. Then (Intval(z; ™ (d1)+ 22" (d2))+ (Int_add_ovfl(z; ~
(dy), 29 " {d2)) = false — 0,the n + 1-th power of 2)) —(Int_add_udfl(z; ~
(d1),z2 " (d2)) = false — 0, the n + 1-th power of 2) = Intval(z; ~ (d1)) +
Intval(zg ™ (d2)).

(14)  Given n, and let z1, zo be tuples of n and Boolean, and let dy, dy be
elements of Boolean. Then Intval(z; ™ (dy) + 22 ~ (d2)) = ((Intval(z;
(d1))+1Intval(z2 ™ (dz))) — (Int_add-ovfl(z1 ~ (d1), 22~ (d2)) = false — 0, the
n + 1-th power of 2)) +(Int_add_udfl(z; ~ (d1), 22 ~ (d2)) = false — 0, the
n + 1-th power of 2).

(15)  For every n and for every tuple x of n and Boolean holds Absval(—z) =
(—Absval(z) + (the n-th power of 2)) —1.

(16) For every m and for every tuple z of m and Boolean and for ev-
ery element d of Boolean holds Neg2(z = (d)) = (Neg2(z)) ~ (—d @
add_ovfl(—z, Binl(n))).



(17)

(18)
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Given n, and let z be a tuple of n and Boolean, and let d be an element
of Boolean. Then Intval(Neg2(z "~ (d)))+ (Int_add_ovfl(=(z~(d)), Binl(n+
1)) = false — 0, the n + 1-th power of 2) = —Intval(z ~ (d)).

For every n and for every tuple z of n and Boolean and for every element
d of Boolean holds Neg2(Neg2(z ~ (d))) = z " (d).

Let us consider n, x, y. The functor x — y yielding a tuple of n and Boolean
is defined as follows:

(Def.6)

For every i such that i € Segn holds m;(z — y) = mx ® m; Neg2(y) @
m; carry(z, Neg2(y)).

One can prove the following three propositions:

(19)

(20)

(21)

(1]
2]
3]
[4]
[5]
(6]
(7]
8]

[9]
[10]

[11]

For every n and for all tuples x, y of n and Boolean holds x — y =
x + Neg2(y).

For every n and for all tuples z1, 2o of n and Boolean and for all elements
dy, dg of Boolean holds z1 ™ (d1) — 22~ (d2) = (21 + Neg2(z2)) ™ (d1 ®~da ®
add_ovfl(—z2, Binl(n)) ® add_ovfl(z, Neg2(22))).

Given n, and let z1, zo be tuples of n and Boolean, and let dy,
ds be elements of Boolean. Then ((Intval(zy ~ (d1) — 22 ~ (d2)) +
(Int_add_ovfl(z1 ~ (d1), Neg2(z2 "~ (d3))) = false — 0,the n + 1-th power
of 2)) —(Int_add_udfl(z; ~ (dy), Neg2(z9 ~ (d2))) = false — 0, the n + 1-th
power of 2)) +(Int_add_ovfl(—(z2 ~ (d2)),Binl(n + 1)) = false — 0,the
n + 1-th power of 2) = Intval(z; ™ (d1)) — Intval(ze ~ (d2)).

REFERENCES

Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite
sequences. Formalized Mathematics, 1(1):107-114, 1990.

Czestaw Byliriski. A classical first order language. Formalized Mathematics, 1(4):669—
676, 1990.

Czeslaw Bylinski. Finite sequences and tuples of elements of a non-empty sets. Formal-
ized Mathematics, 1(3):529-536, 1990.

Czeslaw Bylinski. Functions and their basic properties. Formalized Mathematics,
1(1):55-65, 1990.

Krzysztof Hryniewiecki. Basic properties of real numbers. Formalized Mathematics,
1(1):35-40, 1990.

Takaya Nishiyama and Yasuho Mizuhara. Binary arithmetics. Formalized Mathematics,
4(1):83-86, 1993.

Konrad Raczkowski and Andrzej Nedzusiak. Serieses.  Formalized Mathematics,
2(4):449-452, 1991.

Andrzej Trybulec. Tarski Grothendieck set theory. Formalized Mathematics, 1(1):9-11,
1990.

Michat J. Trybulec. Integers. Formalized Mathematics, 1(3):501-505, 1990.

Wojciech A. Trybulec. Pigeon hole principle. Formalized Mathematics, 1(3):575-579,
1990.

Edmund Woronowicz. Many—argument relations. Formalized Mathematics, 1(4):733~
737, 1990.

Received March 18, 1994

29



30



FORMALIZED MATHEMATICS
Volume 5, Number 1, 1996
Warsaw University - Bialystok

Boolean Properties of Lattices

Agnieszka Julia Marasik
Warsaw University
Biatystok

MML Identifier: BOOLEALG.

The article [1] provides the terminology and notation for this paper.

1. GENERAL LATTICE

We follow the rules: L will be a lattice and X, Y, Z, V will be elements of
the carrier of L.

Let us consider L, X, Y. The functor X \Y yielding an element of the carrier
of L is defined by:

(Def.1) X\Y=XnNnYe.
Let us consider L, X, Y. The functor X =Y yields an element of the carrier
of L and is defined by:
(Def.2) X-Y =(X\Y)u(Y\X).
Let us consider L, X, Y. Let us observe that X =Y if and only if:
(Def3) XCYandY CX.
Let us consider L, X, Y. We say that X meets Y if and only if:
(Defd) XNY #Lg.
We introduce X misses Y as an antonym of X meets Y.
We now state a number of propositions:
() XCXUYandYC XUY.
(3)! FXUYLCZ then XCZandY C Z
(4 XNYCcCxuz
(5) HXCY, then XNZCYNZand ZNXLC ZNY.
(6) If XC Z then X\Y L Z.

!The proposition (2) has been removed.
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) IEXCY, then X\ZCY)\Z
) X\YLCX.
99 X\YCX-Y.
) IX\YCZandY\XCZ then X=Y C Z.
)

X=YUZiff YC X and Z C X and for every V such that Y T V
and Z C V holds X C V.

(12) X=YNZif XCY and X C Z and for every V such that V C Y
and VC Z holds V C X.

(13) IFXUuY=YorYUX=Y, then XCY.
(14) XNy \2)=XnY\Z

(15) If X meets Y, then Y meets X.

(16) X meets X iff X # 1.

17) X-Y =Y-X.

2. MODULAR LATTICE

In the sequel L will denote a modular lattice and X, Y will denote elements
of the carrier of L.

The following three propositions are true:
(18) HYCXand XNMY =1y, thenY = 1;.
(2002 fXCVY,then XUY =Y and Y UX =Y.
(21) If X misses Y, then Y misses X.

3. DISTRIBUTIVE LATTICE

In the sequel L will denote a distributive lattice and X, Y, Z will denote
elements of the carrier of L.

Next we state three propositions:
(22) IXNYUXNZ=X,then XCYUZ.
(23) XnvyuynzuznX=Xuy)nyuz)nZux).
(24) (XuM\Z=X\2)uY\2).

2The proposition (19) has been removed.
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4. DISTRIBUTIVE LOWER BOUNDED LATTICE

In the sequel L will denote a lower bound lattice and X, Y, Z will denote
elements of the carrier of L.
The following propositions are true:

N DN
D Ot
= =

W N N N
S © 0

W W W
= W N
—_ D DD DO D=

N N N N N N N N N N N N
w W
t =

IfXC 1y, then X = 1.

FXCYand XCEZandYNZ =1y, then X = 1.
XuY=1,iff X=1pandY = 17.
FXCYandYNZ=_1;,then XNZ =15 .
1\ X =17.

If X meets Y and Y C Z, then X meets Z.

If X meets Y M Z, then X meets Y and X meets Z.
If X meets Y\ Z, then X meets Y.

X misses 1j,.

If X misses Z and Y C Z, then X misses Y.

If X misses Y or X misses Z, then X misses Y M Z.
FXCY and X C Z and Y misses Z, then X = 1.
If X misses Y, then Z M X misses ZMY and X M Z misses Y N Z.

5. BOOLEAN LATTICE

We follow a convention: L will be a Boolean lattice and X, Y, Z, V will be
elements of the carrier of L.
Next we state a number of propositions:

38)
39
4

IS =R R R
o g O = W NN = O
S N e e N N N N N N N N N

N N N N N N N N N N N N N
IS IS
© ot

FX\YLCZ then XCYUZ.
FXLCY, then Z\YC Z\X.

FXCYand ZCV,then X \VC Y\ Z
FXCYUZ then X\YC Zand X\ ZLCY.
XCC(XMY) and Y°C (X MY)C.
(XUY)CX®and (XUY)CCY".
FXCY\X, then X = 1.
FXCY,thenY=XU(Y\X)and Y = (Y \ X)UX.
X\Y=1,if XCV.

FXCYUZand XMNZ=_1;, then XCY.
XUY=(X\Y)uy.

X\(Xuy)=1lpand X\ (YUX)=1].
X\ XNY=X\Yand X\YNNX=X\Y.
(X\Y)nY=1lpand YN (X\Y)=1p.
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XUY\X)=XUY and Y\ X)UX =Y ULX.
XNYuX\Y)=Xand (X\Y)UXNY =X.
X\Y\2)=X\Y)uXxnz

X\(X\Y)=XnY.

(XUY)\Y=X\Y.

XNYy=1p,if X\Y =X.
X\Yuz)=X\Y)nx\2).
X\YnNZ=(X\Y)uX\2).
XNY\Z)=XnY\XNZand Y\Z2)NX=YNX\ZNX.
(XuyY)\XnYy=X\Y)u({\X).
X\Y\Z=X\(YU2Z).

IfX\Y=Y\X, then X =Y.

(Lp)e="Trg.

(TL)C:J_L.

X\X=1;.

X\1lr=X.

(X\Y)=X°uY.

X meets Y U Z iff X meets Y or X meets Z.

X MY misses X \ Y.

X misses Y LI Z iff X misses Y and X misses Z.

X \'Y misses Y.

If X misses Y, then (XUY)\Y=Xand (XUY)\X =Y.
FX°UY®=XUY and X misses X¢ and Y misses Y, then X =Y°

N R N N T T T, T T T T T I i T T N N N N N NP
N I J J J O O O OO OO OO O Ot Ot O Ot Ot Ot Ot Ut
B W NN = O © 00 ~J O Ui W N~ O O© 0 O Ut i W N
S’ N e e S e e e e e e e e e e e e S S N N N N

and Y = X°.

(75) I X°UY°=XUY and Y misses X¢ and X misses Y, then X = X¢
and Y =Y°.

(76) X-lp=Xand Lp=X = X.

(77) X=-X=_1;.

(78) X MY misses X~Y.

(79) XUY = X=(Y\X).

(80) X-XMNY =X\Y.

(81) XuY=(X-Y)uXxXny.

(82) X-Y-XMY=XUY.

(83) X-Y-(XUY)=XnNY.

(81) X-Y =(XUY)\XNY.

(85) (X=¥)\Z=(X\(YUZ)U(¥\(XUZ)).

86) X\(Y=2)=(X\(YUZ)UXNYNZ

87) (X=Y)=~Z=X=(Y~-Z).

(88) (X-Y)=XMYUXenye.
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Summary. The basic purpose of the paper is to prepare pre-
liminaries of the theory of many sorted algebras. The concept of the
signature of a many sorted algebra is introduced as well as the concept
of many sorted algebra itself. Some auxiliary related notions are defined.
The correspondence between (1 sorted) universal algebras [9] and many
sorted algebras with one sort only is described by introducing two func-
tors mapping one into the other. The construction is done this way that
the composition of both functors is the identity on universal algebras.

MML Identifier: MSUALG_1.

The articles [12], [14], [5], [6], [2], [10], [7], [4], [1], [11], [13], [3], [8], and [9]
provide the notation and terminology for this paper.

1. PRELIMINARIES

In this paper i, j are arbitrary and [ is a set.
Next we state the proposition

(1) It is not true that there exists a non-empty many sorted set M of I
such that () € rng M.

In this article we present several logical schemes. The scheme MSSEz deals
with a set A and a binary predicate P, and states that:
There exists a many sorted set f of A such that for every i such
that ¢ € A holds PJi, f(i)]
provided the following condition is met:
e For every ¢ such that i € A there exists j such that P[i, j].
The scheme MSSLambda concerns a set A and a unary functor F yielding
arbitrary, and states that:

© 1996 Warsaw University - Bialystok
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There exists a many sorted set f of A such that for every i such
that ¢ € A holds f(i) = F(i)
for all values of the parameters.
Let I be a set and let M be a many sorted set of I. A component of M is
an element of rng M.
Next we state two propositions:
(2) Let I be a non empty set, and let M be a many sorted set of I, and
let A be a component of M. Then there exists ¢ such that ¢ € I and
A= M(1).
(3)  For every many sorted set M of I and for every i such that i € I holds
M (%) is a component of M.
Let us consider I and let B be a many sorted set of I. A many sorted set of
I is said to be an element of B if:

(Def.1)  For every i such that ¢ € I holds it(é) is an element of B(i).

2. AUXILIARY FUNCTORS

Let us consider I, let A be a many sorted set of I, and let B be a many
sorted set of I. A many sorted set of I is called a many sorted function from A
into B if:

(Def.2)  For every i such that ¢ € I holds it(¢) is a function from A(i) into B(i).

Let us consider I, let A be a many sorted set of I, and let B be a many
sorted set of I. Note that every many sorted function from A into B is function
yielding.

Let I be a set and let M be a many sorted set of I. The functor M7 yielding
a many sorted set of I* is defined by:

(Def.3)  For every element i of I* holds M# (i) = [[(M -i).

Let I be a set and let M be a non-empty many sorted set of I. Note that
M# is non-empty.

Let us consider I, let J be a non empty set, let O be a function from I into
J, and let F' be a many sorted set of J. Then F - O is a many sorted set of I.

Let us consider I, let J be a non empty set, let O be a function from I into
J, and let F' be a non-empty many sorted set of J. Then F' - O is a non-empty
many sorted set of I.

Let a be arbitrary. The functor O — a yields a function from N into {a}*
and is defined as follows:

(Def.4)  For every natural number n holds (O +—— a)(n) =n — a.
In the sequel D denotes a non empty set and n denotes a natural number.
The following propositions are true:
(4)  For arbitrary a, b holds ({a} ——b) - (n— a) =n+—b.
(5) For arbitrary a and for every many sorted set M of {a} such that
M = {a} — D holds (M# - (O +— a))(n) = DS",
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Let us consider I, i. Then I — i is a function from I into {i}.

Let C be a set, let A, B be non empty sets, let F' be a partial function from
C to A, and let G be a function from A into B. Then G - F' is a function from
dom F' into B.

3. MANY SORTED SIGNATURES

We introduce many sorted signatures which are extensions of 1-sorted struc-
ture and are systems

( a carrier, operation symbols, an arity, a result sort ),
where the carrier is a set, the operation symbols constitute a set, the arity is a
function from the operation symbols into the carrier®, and the result sort is a
function from the operation symbols into the carrier.

A many sorted signature is void if:

(Def.5)  The operation symbols of it = ().

One can verify that there exists a many sorted signature which is void strict
and non empty and there exists a many sorted signature which is non void strict
and non empty.

In the sequel S is a non empty many sorted signature.

Let us consider S. A sort symbol of S is an element of the carrier of S. An
operation symbol of S is an element of the operation symbols of S.

Let S be a non void non empty many sorted signature and let o be an oper-
ation symbol of S. The functor Arity(o) yields an element of (the carrier of S)*
and is defined as follows:

(Def.6)  Arity(o) = (the arity of S)(o).
The result sort of o yielding an element of the carrier of S is defined by:
(Def.7)  The result sort of o = (the result sort of S)(0).

4. MANY SORTED ALGEBRAS

Let S be a 1-sorted structure. We consider many-sorted structures over S as
systems

( sorts ),
where the sorts constitute a many sorted set of the carrier of S.

Let us consider S. We consider algebras over S as extensions of many-sorted
structure over S as systems

( sorts, a characteristics ),
where the sorts constitute a many sorted set of the carrier of S and the char-
acteristics is a many sorted function from the sorts* - (the arity of S) into (the
sorts) -(the result sort of 5).

Let us consider S and let A be an algebra over S. We say that A is non-empty
if and only if:
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(Def.8)  The sorts of A is non-empty.

Let us consider S. Observe that there exists an algebra over S which is strict
and non-empty.

Let us consider S and let A be a non-empty algebra over S. One can verify
that the sorts of A is non-empty.

Let us consider S and let A be a non-empty algebra over S. One can check
that every component of the sorts of A is non empty and every component of
the sorts of A # is non empty.

Let S be a non void non empty many sorted signature, let o be an operation
symbol of S, and let A be an algebra over S. The functor Args(o, A) yielding a
component of (the sorts of A)# is defined by:

(Def.9)  Args(o, A) = ((the sorts of A)# - (the arity of S))(0).
The functor Result(o, A) yields a component of the sorts of A and is defined as
follows:
(Def.10)  Result(o, A) = ((the sorts of A) - (the result sort of S))(o).

Let S be a non void non empty many sorted signature, let o be an operation
symbol of S, and let A be an algebra over S. The functor Den(o, A) yielding a
function from Args(o, A) into Result(o, A) is defined as follows:

(Def.11)  Den(o, A) = (the characteristics of A)(o).
The following proposition is true
(6) Let S be a non void non empty many sorted signature, and let o be an
operation symbol of S, and let A be a non-empty algebra over S. Then
Den(o, A) is non empty.

5. UNIVERSAL ALGEBRAS AS MANY SORTED

We now state two propositions:

(8)! For every homogeneous quasi total non empty partial function i from
D* to D holds dom h = DSegarityh,

(9)  For every universal algebra A holds signature A is non empty.

6. UNIVERSAL ALGEBRAS FOR MANY SORTED ALGEBRAS WITH ONE SORT

Let A be a universal algebra. Then signature A is a finite sequence of elements
of N.
A many sorted signature is segmental if:

(Def.12)  There exists n such that the operation symbols of it = Segn.
The following proposition is true

!The proposition (7) has been removed.
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(10) Let S be a non empty many sorted signature. Suppose S is trivial. Let
A be an algebra over S and let ¢q, ¢co be components of the sorts of A.
Then ¢; = cy.
Let us mention that there exists a many sorted signature which is segmental
trivial non void strict and non empty.
Let A be a universal algebra. The functor MSSign(A) yields a non void strict
segmental trivial many sorted signature and is defined by:

(Def.13)  MSSign(A) = ({0}, dom signature A, (O — 0) - signature A,
dom signature A — 0).
Let A be a universal algebra. One can check that MSSign(A) is non empty.
Let A be a universal algebra. The functor MSSorts(A) yields a non-empty
many sorted set of the carrier of MSSign(A) and is defined as follows:
(Def.14)  MSSorts(A) = {0} — the carrier of A.
Let A be a universal algebra. The functor MSCharact(A) yields a many

sorted function from (MSSorts(A))# - (the arity of MSSign(A)) into MSSorts(A)-
(the result sort of MSSign(A)) and is defined by:

(Def.15)  MSCharact(A) = the characteristic of A.

Let A be a universal algebra. The functor MSAlg(A) yielding a strict algebra
over MSSign(A) is defined by:

(Def.16)  MSAlg(A) = (MSSorts(A), MSCharact(A)).

Let A be a universal algebra. Note that MSAlg(A) is non-empty.
Let M; be a trivial non empty many sorted signature and let A be an algebra
over M7. The sort of A yielding a set is defined as follows:

(Def.17)  There exists a component c of the sorts of A such that the sort of A = c.
Let M; be a trivial non empty many sorted signature and let A be a non-
empty algebra over M;. Observe that the sort of A is non empty.
We now state four propositions:

(11)  Let Mj be a segmental trivial non void non empty many sorted signa-
ture, and let ¢ be an operation symbol of M7, and let A. be a non-empty
algebra over Mj. Then Args(i, A) = (the sort of A)lenArity(@),

(12)  For every non empty set A and for every n holds A™ C A*.

(13)  Let Mj be a segmental trivial non void non empty many sorted signa-
ture, and let 7 be an operation symbol of M7, and let A be a non-empty
algebra over M;. Then Args(i, A) C (the sort of A)*.

(14)  Let M be a segmental trivial non void non empty many sorted signature
and let A be a non-empty algebra over M7. Then the characteristics of A
is a finite sequence of elements of (the sort of A)*—the sort of A.

Let M; be a segmental trivial non void non empty many sorted signature
and let A be a non-empty algebra over M;. The functor charact(A) yielding a
finite sequence of operational functions of the sort of A is defined by:

(Def.18)  charact(A) = the characteristics of A.
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In the sequel M; will denote a segmental trivial non void non empty many

sorted signature and A will denote a non-empty algebra over Mj.

Let us consider My, A. The functor Alg;(A) yields a non-empty strict uni-

versal algebra and is defined as follows:

(Def.19)  Algq(A) = (the sort of A, charact(A)).
We now state the proposition
(15)  For every strict universal algebra A holds A = Alg(MSAlg(A)).
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The notation and terminology used in this paper are introduced in the following
articles: [6], [2], [3], [1], [5], [11], [4], [9], [10], [7], [8], and [12].

For simplicity we adopt the following rules: G denotes a strict group, H
denotes a subgroup of G, a, b, x denote elements of G, and h denotes a homo-
morphism from G to G.

One can prove the following proposition

(1)  For all a, b such that b is an element of H holds b* € H iff H is normal.

Let us consider G. One can verify that Z(G) is normal.
Let us consider G. The functor Aut(G) yields a non empty set of functions
from the carrier of G to the carrier of G and is defined as follows:

(Def.1)  Every element of Aut(G) is a homomorphism from G to G and for every
h holds h € Aut(G) iff h is one-to-one and an epimorphism.

We now state several propositions:

2)  For every h holds h € Aut(G) iff h is one-to-one and an epimorphism.
Aut(G) C (the carrier of G)the carrier of G

id (the carrier of ) 1S an element of Aut(G).

For every h holds h € Aut(G) iff h is an isomorphism.

For every element f of Aut(G) holds f~! is a homomorphism from G
to G.

(7)  For every element f of Aut(G) holds f~! is an element of Aut(G).
(8)  For all elements f1, fa of Aut(G) holds f1 - fo is an element of Aut(G).

Let us consider G. The functor AutComp(G) yielding a binary operation on
Aut(Q) is defined as follows:

(Def.2)  For all elements z, y of Aut(G) holds (AutComp(G))(x, y) == - y.

Let us consider G. The functor AutGroup(G) yields a strict group and is
defined by:

w
= T

5

(
(
(4
(
(6

© 1996 Warsaw University - Bialystok

43 ISSN 0777-4028



44 ARTUR KORNILOWICZ

(Def.3)  AutGroup(G) = (Aut(G), AutComp(G)).
The following three propositions are true:
(9) For all elements z, y of AutGroup(G) and for all elements f, g of Aut(G)
such that = fand y=g holds z-y = f - g.

(10) id(thc carrier of G) — 1AutGroup(G)‘
(11)  For every element f of Aut(G) and for every element g of AutGroup(G)
such that f = g holds f~! = g~L.
Let us consider G. The functor InnAut(G) yields a non empty set of functions
from the carrier of G to the carrier of G and is defined by the condition (Def.4).

(Def.4) Let f be an element of (the carrier of G)the carier of G Then f ¢
InnAut(G) if and only if there exists a such that for every z holds

flx) =z
Next we state several propositions:
(12)  InnAut(G) C (the carrier of G)the carrier of G
(13)  Every element of InnAut(G) is an element of Aut(G).
(14)  InnAut(G) C Aut(G).
(15)  For all elements f, g of InnAut(G) holds (AutComp(G))(f, g) = f - g.
(16)  id(the carrier of @) 18 an element of InnAut(G).
(17)  For every element f of InnAut(G) holds f ! is an element of InnAut(G).
(18)  For all elements f, g of InnAut(G) holds f-g is an element of InnAut(G).

Let us consider G. The functor InnAutGroup(G) yields a normal strict
subgroup of AutGroup(G) and is defined by:

(Def.5)  The carrier of InnAutGroup(G) = InnAut(G).
Next we state three propositions:
(20)' For all elements x, y of InnAutGroup(G) and for all elements f, g of
InnAut(G) such that z = f and y =g holds x -y = f - g.

(21) id(the carrier of G) — 1InnAutGr0up(G)‘
(22) For every element f of InnAut(G) and for every element g of
InnAutGroup(G) such that f = g holds f~! =g~ 1.

Let us consider G, b. The functor Conjugate(b) yields an element of
InnAut(G) and is defined by:

(Def.6)  For every a holds (Conjugate(b))(a) = a®.
The following propositions are true:
23)  For all a, b holds Conjugate(a - b) = Conjugate(b) - Conjugate(a).
2 Conjugate(le) = 1d(the carrier of G)-
For every a holds (Conjugate(1s))(a) = a.

=

For every a holds Conjugate(a) - Conjugate(a~') = Conjugate(1¢).

[\ [\
~ (@3
S N N N N

For every a holds Conjugate(a™!) - Conjugate(a) = Conjugate(1¢g).

N N /N /S /SN /N
[\
=)

[\
o0
=

For every a holds Conjugate(a™!) = (Conjugate(a)) .

!The proposition (19) has been removed.
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(29) For every a holds Conjugate(a) - Conjugate(lg) = Conjugate(a) and
Conjugate(1lg) - Conjugate(a) = Conjugate(a).

(30)  For every element f of InnAut(G) holds f - Conjugate(lg) = f and
Conjugate(1lg) - f = f.

(31)  For every G holds InnAutGroup(G) and ¢/ 7(G) are isomorphic.

(32)  For every G such that G is a commutative group and for every element
f of InnAutGroup(G) holds f = Ty AutGroup(G)-
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The articles [12], [13], [5], [6], [2], 8], [9], [7], [4], [14], [3], [1], [11], and [10]
provide the notation and terminology for this paper.

1. AUXILARY FACTS ABOUT MANY SORTED SETS

In this paper x will be arbitrary.
The scheme LambdaB concerns a non empty set A and a unary functor F
yielding arbitrary, and states that:
There exists a function f such that dom f = A and for every ele-
ment d of A holds f(d) = F(d)
for all values of the parameters.

Let I be a set, let X be a many sorted set of I, and let Y be a non-empty

many sorted set of I. Observe that X UY is non-empty and Y U X is non-empty.

Next we state two propositions:

(1) Let I be a set, and let X be a many sorted set of I, and let Y be a
non-empty many sorted set of I. Then X UY is non-empty and Y U X is
non-empty.

(2)  For every non empty set I and for all many sorted sets X, Y of I and
for every element i of I* holds [[(X NY) -4) =T[(X -4) nTI(Y - 4).

Let I be a set and let M be a many sorted set of I. A many sorted set of

is said to be a many sorted subset of M if:
(Def.1) It C M.
Let I be a set and let M be a non-empty many sorted set of I. Observe that
there exists a many sorted subset of M which is non-empty.

© 1996 Warsaw University - Bialystok
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2. CONSTANTS OF A MANY SORTED ALGEBRA

We follow the rules: S will denote a non void non empty many sorted signa-
ture, o will denote an operation symbol of S, and Uy, Uy, U, will denote algebras
over S.

Let S be a non empty many sorted signature and let Uy be an algebra over
S. A subset of Uj is a many sorted subset of the sorts of Uy.

Let S be a non empty many sorted signature. A sort symbol of S has
constants if:

(Def.2)  There exists an operation symbol o of S such that (the arity of S)(0) = ¢
and (the result sort of S)(0) = it.

A non empty many sorted signature has constant operations if:
(Def.3)  Every sort symbol of it has constants.

Let A be a non empty set, let B be a set, let a be a function from B into
A*, and let r be a function from B into A. Note that (A, B,a,r) is non empty.

Let us observe that there exists a non empty many sorted signature which is
non void and strict and has constant operations.

Let S be a non void non empty many sorted signature, let Uy be an algebra
over S, and let s be a sort symbol of S. The functor Constants(Uy, s) yielding
a subset of (the sorts of Up)(s) is defined by:

(Def.4) (i) There exists a non empty set A such that A = (the sorts of Up)(s)
and Constants(Up, s) = {a : a ranges over elements of A, \/, (the arity of
S)(0o) = e A (the result sort of S)(0) =s A a € rngDen(o,Uy)} if (the
sorts of Up)(s) # 0,

(ii)  Constants(Up, s) = 0, otherwise.

Let S be a non void non empty many sorted signature and let Uy be an
algebra over S. The functor Constants(Uy) yielding a subset of Uj is defined as
follows:

(Def.5)  For every sort symbol s of S holds (Constants(Up))(s) =
Constants(Uy, ).

Let S be a non void non empty many sorted signature with constant oper-
ations, let Uy be a non-empty algebra over S, and let s be a sort symbol of S.
One can verify that Constants(Up, s) is non empty.

Let S be a non void non empty many sorted signature with constant op-
erations and let Uy be a non-empty algebra over S. One can verify that
Constants(Up) is non-empty.

3. SUBALGEBRAS OF A MANY SORTED ALGEBRA

Let S be a non void non empty many sorted signature, let Uy be an algebra
over S, let o be an operation symbol of S, and let A be a subset of Uy. We say
that A is closed on o if and only if:
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(Def.6)  rng(Den(o,Up) | (A - (the arity of S))(0)) C (A - (the result sort of
5))(0).

Let S be a non void non empty many sorted signature, let Uy be an algebra
over S, and let A be a subset of Uy. We say that A is operations closed if and
only if:

(Def.7)  For every operation symbol o of S holds A is closed on o.

One can prove the following proposition

(3) Let S be a non void non empty many sorted signature, and let o be an
operation symbol of S, and let Uy be an algebra over S, and let By, By be
subsets of Up. If By C By, then (B - (the arity of S))(0) C (B;* - (the
arity of S))(o).

Let S be a non void non empty many sorted signature, let Uy be an algebra

over S, let o be an operation symbol of S, and let A be a subset of Uy. Let us

assume that A is closed on 0. The functor 04 yielding a function from (A% - (the
arity of S))(0) into (A - (the result sort of S))(0) is defined as follows:

(Def.8) 04 = Den(o,Up) | (A* - (the arity of S))(0).

Let S be a non void non empty many sorted signature, let Uy be an algebra
over S, and let A be a subset of Uy. The functor Opers(Up, A) yielding a many
sorted function from A% - (the arity of S) into A - (the result sort of S) is defined
by:

(Detf.9)  For every operation symbol o of S holds (Opers(Uy, 4))(0) = 04.

Next we state two propositions:

(4)  Let Up be an algebra over S and let B be a subset of Uy. Suppose
B = the sorts of Uy. Then B is operations closed and for every o holds
op = Den(o, Uy).

(5) For every subset B of Uy such that B = the sorts of Uy holds
Opers(Up, B) = the characteristics of Uy.

Let S be a non void non empty many sorted signature and let Uy be an
algebra over S. An algebra over S is called a subalgebra of Uy if it satisfies the
conditions (Def.10).

(Def.10) (i)  The sorts of it is a subset of Uy, and
(ii)  for every subset B of Uy such that B = the sorts of it holds B is
operations closed and the characteristics of it = Opers(Uy, B).

Let S be a non void non empty many sorted signature and let Uy be an
algebra over S. Omne can check that there exists a subalgebra of Uy which is
strict.

Let S be a non void non empty many sorted signature and let Uy be a non-
empty algebra over S. Observe that there exists a subalgebra of Uy which is
non-empty and strict.

One can prove the following propositions:

(6) Uy is a subalgebra of U.
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(7) If Up is a subalgebra of U; and Uj is a subalgebra of Us, then Uy is a
subalgebra of Us,.

(8) If Uy is a strict subalgebra of Us and U, is a strict subalgebra of Uy,
then Uy = Us.

(9)  For all subalgebras U;, Us of Uy such that the sorts of U; C the sorts
of Uy holds Uy is a subalgebra of Us.

(10)  For all strict subalgebras Uy, Us of Uy such that the sorts of U; = the
sorts of Uy holds Uy = Us.

(11) Let S be a non void non empty many sorted signature, and let Uy be
an algebra over S, and let Uy be a subalgebra of Uy. Then Constants(Uy)
is a subset of Uj.

(12) Let S be a non void non empty many sorted signature with constant
operations, and let Uy be a non-empty algebra over S, and let Uy be a
non-empty subalgebra of Uy. Then Constants(Uy) is a non-empty subset
of Ul.

(13) Let S be a non void non empty many sorted signature with constant
operations, and let Uy be a non-empty algebra over .S, and let Uy, Us be
non-empty subalgebras of Uy. Then (the sorts of U;) N (the sorts of Us)
is non-empty.

4. MANY SORTED SUBSETS OF MANY SORTED ALGEBRA

Let S be a non void non empty many sorted signature, let Uy be an algebra
over S, and let A be a subset of Uy. The functor SubSorts(A) yielding a non
empty set is defined by the condition (Def.11).

(Def.11)  Let x be arbitrary. Then z € SubSorts(A) if and only if the following

conditions are satisfied:
(1) o= (2U (the sorts of U()))thc carrier of S

)

(ii) =z is a subset of Uy, and
(i)  for every subset B of Uy such that B = x holds B is operations closed
and Constants(Uy) C B and A C B.

Let S be a non void non empty many sorted signature and let Uy be an
algebra over S. The functor SubSorts(Up) yields a non empty set and is defined
by the condition (Def.12).

(Def.12)  Let x be arbitrary. Then x € SubSorts(Uy) if and only if the following

conditions are satisfied:

(1) x € (2U (the sorts of U()))the carrier of S’

(ii) is a subset of Uy, and

(iii)  for every subset B of Uy such that B = x holds B is operations closed.

Let S be a non void non empty many sorted signature, let Uy be an algebra
over S, and let e be an element of SubSorts(Uy). The functor ®e yielding a
subset of Uy is defined as follows:
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(Def.13)  “e=e.
Next we state two propositions:
(14)  For all subsets A, B of Uy holds B € SubSorts(A) iff B is operations
closed and Constants(Up) C B and A C B.

(15)  For every subset B of Uy holds B € SubSorts(Uy) iff B is operations
closed.

Let S be a non void non empty many sorted signature, let Uy be an algebra
over S, let A be a subset of Uy, and let s be a sort symbol of S. The functor
SubSort(A, s) yields a non empty set and is defined as follows:

(Def.14)  For arbitrary = holds x € SubSort(A, s) iff there exists a subset B of
Up such that B € SubSorts(A) and = = B(s).
Let S be a non void non empty many sorted signature, let Uy be an algebra
over S, and let A be a subset of Uy. The functor MSSubSort(A) yields a subset
of Uy and is defined as follows:

(Def.15)  For every sort symbol s of S holds (MSSubSort(A4))(s) =
(N SubSort(A4, s).

We now state several propositions:

(16)  For every subset A of Uy holds Constants(Up) U A C MSSubSort(A).

(17)  For every subset A of Uy such that Constants(Uy) U A is non-empty
holds MSSubSort(A) is non-empty.

(18) Let A be asubset of Uy and let B be a subset of Uy. If B € SubSorts(A),
then ((MSSubSort(A))# - (the arity of S))(0) C (B¥ - (the arity of S))(o).

(19) Let A be a subset of Uy and let B be a subset of Uy. Suppose
B € SubSorts(A). Then rng(Den(o, Up) | ((MSSubSort(A))# - (the arity
of S))(0)) C (B - (the result sort of S))(0).

(20)  For every subset A of Uy holds rng(Den(o, Up) | ((MSSubSort(A))# - (the
arity of 5))(0)) C (MSSubSort(A) - (the result sort of .S))(0).

(21)  For every subset A of Uy holds MSSubSort(A) is operations closed and
A C MSSubSort(A).

5. OPERATIONS ON MANY SORTED ALGEBRA AND ITS SUBALGEBRAS

Let S be a non void non empty many sorted signature, let Uy be an algebra
over S, and let A be a subset of Uy. Let us assume that A is operations closed.
The functor Uy | A yields a strict subalgebra of Uy and is defined as follows:

(Def.16) U | A = (A, (Opers(Up, A) qua many sorted function from A% - (the
arity of S) into A - (the result sort of 5))).

Let S be a non void non empty many sorted signature, let Uy be an algebra
over S, and let Uy, Us be subalgebras of Uy. The functor U; N Us yielding a
strict subalgebra of Uy is defined by the conditions (Def.17).

o1
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(Def.17) (i)  The sorts of Uy N Uz = (the sorts of Uy) N (the sorts of Us), and
(ii)  for every subset B of Uy such that B = the sorts of U; N Us holds B is
operations closed and the characteristics of Uy N Uy = Opers(Uy, B).

Let S be a non void non empty many sorted signature, let Uy be an alge-
bra over S, and let A be a subset of Up. The functor Gen(A) yields a strict
subalgebra of Uy and is defined by the conditions (Def.18).

(Def.18) (i) A is a subset of Gen(A), and
(ii)  for every subalgebra U; of Uy such that A is a subset of U; holds
Gen(A) is a subalgebra of Uj.

Let S be a non void non empty many sorted signature, let Uy be a non-empty
algebra over S, and let A be a non-empty subset of Uy. Observe that Gen(A)
is non-empty.

We now state three propositions:

(22) Let S be a non void non empty many sorted signature, and let Uy be a
strict algebra over S, and let B be a subset of Uy. If B = the sorts of Uy,
then Gen(B) = Uj.

(23) Let S be a non void non empty many sorted signature, and let Uy be
an algebra over S, and let U; be a strict subalgebra of Uy, and let B be
a subset of Uy. If B = the sorts of Uy, then Gen(B) = Uj.

(24) Let S be a non void non empty many sorted signature with constant
operations, and let Uy be a non-empty algebra over S, and let U; be a
subalgebra of Uy. Then Gen(Constants(Up)) NU; = Gen(Constants(Uy)).

Let S be a non void non empty many sorted signature, let Uy be a non-
empty algebra over S, and let Uy, Uy be subalgebras of Uy. The functor Uy | | Us
yielding a strict subalgebra of Uy is defined as follows:

(Def.19)  For every subset A of Uy such that A = (the sorts of Uy) U (the sorts of
Ug) holds U1 |_| U2 = Gen(A)

Next we state several propositions:

(25) Let S be a non void non empty many sorted signature, and let Uy be a
non-empty algebra over S, and let Uy be a subalgebra of Uy, and let A, B
be subsets of Uy. If B = AUthe sorts of Uy, then Gen(A) | JU; = Gen(B).

(26) Let S be a non void non empty many sorted signature, and let Uy be
a non-empty algebra over S, and let Uy be a subalgebra of Uy, and let B
be a subset of Uy. If B = the sorts of Uy, then Gen(B)||U; = Gen(B).

(27)  Let S be a non void non empty many sorted signature, and let Uy be
a non-empty algebra over S, and let Uy, Uy be subalgebras of Uy. Then
U Uz = U2 || Uy

(28) Let S be a non void non empty many sorted signature, and let Uy be
a non-empty algebra over S, and let Uy, Uy be strict subalgebras of Uy.
Then Uy N (Ul |_|U2) =Uj.

(29) Let S be a non void non empty many sorted signature with constant
operations, and let Uy be a non-empty algebra over S, and let Uy, Us be
strict subalgebras of Uy. Then Uy NUs | |Us = Us.
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6. LATTICE OF SUBALGEBRAS OF MANY SORTED ALGEBRA

Let S be a non void non empty many sorted signature and let Uy be an
algebra over S. The functor Subalgebras(Up) yielding a non empty set is defined
as follows:

(Def.20)  For every z holds = € Subalgebras(Uy) iff z is a strict subalgebra of Uy.

Let S be a non void non empty many sorted signature and let Uy be a non-
empty algebra over S. The functor MSAlgJoin(Uy) yields a binary operation on
Subalgebras(Up) and is defined by:

(Def.21)  For all elements z, y of Subalgebras(Uy) and for all strict subalgebras
Ui, Uy of Uy such that z = U; and y = Uy holds (MSAlgJoin(Uy))(z,
y) = U1 Us.
Let S be a non void non empty many sorted signature and let Uy be a non-
empty algebra over S. The functor MSAlgMeet(Uy) yielding a binary operation
on Subalgebras(Uy) is defined by:

(Def.22)  For all elements z, y of Subalgebras(Uy) and for all strict subalgebras
Ui, Uy of Uy such that « = U; and y = Us holds (MSAlgMeet(Up))(z,
y)=U; NUs.

In the sequel Uy is a non-empty algebra over S.
We now state four propositions:
(30)  MSAlgJoin(Up) is commutative.
(31) MSAlgJoin(Up) is associative.
(32) Let S be anon void non empty many sorted signature with constant op-

erations and let Uy be a non-empty algebra over S. Then MSAlgMeet(Uy)
is commutative.

(33)  Let S be anon void non empty many sorted signature with constant op-
erations and let Uy be a non-empty algebra over S. Then MSAlgMeet(Uy)
is associative.

Let S be a non void non empty many sorted signature with constant opera-
tions and let Uy be a non-empty algebra over S. The lattice of subalgebras of
Uy yields a strict lattice and is defined as follows:

(Def.23)  The lattice of subalgebras of Uy = (Subalgebras(Uy), MSAlgJoin(Uy),
MSAlgMeet (Uy)).
The following proposition is true
(34) Let S be a non void non empty many sorted signature with constant
operations and let Uy be a non-empty algebra over S. Then the lattice of
subalgebras of Uy is bounded.

Let S be a non void non empty many sorted signature with constant op-
erations and let Uy be a non-empty algebra over S. Note that the lattice of
subalgebras of Uy is bounded.

We now state three propositions:
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Let S be a non void non empty many sorted signature with con-
stant operations and let Uy be a non-empty algebra over S. Then
J—thc lattice of subalgebras of Uy — Gen(Constants(Uo)).

Let S be a non void non empty many sorted signature with constant
operations, and let Uy be a non-empty algebra over S, and let B be a
subset of Uy. If B = the sorts of Uy, then Tiye tattice of subalgebras of Uy =
Gen(B).

Let S be a non void non empty many sorted signature with con-
stant operations and let Uy be a strict non-empty algebra over S. Then

Tthe lattice of subalgebras of Uy — UO'
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Summary. Product of two many sorted universal algebras and
product of family of many sorted universal algebras are defined in this
article. Operations on functions, such that commute, Frege, are also
introduced.

MML Identifier: PRALG_2.

The papers [17], [18], [9], [10], [6], [7], [13], [11], [14], [4], [8], [2], [1], [3], [5], [16],
[12], and [15] provide the notation and terminology for this paper.

1. PRELIMINARIES

For simplicity we follow the rules: I, J denote sets, A, B denote many sorted
sets of I, i, j, x are arbitrary, and S denotes a non empty many sorted signature.
A set has common domain if:
(Def.1)  For all functions f, g such that f € it and g € it holds dom f = dom g.
Let us mention that there exists a set which is functional and non empty and
has common domain.
The following proposition is true
(1) {0} is a functional set with common domain.
Let X be a functional set with common domain. The functor DOM(X)
yielding a set is defined as follows:
(Def.2) (i)  For every function x such that x € X holds DOM(X) = dom if
X # 0,
(i) DOM(X) = 0, otherwise.
We now state the proposition
(2)  For every functional set X with common domain such that X = {0}
holds DOM(X) = 0.
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Let I be a set and let M be a non-empty many sorted set of I. Observe that
[I M is functional and non empty and has common domain.

2. OPERATIONS ON FUNCTIONS

The scheme LambdaDMS deals with a non empty set A and a unary functor
F yielding arbitrary, and states that:
There exists a many sorted set X of A such that for every element
d of A holds X (d) = F(d)
for all values of the parameters.
Let f be a function. The functor commute(f) yields a function yielding
function and is defined as follows:

(Def.5)!  commute(f) = curry’ uncurry f.

We now state several propositions:

(3)  For every function f and for arbitrary = such that + € dom commute(f)
holds (commute(f))(x) is a function.

(4)  For all sets A, B, C and for every function f such that A # () and B # ()
and f € (CP)A holds commute(f) € (C4)E.

(5) Let A, B, C be sets and let f be a function. Suppose A # ) and
B # () and f € (CB)A. Let g, h be functions and let z, y be arbitrary.

Suppose z € A and y € B and f(z) = ¢g and (commute(f))(y) = h. Then
h(z) = g(y) and dom h = A and dom g = B and rngh C C and rngg C C.

(6) For all sets A, B, C and for every function f such that A # () and B # ()
and f € (CB)4 holds commute(commute(f)) = f.
(7)  commute(O) = O.
Let F be a function. The functor Bcommute(F’) yielding a function is defined
by the conditions (Def.6).
(Def.6) (i) For every z holds # € dom Mcommute(F’) iff there exists a function
f such that f € dom F' and x = commute(f), and
(i)  for every function f such that f € domBcommute(F) holds
(BMcommute(F))(f) = F(commute(f)).
The following proposition is true
(8)  For every function F such that dom F' = {(} holds Mcommute(F) = F.
Let F' be a function yielding function and let f be a function. The functor
F «p f yielding a function is defined by:
(Det.7)  dom(F « f) = dom F and for arbitrary x and for every function ¢ such
that z € dom F and g = F(z) holds (F « f)(x) = g(f(x)).

Let f be a function yielding function. The functor Frege(f) yields a many
sorted function of [[(domy f(x)) and is defined as follows:

!The definitions (Def.3) and (Def.4) have been removed.
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(Def.8)  For every function g such that g € [[(dom,, f(x)) holds (Frege(f))(g) =
[y
Let us consider I, A, B. The functor [A, B] yielding a many sorted set of [
is defined by:
(Def.9)  For every i such that ¢ € I holds [A, B](i) = [ A(i), B(3) ].
Let us consider I and let A, B be non-empty many sorted sets of I. Note
that [A, B] is non-empty.
Next we state the proposition
(9) Let I be a non empty set, and let J be a set, and let A, B be many
sorted sets of I, and let f be a function from .J into I. Then [A,B]- f =
Let I be a non empty set, let us consider J, let A, B be non-empty many
sorted sets of I, let p be a function from J into I*, let r be a function from J
into I, let j be arbitrary, let f be a function from (A% -p)(j) into (A-7)(j), and
let g be a function from (B - p)(j) into (B -r)(j). Let us assume that j € J.
The functor ] f, ¢[[ yields a function from ([4, B]* - p)(j) into ([A, B] - r)(j)
and is defined as follows:

(Def.10)  For every function h such that h € ([A, B]* - p)(j) holds T f, g[[(k) =
(f(prl(h)), g(pr2(h))).

Let I be a non empty set, let us consider J, let A, B be non-empty many
sorted sets of I, let p be a function from J into I*, let r be a function from J
into I, let F be a many sorted function from A% - p into A - r, and let G be
a many sorted function from B¥ - p into B -r. The functor [|F, G[[ yielding a

many sorted function from [A, B] - p into [A, B] - r is defined by the condition
(Def.11).

(Def.11)  Given j. Suppose j € J. Let f be a function from (A% - p)(j) into
(A -7)(j) and let g be a function from (B - p)(j) into (B - r)(j). If
f=F(j) and g = G(j), then [|F,G[[(4) =111, 9][-

3. FAMILY OF MANY SORTED UNIVERSAL ALGEBRAS

Let us consider I, S. A many sorted set of I is said to be an algebra family
of I over S if:
(Def.12)  For every i such that ¢ € I holds it(i) is a non-empty algebra over S.
Let I be a non empty set, let us consider S, let A be an algebra family of 1
over S, and let i be an element of I. Then A(7) is a non-empty algebra over S.
Let S be a non empty many sorted signature and let U; be a non-empty
algebra over S. The functor |Uy| yields a non empty set and is defined as
follows:

(Def.13)  |Uy| = Urng (the sorts of Uy).
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Let I be a non empty set, let S be a non empty many sorted signature, and
let A be an algebra family of I over S. The functor |A| yields a non empty set
and is defined as follows:

(Def.14)  |A] = U{]A(%)| : i ranges over elements of I}.

4. PRODUCT OF MANY SORTED UNIVERSAL ALGEBRAS

We now state two propositions:

(10) Let S be a non void non empty many sorted signature, and let U
be an algebra over S, and let o be an operation symbol of S. Then
Args(o,Up) = [1((the sorts of Up) - Arity (o)) and dom((the sorts of Up) -
Arity(0)) = dom Arity (o) and Result(o, Uy) = (the sorts of Up)(the result
sort of o).

(11) Let S be a non void non empty many sorted signature, and let Uy be
an algebra over S, and let o be an operation symbol of S. If Arity(o) = ¢,
then Args(o, Up) = {O}.
Let us consider S and let Uy, Us be non-empty algebras over S. The functor
FU1, Uz yields a strict algebra over S and is defined as follows:

(Def.15)  [Uy, Uz ] = ([the sorts of Uy, the sorts of Us], [[the characteristics of
Ui, (the characteristics of Us)[]).

Let I be a non empty set, let us consider S, let s be a sort symbol of S,
and let A be an algebra family of I over S. The functor Carrier(4, s) yielding
a non-empty many sorted set of I is defined as follows:

(Def.16)  For every element i of I holds (Carrier(A, s))(i) = (the sorts of A(7))(s).

Let I be a non empty set, let us consider S, and let A be an algebra family
of I over S. The functor SORTS(A) yields a non-empty many sorted set of the
carrier of S and is defined as follows:

(Def.17)  For every sort symbol s of S holds (SORTS(A))(s) = [[ Carrier(A4, s).

Let I be a non empty set, let S be a non empty many sorted signature, and
let A be an algebra family of I over S. The functor OPER(A) yields a many
sorted function of I and is defined by:

(Def.18)  For every element i of I holds (OPER(A))(i) = the characteristics of
A(i).
We now state two propositions:

(12) Let I be a non empty set, and let S be a non empty many
sorted signature, and let A be an algebra family of I over S. Then
domuncurry OPER(A) = [ I, the operation symbols of S {.

(13) Let I be a non empty set, and let S be a non void non empty
many sorted signature, and let A be an algebra family of I over S,
and let o be an operation symbol of S. Then commute(OPER(A)) €
((I‘l’lg uncurry OPER(A))I)the operation symbols of S‘
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Let I be a non empty set, let S be a non void non empty many sorted
signature, let A be an algebra family of I over S, and let o be an operation
symbol of S. The functor A(o0) yielding a many sorted function of I is defined
by:

(Def.19)  A(o) = (commute(OPER(A)))(0).

We now state several propositions:

(14) Let I be a non empty set, and let ¢ be an element of I, and let §
be a non void non empty many sorted signature, and let A be an algebra
family of I over S, and let o be an operation symbol of S. Then A(o)(i) =
Den(o, A(i)).

(15) Let I be a non empty set, and let S be a non void non empty many
sorted signature, and let A be an algebra family of I over S, and let o be
an operation symbol of S, and let x be arbitrary. If € rng Frege(A(o0)),
then x is a function.

(16) Let I be a non empty set, and let S be a non void non empty many
sorted signature, and let A be an algebra family of I over S, and let o be
an operation symbol of S, and let f be a function. If f € rng Frege(A(0)),
then dom f = I and for every element i of I holds f(i) € Result(o, A(7)).

(17)  Let I be a non empty set, and let S be a non void non empty many
sorted signature, and let A be an algebra family of I over S, and let
o be an operation symbol of S, and let f be a function. Suppose f €
dom Frege(A(0)). Then dom f = I and for every element i of I holds
f(i) € Args(o, A(7)) and rng f C | A|dom Arity(e),

(18) Let I be a non empty set, and let S be a non void non empty many
sorted signature, and let A be an algebra family of I over S, and let o be
an operation symbol of S. Then dom(dom, A(0)(k)) = I and for every
element ¢ of I holds (dom, A(0)(k))(i) = Args(o, A(7)).

Let I be a non empty set, let S be a non void non empty many sorted signa-
ture, and let A be an algebra family of I over S. The functor OPS(A) yielding a
many sorted function from (SORTS(A))# - (the arity of S) into SORTS(A)- (the
result sort of .S) is defined by:

(Def.20)  For every operation symbol o of S holds (OPS(A))(0) = (Arity(o) =
¢ — commute(A(0)), Bcommute(Frege(A(0)))).

Let I be a non empty set, let S be a non void non empty many sorted
signature, and let A be an algebra family of I over S. The functor [] A yields a
strict algebra over S and is defined as follows:

(Def.21) ] A = (SORTS(A), OPS(A)).

We now state two propositions:

(19) Let I be a non empty set, and let S be a non void non empty many
sorted signature, and let A be an algebra family of I over S. Then [[A =
(SORTS(A), OPS(A)).

(20) Let I be a non empty set, and let S be a non void non empty many
sorted signature, and let A be an algebra family of I over S. Then the
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sorts of [TA = SORTS(A) and the characteristics of [[ A = OPS(A).
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1. PRELIMINARIES

For simplicity we follow the rules: S is a non void non empty many sorted
signature, Uy, Us, Us are non-empty algebras over S, o is an operation symbol
of S, and n is a natural number.

Let I be a non empty set, let A, B be non-empty many sorted sets of I, let
F be a many sorted function from A into B, and let i be an element of /. Then
F(i) is a function from A(i) into B(i).

Let us consider S, Uy, Us. A many sorted function from U; into Us is a many
sorted function from the sorts of U; into the sorts of Us.

Let I be a set and let A be a many sorted set of I. The functor id 4 yields a
many sorted function from A into A and is defined as follows:

(Def.1)  For arbitrary 7 such that i € I holds id 4(7) = id 4;).-
A function is “1-1” if:
(Def.2)  For arbitrary i and for every function f such that i € domit and it(i) =
f holds f is one-to-one.
Let I be a set. Observe that there exists a many sorted function of I which
is “1-17.
We now state the proposition
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(1) Let I be a set and let F' be a many sorted function of I. Then F is
“1-1” if and only if for arbitrary ¢ and for every function f such that i € I
and F'(i) = f holds f is one-to-one.

Let I be a set and let A, B be many sorted sets of I. A many sorted function
from A into B is “onto” if:

(Def.3)  For arbitrary ¢ and for every function f from A(i) into B(i) such that
i € I and it(i) = f holds rng f = B(i).
Let F', GG be function yielding functions. The functor GoF yielding a function
yielding function is defined by the conditions (Def.4).

(Defd4) (i) dom(G o F)=domF NdomG, and
(ii)  for arbitrary ¢ and for every function f and for every function g such
that i € dom(G o F) and f = F(i) and g = G(i) holds (Go F)(i) =g - f.
We now state the proposition

(2) Let I be a set, and let A be a many sorted set of I, and let B, C be
non-empty many sorted sets of I, and let F' be a many sorted function
from A into B, and let G be a many sorted function from B into C. Then

(i) dom(GoF)=1I,and

(ii)  for arbitrary ¢ and for every function f from A(i) into B(i) and for
every function g from B(7) into C(i) such that i € I and f = F(i) and
g=G(i) holds (Go F)(i) =g - f.

Let I be a set, let A be a many sorted set of I, let B, C' be non-empty many
sorted sets of I, let ' be a many sorted function from A into B, and let G be
a many sorted function from B into C'. Then G o F' is a many sorted function
from A into C.

Next we state two propositions:

(3) Let I be a set, and let A, B be non-empty many sorted sets of I, and
let F' be a many sorted function from A into B. Then F oidg = F.

(4) Let I be a set, and let A be a many sorted set of I, and let B be a
non-empty many sorted set of I, and let F' be a many sorted function
from A into B. Then idgo F = F.

Let I be a set, let A, B be non-empty many sorted sets of I, and let F' be a
many sorted function from A into B. Let us assume that F'is “1-1” and “onto”.
The functor F~! yielding a many sorted function from B into A is defined as
follows:

(Def.5)  For arbitrary i and for every function f from A(7) into B(i) such that
i€ land f = F(i) holds F~'(i) = f~1.
We now state the proposition
(5) Let I be a set, and let A, B be non-empty many sorted sets of I, and
let H be a many sorted function from A into B, and let H; be a many

sorted function from B into A. If H is “1-1” and “onto” and H; = H™!,
then H o Hy = idp and Hy o H = id 4.
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Let I be a set, let A be a many sorted set of I, and let F' be a many sorted
function of I. The functor F ° A yields a many sorted set of I and is defined as
follows:

(Def.6)  For arbitrary i and for every function f such that ¢ € I and f = F(i)
holds (F'° A)(i) = f°A(7).

Let us consider S, Uy, o. Observe that every element of Args(o,U;) is
function-like and relation-like.

2. HOMOMORPHISMS OF MANY SORTED ALGEBRAS

One can prove the following proposition

(6) Let x be an element of Args(o,U;). Then doma = dom Arity(o) and
for arbitrary y such that y € dom((the sorts of U;) - Arity(o)) holds
x(y) € ((the sorts of Uy) - Arity(0))(y).

Let us consider S, Uy, Us, o, let F' be a many sorted function from U; into Us,
and let = be an element of Args(o,Uy). The functor F#z yielding an element
of Args(o,Us) is defined by:

(Det.7)  For every m such that n € domz holds (F#x)(n) =
F(my Atity (0)) (x(n)).

The following two propositions are true:

(7)  For all S, o, U; and for every element x of Args(o,U;) holds = =
id(the sorts of Ul)#w'

(8) Let Hy be a many sorted function from Uj into Uy, and let Hs be a many
sorted function from Us into Us, and let = be an element of Args(o,Uy).
Then (Hg o Hy)#x = Ho#(H1#x).

Let us consider S, Uy, U and let F' be a many sorted function from U; into
Us. We say that F' is a homomorphism of Uy into Us if and only if:

(Def.8)  For every operation symbol o of S and for every element x of Args(o, U1)
holds F'(the result sort of 0)((Den(o,U1))(z)) = (Den(o, Us))(F#x).

Next we state two propositions:
(9)  id(she sorts of 1) 18 @ homomorphism of Uy into Uy.

(10) Let H; be a many sorted function from U; into U and let Hs be a
many sorted function from Us into Us. Suppose H; is a homomorphism
of U7 into Uy and Hy is a homomorphism of Uy into Us. Then Hs o Hi is
a homomorphism of Uy into Us.

Let us consider S, Uy, Us and let F' be a many sorted function from U; into
Us. We say that F' is an epimorphism of Uy onto Us if and only if:

(Def.9)  F is a homomorphism of U; into Uy and “onto”.
One can prove the following proposition



64 MAELGORZATA KOROLKIEWICZ

(11)  Let F be a many sorted function from U; into Us and let G be a many
sorted function from Us into Us. Suppose F' is an epimorphism of U; onto
U, and G is an epimorphism of Uy onto Us. Then G o F' is an epimorphism
of Uy onto Us.

Let us consider S, Uy, Us and let F' be a many sorted function from U; into
Us. We say that F' is a monomorphism of Uy into Us if and only if:
(Def.10)  F is a homomorphism of U; into Uy and “1-1".
The following proposition is true
(12) Let F' be a many sorted function from U; into U and let G be a
many sorted function from Us into Us. Suppose F' is a monomorphism

of U into Uy and G is a monomorphism of Us into Uz. Then G o F' is a
monomorphism of Uy into Us.

Let us consider S, Uy, Us and let F' be a many sorted function from U; into
Us. We say that F' is an isomorphism of Uy and Us if and only if:

(Def.11)  F'is an epimorphism of U; onto Us and a monomorphism of U; into Us.
The following propositions are true:

(13) Let F be a many sorted function from U; into U. Then F is an iso-
morphism of Uy and Us if and only if F' is a homomorphism of U; into Us
“onto” and “1-17.

(14)  Let H be a many sorted function from U; into U, and let Hy be a many
sorted function from Us into Uy. Suppose H is an isomorphism of U; and
Uy and Hy = H~'. Then H; is an isomorphism of Uy and Uj.

(15) Let H be a many sorted function from U; into Uy and let Hy be a
many sorted function from Us into Us. Suppose H is an isomorphism of
Uy and Uy and H; is an isomorphism of Uy and Us. Then Hy o H is an
isomorphism of U; and Us.

Let us consider S, Uy, Us. We say that U; and Us are isomorphic if and only
if:
(Def.12)  There exists many sorted function from U; into Us which is an isomor-
phism of Uy and Us.
Next we state three propositions:
(16) U and U; are isomorphic.
(17)  If Uy and U, are isomorphic, then Uy and U; are isomorphic.

(18) If Uy and U, are isomorphic and Us and Us are isomorphic, then U;
and Us are isomorphic.

Let us consider S, Uy, Us and let F' be a many sorted function from U; into
Us. Let us assume that F'is a homomorphism of U; into Us. The functor Im F
yields a strict non-empty subalgebra of Us and is defined as follows:

(Def.13)  The sorts of Im F' = F' ° (the sorts of Uy).

We now state several propositions:
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(19)  Let Us be a strict non-empty algebra over S and let F' be a many sorted
function from U;j into Us. Suppose F' is a homomorphism of U; into Us.
Then F'is an epimorphism of U; onto Us if and only if Im F' = Us.

(20) Let F be a many sorted function from U; into Uz and let G be a
many sorted function from U; into Im F. Suppose ' = G and F is a
homomorphism of U; into Us. Then G is an epimorphism of U; onto
Im F.

(21) Let F be a many sorted function from U; into Us. Suppose F is a
homomorphism of U; into Us. Then there exists a many sorted function
G from U; into Im F' such that F' = G and G is an epimorphism of Uy
onto Im F.

(22) Let Uy be a strict non-empty subalgebra of U; and let G be a many
sorted function from Uz into Uy. If G = id(ge sorts of Un)s then G is a
monomorphism of Us into Uj.

(23) Let F be a many sorted function from U; into Us. Suppose F is a
homomorphism of Uy into Us. Then there exists a many sorted function
Fy from Uy into Im F' and there exists a many sorted function Fb from
Im F into Us such that F} is an epimorphism of Uy onto Im F' and F5 is
a monomorphism of Im F' into Uy and F = F5 o F}.
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1. PRELIMINARIES

The following proposition is true

(1) Let I be a set, and let J be a non empty set, and let f be a function
from [ into J*, and let X be a many sorted set of J, and let p be an
element of J*, and let x be arbitrary. If x € I and p = f(x), then
(X# - f)(z) = [I(X - p).

Let I be a set, let A, B be many sorted sets of I, let C be a many sorted
subset of A, and let F' be a many sorted function from A into B. The functor
F | C yielding a many sorted function from C into B is defined as follows:

(Def.1)  For arbitrary ¢ such that ¢ € I and for every function f from A(4) into
B(1) such that f = F(i) holds (F' | C)(i) = f | C(3).

Let I be a set, let X be a many sorted set of I, and let 7 be arbitrary. Let
us assume that ¢ € I. The functor coprod(i, X) yields a set and is defined as
follows:

(Def.2)  For arbitrary = holds = € coprod(i, X) iff there exists arbitrary a such
that a € X (i) and = = (a, 7).

Let I be a set and let X be a many sorted set of /. Then disjoint X is a

many sorted set of I and it can be characterized by the condition:

(Def.3)  For arbitrary ¢ such that i € I holds (disjoint X)(¢) = coprod(i, X).

© 1996 Warsaw University - Bialystok
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We introduce coprod(X) as a synonym of disjoint X.

Let I be a non empty set and let X be a non-empty many sorted set of I.
One can verify that coprod(X) is non-empty.

Let I be a non empty set and let X be a non-empty many sorted set of I.
One can check that [J X is non empty.

We now state the proposition

(2) Let I be aset, and let X be a many sorted set of I, and let i be arbitrary.

If i € I, then X (i) # 0 iff (coprod(X))(i) # 0.

2. FREE MANY SORTED UNIVERSAL ALGEBRA - GENERAL NOTIONS

Let S be a non void non empty many sorted signature and let Uy be an
algebra over S. A subset of Uy is said to be a generator set of Uy if:

(Def.4)  The sorts of Gen(it) = the sorts of U.

Next we state the proposition

(3) Let S be a non void non empty many sorted signature, and let Uy be a

strict non-empty algebra over S, and let A be a subset of Uy. Then A is
a generator set of Uy if and only if Gen(A) = Uy.

Let S be a non void non empty many sorted signature and let Uy be a non-
empty algebra over S. A generator set of Up is free if it satisfies the condition
(Def.5).

(Def.5) Let U; be a non-empty algebra over S and let f be a many sorted
function from it into the sorts of U;. Then there exists a many sorted
function h from Uy into U7 such that h is a homomorphism of Uy into Uy
and h [ it = f.

Let S be a non void non empty many sorted signature. A non-empty algebra
over S is free if:

(Def.6)  There exists generator set of it which is free.

The following proposition is true

(4) Let S be a non void non empty many sorted signature and let X be a

many sorted set of the carrier of S. Then [Jcoprod(X) N [ the operation
symbols of S, {the carrier of S} ] = 0.

3. SEMIDISJOINT MANY SORTED SIGNATURE

Let S be a non void many sorted signature. Note that the operation symbols
of S is non empty.

Let S be a non void non empty many sorted signature and let X be a
many sorted set of the carrier of S. The functor REL(X) yields a relation
between [ the operation symbols of S, {the carrier of S}]U |Jcoprod(X) and
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([ the operation symbols of S, {the carrier of S} ] U |Jcoprod(X))* and is de-
fined by the condition (Def.9).

(Def.9)! Let a be an element of [the operation symbols of S,

{the carrier of S}] U [Jcoprod(X) and let b be an element of
(F the operation symbols of S, {the carrier of S} U |Jcoprod(X))*. Then
(a, b) € REL(X) if and only if the following conditions are satisfied:

(i) a € [ the operation symbols of S, {the carrier of S}, and

(ii)  for every operation symbol o of S such that (o, the carrier of S) = a
holds lenb = len Arity(o) and for arbitrary z such that z € domb holds
if b(z) € [the operation symbols of S, {the carrier of S}{, then for
every operation symbol o7 of S such that (o1, the carrier of S) = b(x)
holds the result sort of 0; = Arity(o)(z) and if b(z) € |Jcoprod(X), then
b(z) € coprod(Arity(o)(x), X).

In the sequel S will be a non void non empty many sorted
signature, X will be a many sorted set of the carrier of S, o
will be an operation symbol of S, and b will be an element of
([ the operation symbols of S, {the carrier of S} ] U |Jcoprod(X))*.

Next we state the proposition

(5) ({0, the carrier of S), b) € REL(X) if and only if the following condi-
tions are satisfied:
(i) lenb = len Arity(o), and
(ii) for arbitrary x such that € domb holds if b(x) € [ the operation sym-
bols of S, {the carrier of S} ], then for every operation symbol 01 of S such
that (o1, the carrier of S) = b(z) holds the result sort of 01 = Arity(o)(x)
and if b(x) € |Jcoprod(X), then b(z) € coprod(Arity(o)(x), X).
Let S be a non void non empty many sorted signature and let X be a many
sorted set of the carrier of S. The functor DTConMSA (X)) yielding a strict tree
construction structure is defined as follows:

(Def.10)  DTConMSA(X) = (} the operation symbols of S, {the carrier of S}{U
U coprod(X), REL(X)).
Let S be a non void non empty many sorted signature and let X be a many
sorted set of the carrier of S. Observe that DTConMSA(X) is non empty.
We now state the proposition

(6) Let S be a non void non empty many sorted signature and let X be a
non-empty many sorted set of the carrier of S. Then the nonterminals of
DTConMSA(X) = [ the operation symbols of S, {the carrier of S} ] and
the terminals of DTConMSA(X) = |J coprod(X).

Let S be a non void non empty many sorted signature and let X be a non-
empty many sorted set of the carrier of S. Observe that DTConMSA(X) has
terminals, nonterminals, and useful nonterminals.

One can prove the following proposition

!The definitions (Def.7) and (Def.8) have been removed.
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(7)  Let S be a non void non empty many sorted signature, and let X be
a non-empty many sorted set of the carrier of S, and let ¢ be arbitrary.
Then t € the terminals of DTConMSA(X) if and only if there exists a
sort symbol s of S and there exists arbitrary = such that z € X(s) and
t=(z,s).

Let S be a non void non empty many sorted signature, let X be a non-empty
many sorted set of the carrier of S, and let o be an operation symbol of S. The
functor Sym(o, X) yielding a symbol of DTConMSA (X)) is defined by:

(Def.11)  Sym(o, X') = (o, the carrier of S).

Let S be a non void non empty many sorted signature, let X be a non-empty
many sorted set of the carrier of S, and let s be a sort symbol of S. The functor
FreeSort(X, s) yielding a non empty subset of TS(DTConMSA (X)) is defined
by the condition (Def.12).

(Def.12)  FreeSort(X,s) = {a : a ranges over elements of TS(DTConMSA (X)),
V, * € X(s) A a = the root tree of (z,s) V V, (o, the carrier of
S) =a(e) A the result sort of o = s}.

Let S be a non void non empty many sorted signature and let X be a non-
empty many sorted set of the carrier of S. The functor FreeSorts(X) yielding a
non-empty many sorted set of the carrier of S is defined by:

(Def.13)  For every sort symbol s of S holds (FreeSorts(X))(s) = FreeSort(X, s).
The following propositions are true:

(8) Let S be a non void non empty many sorted signature, and let
X be a non-empty many sorted set of the carrier of S, and let o
be an operation symbol of S, and let x be arbitrary. Suppose xz €
((FreeSorts(X))# - (the arity of S))(0). Then z is a finite sequence of
elements of TS(DTConMSA(X)).

(9) Let S be a non void non empty many sorted signature, and let X
be a non-empty many sorted set of the carrier of S, and let o be an
operation symbol of S, and let p be a finite sequence of elements of
TS(DTConMSA(X)). Then p € ((FreeSorts(X))# - (the arity of S))(o) if
and only if domp = dom Arity(o) and for every natural number n such
that n € domp holds p(n) € FreeSort (X, m, Arity(o)).

(10) Let S be a non void non empty many sorted signature, and let X
be a non-empty many sorted set of the carrier of S, and let o be an
operation symbol of S, and let p be a finite sequence of elements of
TS(DTConMSA(X)). Then Sym(o, X) = the roots of p if and only if
p € ((FreeSorts(X))# - (the arity of 9))(o).

(11)  Let S be a non void non empty many sorted signature, and let X be a
non-empty many sorted set of the carrier of S, and let o be an operation
symbol of S. Then (FreeSorts(X) - (the result sort of S))(o) # 0.

(12)  Let S be a non void non empty many sorted signature and let X be a

non-empty many sorted set of the carrier of S. Then |Jrng FreeSorts(X) =
TS(DTConMSA(X)).
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(13) Let S be a non void non empty many sorted signature, and let X be
a non-empty many sorted set of the carrier of S, and let s1, so be sort
symbols of S. If s1 # s9, then (FreeSorts(X))(s1) N (FreeSorts(X))(s2) =
0.

Let S be a non void non empty many sorted signature, let X be a non-empty
many sorted set of the carrier of S, and let o be an operation symbol of S. The
functor DenOp(o0, X) yielding a function from ((FreeSorts(X))? - (the arity of
S))(o) into (FreeSorts(X) - (the result sort of S))(o) is defined by:

(Def.14)  For every finite sequence p of elements of TS(DTConMSA (X)) such that

Sym(o, X') = the roots of p holds (DenOp(o, X))(p) = Sym(o, X)-tree(p).

Let S be a non void non empty many sorted signature and let X be a non-

empty many sorted set of the carrier of S. The functor FreeOperations(X)

yielding a many sorted function from (FreeSorts(X))# - (the arity of ) into
FreeSorts(X) - (the result sort of S) is defined as follows:

(Def.15)  For every operation symbol o of S holds (FreeOperations(X))(o) =
DenOp(o, X).
Let S be a non void non empty many sorted signature and let X be a non-
empty many sorted set of the carrier of S. The functor Free(X) yields a strict
non-empty algebra over S and is defined by:

(Def.16)  Free(X) = (FreeSorts(X), FreeOperations(X)).

Let S be a non void non empty many sorted signature, let X be a non-
empty many sorted set of the carrier of S, and let s be a sort symbol of S. The
functor FreeGenerator (s, X ) yields a non empty subset of (FreeSorts(X))(s) and
is defined as follows:

(Def.17)  For arbitrary x holds = € FreeGenerator(s, X) iff there exists arbitrary
a such that a € X (s) and « = the root tree of (a, s).
The following proposition is true
(14) Let S be a non void non empty many sorted signature, and let X be a
non-empty many sorted set of the carrier of .S, and let s be a sort symbol of

S. Then FreeGenerator(s, X) = {the root tree of ¢: ¢ ranges over symbols
of DTConMSA(X), t € the terminals of DTConMSA(X) A tg = s}.

Let S be a non void non empty many sorted signature and let X be a non-
empty many sorted set of the carrier of S. The functor FreeGenerator(X) yield-
ing a generator set of Free(X) is defined as follows:

(Def.18)  For every sort symbol s of S holds (FreeGenerator(X))(s) =
FreeGenerator(s, X).
We now state two propositions:

(15)  Let S be a non void non empty many sorted signature and let X be a
non-empty many sorted set of the carrier of S. Then FreeGenerator(X)
is non-empty.

(16) Let S be a non void non empty many sorted signature and let
X be a non-empty many sorted set of the carrier of S. Then
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Urng FreeGenerator(X) = {the root tree of ¢t: t ranges over symbols
of DTConMSA(X), t € the terminals of DTConMSA(X)}.

Let S be a non void non empty many sorted signature, let X be a non-empty
many sorted set of the carrier of S, and let s be a sort symbol of S. The functor
Reverse(s, X) yielding a function from FreeGenerator (s, X) into X (s) is defined
as follows:

(Def.19)  For every symbol ¢ of DTConMSA(X) such that the root tree of ¢ €
FreeGenerator(s, X) holds (Reverse(s, X))(the root tree of t) = tq.

Let S be a non void non empty many sorted signature and let X be a non-
empty many sorted set of the carrier of S. The functor Reverse(X) yielding a
many sorted function from FreeGenerator(X) into X is defined by:

(Def.20)  For every sort symbol s of S holds (Reverse(X))(s) = Reverse(s, X).

Let S be a non void non empty many sorted signature, let X be a non-empty
many sorted set of the carrier of S, let A be a non-empty many sorted set of the
carrier of S, let F' be a many sorted function from FreeGenerator(X) into A,
and let t be a symbol of DTConMSA(X). Let us assume that ¢ € the terminals
of DTConMSA(X). The functor m(F, A,t) yielding an element of (J A is defined
as follows:

(Def.21)  For every function f such that f = F(tg) holds w(F, A,t) = f(the root
tree of t).

Let S be a non void non empty many sorted signature, let X be a non-empty
many sorted set of the carrier of S, and let ¢t be a symbol of DTConMSA (X).
Let us assume that there exists a finite sequence p such that t = p. The functor
@(X,t) yielding an operation symbol of S is defined by:

(Def.22)  (®(X,t), the carrier of S) = t.

Let S be a non void non empty many sorted signature, let Uy be a non-empty
algebra over S, let o be an operation symbol of S, and let p be a finite sequence.
Let us assume that p € Args(o,Up). The functor 7 (o, Uy, p) yielding an element
of [ (the sorts of Up) is defined by:

(Def.23)  m(o0,Uy,p) = (Den(o, Uy))(p).
Next we state two propositions:
(17)  Let S be a non void non empty many sorted signature and let X be a
non-empty many sorted set of the carrier of S. Then FreeGenerator(X)
is free.

(18) Let S be a non void non empty many sorted signature and let X be a
non-empty many sorted set of the carrier of S. Then Free(X) is free.

Let S be a non void non empty many sorted signature. One can check that
there exists a non-empty algebra over S which is free and strict.

Let S be a non void non empty many sorted signature and let Uy be a free
non-empty algebra over S. One can verify that there exists a generator set of
Uy which is free.

One can prove the following propositions:
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(19) Let S be a non void non empty many sorted signature and let U; be
a non-empty algebra over S. Then there exists a strict free non-empty
algebra Uy over S such that there exists many sorted function from U
into U; which is an epimorphism of Uy onto Uj.

(20) Let S be a non void non empty many sorted signature and let U; be a
strict non-empty algebra over S. Then there exists a strict free non-empty
algebra Uy over S and there exists a many sorted function F' from Uy into
U7 such that F' is an epimorphism of Uy onto Uy and Im F' = U.
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The papers [7], [10], [9], [1], [2], [4], [3], [6], [5], and [8] provide the terminology
and notation for this paper.

The following two propositions are true:

(1) Let A, B be non empty sets and let Ry, Ry be relations between A and
B. Suppose that for every element x of A and for every element y of B
holds (z, y) € Ry iff {x, y) € Ry. Then R; = Rs.

(2) Let X, Y be non empty sets, and let f be a function from X into Y,
and let A be a subset of X. Suppose that for all elements x1, xo of X
such that z; € A and f(x1) = f(x2) holds x5 € A. Then f ~! f°A = A.

Let T, S be topological spaces. We say that T" and S are homeomorphic if
and only if:

(Def.1)  There exists map from 7" into S which is a homeomorphism.

Let T, S be topological spaces and let f be a map from T into S. We say
that f is open if and only if:

(Def.2)  For every subset A of T such that A is open holds f°A is open.

Let T be a topological space. The functor Indiscernibility(7") yielding an
equivalence relation of the carrier of T is defined by the condition (Def.3).
(Def.3)  Let p, ¢ be points of T. Then (p, q) € Indiscernibility(7") if and only if

for every subset A of T such that A is open holds p € A iff ¢ € A.

Let T' be a topological space. The functor T 1qiscernibility 7 Yields a non empty
partition of the carrier of T' and is defined as follows:
(Def.4)  T)mdiscernibility 7 = Classes Indiscernibility (7).

Let T be a topological space. The functor Ty-reflex(T") yields a topological
space and is defined as follows:

(Def.5)  To-reflex(T) = the decomposition space of T 1 discernibility 7
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Let T be a topological space. The functor Ty-map(7') yielding a continuous
map from T into Ty-reflex(T") is defined as follows:
(Def.6)  To-map(1T') = the projection onto 7' ngiscernibility 7-

One can prove the following propositions:

(3) For every topological space T" and for every point p of T holds p €
(To-map(T))(p)-

(4)  For every topological space T holds dom Ty-map(7') = the carrier of T’
and rng To-map(7') C the carrier of Ty-reflex(T).

(5) Let T be a topological space. Then the carrier of Ty-reflex(T) =
T tndiscernibility 7 and the topology of To-reflex(T') = {A : A ranges over
subsets of T/ rdiscernibitity 7> U 4 € the topology of T'}.

(6) For every topological space T' and for every subset V' of Ty-reflex(T')
holds V is open iff |V € the topology of T

(7) Let T be a topological space and let C' be arbitrary. Then C is a
point of Ty-reflex(T") if and only if there exists a point p of T" such that
C = [p] Indiscernibility (T°)*

(8) For every topological space T and for every point p of T holds
(To-map(T'))(p) = [Plmdiscernibility (1) -

(9) For every topological space T and for all points p, ¢ of T holds
(To-map(T'))(q) = (To-map(T))(p) iff (g, p) € Indiscernibility(T).

(10) Let T be a topological space and let A be a subset of T. Suppose

A is open. Let p, ¢ be points of T. If p € A and (Tp-map(7T))(p) =
(To-map(T'))(q), then g € A.

(11)  Let T be a topological space and let A be a subset of T'. Suppose A is
open. Let C be a subset of T'. If C' € T giscernibilityr and C meets A,
then C' C A.

(12)  For every topological space T holds Ty-map(T') is open.
A topological structure is discernible if it satisfies the condition (Def.7).

(Def.7)  Let z, y be points of it. Suppose = # y. Then there exists a subset V'
of it such that V isopenbut x € Vand y¢ Vory € V and x ¢ V.
Let us note that there exists a topological space which is discernible.
A Ty-space is a discernible topological space.
One can prove the following propositions:

(13)  For every topological space T holds To-reflex(T') is a Tp-space.

(14) Let T, S be topological spaces. Given a map h from Ty-reflex(S) into
To-reflex(T') such that h is a homeomorphism and Ty-map(7') and h -
To-map(S) are fiberwise equipotent. Then 7" and S are homeomorphic.

(15) Let T be a topological space, and let Ty be a Ty-space, and let f be
a continuous map from 7' into Ty, and let p, g be points of T. If (p,
q) € Indiscernibility(7"), then f(p) = f(q).
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(16) Let T be a topological space, and let Ty be a Ty-space, and let f be
a continuous map from 7T into Tp, and let p be a point of 7. Then

fo([p] Indiscernibility(T)) = {f(p)}

(17)  Let T be a topological space, and let Ty be a Ty-space, and let f be a
continuous map from 7T into Ty. Then there exists a continuous map h
from Ty-reflex(7T') into Ty such that f = h- To-map(T).
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Summary. This article introduces the construction of a many
sorted quotient algebra. A few preliminary notions such as a many sorted
relation, a many sorted equivalence relation, a many sorted congruence
and the set of all classes of a many sorted relation are also formulated.
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The notation and terminology used here are introduced in the following papers:
[13], [15], [5], [16], [10], [6], [2], [4], [1], [14], [12], [8], [11], [3], [7], and [9].

1. MANY SORTED RELATION

In this paper S will be a non void non empty many sorted signature and o
will be an operation symbol of S.
A function is binary relation yielding if:

(Def.1)  For arbitrary x such that = € domit holds it(x) is a binary relation.

Let I be a set. Observe that there exists a many sorted set of I which is
binary relation yielding.

Let I be a set. A many sorted relation of I is a binary relation yielding many
sorted set of I.

Let I be a set and let A, B be many sorted sets of I. A many sorted set of
I is said to be a many sorted relation between A and B if:

(Def.2)  For arbitrary ¢ such that ¢ € I holds it(4) is a relation between A(7) and
B(i).

Let I be a set and let A, B be many sorted sets of I. Note that every many
sorted relation between A and B is binary relation yielding.

Let I be a set and let A be a many sorted set of . A many sorted relation
of A is a many sorted relation between A and A.
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Let I be a set and let A be a many sorted set of . A many sorted relation
of A is equivalence if it satisfies the condition (Def.3).

(Def.3)  Let i be arbitrary and let R be a binary relation on A(4). If i € I and
it(¢) = R, then R is an equivalence relation of A(7).

Let I be a non empty set, let A, B be many sorted sets of I, let F' be a many
sorted relation between A and B, and let i be an element of I. Then F(i) is a
relation between A(i) and B(7).

Let S be a non empty many sorted signature and let U; be an algebra over

S

(Def.4) A many sorted relation of the sorts of U; is said to be a many sorted
relation of Uj.

Let S be a non empty many sorted signature and let U; be an algebra over
S. A many sorted relation of U; is equivalence if:

(Def.5) It is equivalence.

Let S be a non void non empty many sorted signature and let U; be an
algebra over S. Note that there exists a many sorted relation of U; which is
equivalence.

One can prove the following proposition

(1) Let S be a non void non empty many sorted signature, and let U; be
an algebra over S, and let R be an equivalence many sorted relation of
Ui, and let s be a sort symbol of S. Then R(s) is an equivalence relation
of (the sorts of Uy)(s).

Let S be a non void non empty many sorted signature and let U; be a non-
empty algebra over S. An equivalence many sorted relation of Uj is called a
congruence of Uy if it satisfies the condition (Def.6).

(Def.6) Let o be an operation symbol of S and let =, y be elements of
Args(o,U71). Suppose that for every natural number n such that
n € domx holds (x(n), y(n)) € it(m, Arity(o)). Then ((Den(o,U;))(z),
(Den(o,U7))(y)) € it(the result sort of o).

Let S be a non void non empty many sorted signature, let U; be an algebra
over S, let R be an equivalence many sorted relation of Uy, and let ¢ be an
element of the carrier of S. Then R(i) is an equivalence relation of (the sorts of
U1)(i).

Let S be a non void non empty many sorted signature, let Uy be an algebra
over S, let R be an equivalence many sorted relation of Uy, let ¢ be an element
of the carrier of S, and let = be an element of (the sorts of U1)(7). The functor
[z]; vields a subset of (the sorts of U;)(i) and is defined by:

(Def.7)  [z]g = [l‘]R(z’)'

Let us consider S, let Uy be a non-empty algebra over S, and let R be a
congruence of U;. The functor Classes R yields a non-empty many sorted set of
the carrier of S and is defined by:

(Def.8)  For every element s of the carrier of S holds (Classes R)(s) =
Classes R(s).
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2. MANY SORTED QUOTIENT ALGEBRA

Let us consider S, let M7, M5 be many sorted sets of the operation symbols
of S, let F' be a many sorted function from M into M5, and let o be an operation
symbol of S. Then F(o) is a function from M; (o) into Ms(0).

Let I be a non empty set, let p be a finite sequence of elements of I, and let
X be a non-empty many sorted set of I. Then X - p is a non-empty many sorted
set of dom p.

Let us consider S, o, let A be a non-empty algebra over S, let R be a
congruence of A, and let = be an element of Args(o, A). The functor R#x yields
an element of [J(Classes R - Arity(o0)) and is defined as follows:

(Def.9) For every natural number n such that n € dom Arity(o) holds
(Rftz)(n) = [l’(n)]}z(wn Arity(0))"
Let us consider S, o, let A be a non-empty algebra over S, and let R be
a congruence of A. The functor QuotRes(R,0) yielding a function from ((the
sorts of A) - (the result sort of S))(o) into (Classes R - (the result sort of S))(0)
is defined as follows:

(Def.10)  For every element = of (the sorts of A)(the result sort of o) holds
(QuotRes(R, 0)(z) = [2] .
The functor QuotArgs(R, o) yielding a function from ((the sorts of A)# - (the
arity of S))(o) into ((Classes R)* - (the arity of S))(0) is defined as follows:
(Def.11)  For every element = of Args(o, A) holds (QuotArgs(R,0))(z) = R#«x.

Let us consider S, let A be a non-empty algebra over S, and let R be a
congruence of A. The functor QuotRes(R) yielding a many sorted function
from (the sorts of A) - (the result sort of S) into Classes R - (the result sort of .S)
is defined as follows:

(Def.12)  For every operation symbol o of S holds (QuotRes(R))(o) =
QuotRes(R, o).

The functor QuotArgs(R) yielding a many sorted function from (the sorts of
A)# . (the arity of S) into (Classes R)* - (the arity of S) is defined as follows:

(Def.13)  For every operation symbol o of S holds (QuotArgs(R))(o) =
QuotArgs(R, o).
Next we state the proposition
(2) Let A be a non-empty algebra over S, and let R be a congruence of A,
and let * be arbitrary. Suppose x € ((Classes R)* - (the arity of S))(o).
Then there exists an element a of Args(o, A) such that x = R#a.
Let us consider S, o, let A be a non-empty algebra over S, and let R be
a congruence of A. The functor QuotCharact(R,o0) yields a function from

((Classes R)* - (the arity of S))(0) into (Classes R - (the result sort of S))(0)
and is defined as follows:

81
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(Def.14)  For every element a of Args(o, A) such that R#a € ((Classes R)™ -
(the arity of S))(0) holds (QuotCharact(R,0))(R#a) = (QuotRes(R,0) -
Den(o, A))(a).

Let us consider S, let A be a non-empty algebra over S, and let R be a
congruence of A. The functor QuotCharact(R) yielding a many sorted function
from (Classes R)¥ - (the arity of S) into Classes R-(the result sort of S) is defined
as follows:

(Def.15)  For every operation symbol o of S holds (QuotCharact(R))(o) =
QuotCharact(R, o).
Let us consider S, let U; be a non-empty algebra over S, and let R be
a congruence of U;. The functor QuotMSAlg(R) yielding a strict non-empty
algebra over S is defined by:

(Def.16)  QuotMSAlg(R) = (Classes R, QuotCharact(R)).
Let us consider S, let Uy be a non-empty algebra over S, let R be a congruence

of Uy, and let s be a sort symbol of S. The functor MSNatHom (U1, R, s) yielding
a function from (the sorts of Uy)(s) into (Classes R)(s) is defined as follows:

(Def.17)  For arbitrary x such that z € (the sorts of Uj)(s) holds
(MSNatHom(U1, R, 5))(z) = [2] (s)-
Let us consider S, let U; be a non-empty algebra over S, and let R be

a congruence of U;. The functor MSNatHom (U7, R) yielding a many sorted
function from U; into QuotMSAlg(R) is defined by:

(Def.18)  For every sort symbol s of S holds (MSNatHom (Ui, R))(s) =
MSNatHom(Uy, R, s).

Next we state the proposition

(3) Let S be a non void non empty many sorted signature, and let U; be
a non-empty algebra over S, and let R be a congruence of U;. Then
MSNatHom (U, R) is an epimorphism of U; onto QuotMSAlg(R).

Let us consider S, let Uy, Uy be non-empty algebras over S, let F' be a many
sorted function from U; into Us, and let s be a sort symbol of S. The functor
Congruence(F, s) yields an equivalence relation of (the sorts of Uy)(s) and is
defined as follows:

(Def.19)  For all elements x, y of (the sorts of Up)(s) holds (z,y) €
Congruence(F, s) iff F'(s)(z) = F(s)(y).

Let us consider S, let Uy, Uy be non-empty algebras over S, and let F' be a
many sorted function from U7 into Us. Let us assume that F' is a homomorphism
of U; into Usy. The functor Congruence(F') yielding a congruence of U; is defined
by:

(Def.20)  For every sort symbol s of S holds (Congruence(F))(s) =
Congruence(F, s).

Let us consider S, let Uy, Uy be non-empty algebras over S, let F' be a many
sorted function from U; into Us, and let s be a sort symbol of S. Let us assume
that F' is a homomorphism of Uy into Us. The functor MSHomQuot (F, s) yields
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ction from (the sorts of QuotMSAlg(Congruence(F')))(s) into (the sorts of

Us)(s) and is defined as follows:

(Def.21)

For every element x of (the sorts of U;)(s) holds (MSHomQuot(F, s))
([w]Congrucnco(F,s)) = F(S)($)

Let us consider S, let U7, Uy be non-empty algebras over S, and let F' be a
many sorted function from U; into Us. Let us assume that F' is a homomorphism

of Uy
Quot

(Def.22)

into Uy. The functor MSHomQuot(F') yields a many sorted function from
MSAlg(Congruence(F')) into Uz and is defined by:
For every sort symbol s of S holds (MSHomQuot(F))(s) =
MSHomQuot(F, s).

The following propositions are true:

(4)

[1]
2]

3]
[4]
[5]
[6]
[7]
8]
[9]
[10]

1]
[12]

Let S be a non void non empty many sorted signature, and let Uy,
Uy be non-empty algebras over S, and let F' be a many sorted function
from Up into Us. Suppose F' is a homomorphism of U; into Us. Then
MSHomQuot(F') is a monomorphism of QuotMSAlg(Congruence(F)) into
Us.

Let S be a non void non empty many sorted signature, and let Uy,
Uy be non-empty algebras over S, and let F' be a many sorted function
from U; into Us. Suppose F' is an epimorphism of U; onto Us. Then
MSHomQuot(F') is an isomorphism of QuotMSAlg(Congruence(F')) and
Us.

Let S be a non void non empty many sorted signature, and let Uj,
U; be non-empty algebras over S, and let F' be a many sorted func-
tion from Uy into Us. If F is an epimorphism of U; onto Us, then
QuotMSAlg(Congruence(F)) and Us are isomorphic.
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Summary. The concepts of Girard quantales (see [10] and [15])
and Blikle nets (see [5]) are introduced.

MML Identifier: QUANTAL1.

The notation and terminology used in this paper are introduced in the following
papers: [12], [11], [14], [7], [8], [6], [9], [16], [2], [3], [1], [13], and [4].
Let X be a set and let Y be a subset of 2%. Then |JY is a subset of X.
In this article we present several logical schemes. The scheme DenestFraenkel
concerns a non empty set A, a non empty set I3, a unary functor F yielding
arbitrary, a unary functor G yielding an element of B, and a unary predicate P,
and states that:
{F(a) : a ranges over elements of B, a € {G(b) : b ranges over
elements of A, P[b]}} = {F(G(a)) : a ranges over elements of A,
Pla]}

for all values of the parameters.

The scheme EmptyFraenkel deals with a non empty set A, a unary functor

F yielding arbitrary, and a unary predicate P, and states that:
{F(a) : a ranges over elements of A, Pla]} =0
provided the following requirement is met:
e It is not true that there exists an element a of A such that P|a].
We now state two propositions:

(1) Let Ly, Ly be non empty lattice structures. Suppose the lattice struc-
ture of L1 = the lattice structure of Ls. Let ai, by be elements of L1,
and let as, by be elements of Lo, and let X be a set. Suppose a1 = as
and by = by. Then a1 Uby = ag U by and a1 Mb; = ag Mby and a1 C by iff
a9 C b2.

(2) Let Ly, Ly be non empty lattice structures. Suppose the lattice struc-
ture of L1 = the lattice structure of Ls. Let a be an element of Lq, and
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let b be an element of Lo, and let X be a set. If a = b, then a C X iff
bC X ande J X iff b X.

Let L be a 1-sorted structure. A binary operation on L is a binary operation
on the carrier of L. A unary operation on L is a unary operation on the carrier
of L.

Let L be a non empty lattice structure and let X be a subset of L. We say
that X is directed if and only if:

(Def.1)  For every finite subset Y of X there exists an element x of L such that
LY Cxand z € X.

The following proposition is true

(3)  For every non empty lattice structure L and for every subset X of L
such that X is directed holds X is non empty.

We introduce quantale structures which are extensions of lattice structure
and half group structure and are systems
( a carrier, a join operation, a meet operation, a multiplication ),
where the carrier is a set and the join operation, the meet operation, and the
multiplication are binary operations on the carrier.
Let us mention that there exists a quantale structure which is non empty.
We consider quasinet structures as extensions of quantale structure and mul-
tiplicative loop structure as systems
( a carrier, a join operation, a meet operation, a multiplication, a unity ),
where the carrier is a set, the join operation, the meet operation, and the mul-
tiplication are binary operations on the carrier, and the unity is an element of
the carrier.
Let us note that there exists a quasinet structure which is non empty.
A non empty half group structure has left-zero if:
(Def.2)  There exists an element a of it such that for every element b of it holds
a-b=a.
A non empty half group structure has right-zero if:
(Def.3)  There exists an element b of it such that for every element a of it holds
a-b=hb.
A non empty half group structure has zero if:
(Def.4) Tt has left-zero and right-zero.

One can verify that every non empty half group structure which has zero has
also left-zero and right-zero and every non empty half group structure which
has left-zero and right-zero has also zero.

Let us note that there exists a non empty half group structure has zero.

A non empty quantale structure is right-distributive if:

(Def.5)  For every element a of it and for every set X holds a®| |, X = | J;,{a®b:
b ranges over elements of it, b € X }.

A non empty quantale structure is left-distributive if:

(Def.6)  For every element a of it and for every set X holds | |, X®a = | |, {d®a :
b ranges over elements of it, b € X}.
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A non empty quantale structure is ®-additive if:

(Def.7)  For all elements a, b, ¢ of it holds (a Ub) ® ¢ = a ® cUb ® ¢ and
c®(alUb)=c®alc®bd.

A non empty quantale structure is ®-continuous if it satisfies the condition
(Det.8).

(Def.8)  Let X1, X5 be subsets of it. Suppose X is directed and X5 is directed.
Then | | X7 ® || Xy = |l;{a ® b : a ranges over elements of it, b ranges
over elements of it, a € X1 A b€ Xs}.

The following proposition is true

(4) Let @ be anon empty quantale structure. Suppose the lattice structure
of @ = the lattice of subsets of . Then @ is associative commutative
unital complete right-distributive left-distributive and lattice-like and has
Zero.

Let A be a non empty set and let by, by, b3 be binary operations on A. Note
that (A, by, be, b3) is non empty.
Let us observe that there exists a non empty quantale structure which is
associative commutative unital left-distributive right-distributive complete and
lattice-like and has zero.
The scheme LUBFraenkelDistr deals with a complete lattice-like non empty
quantale structure A, a binary functor F yielding an element of A, and sets B,
C, and states that:
L4{4{F(a,b) : b ranges over elements of A, b € C} : a ranges
over elements of A, a € B} = || 4{F(a,b) : a ranges over elements
of A, b ranges over elements of A, a € B A beC}

for all values of the parameters.

In the sequel @ denotes a left-distributive right-distributive complete lattice-
like non empty quantale structure and a, b, ¢ denote elements of Q).

Next we state two propositions:

(5)  For every Q and for all sets X, Y holds | Jo X ®@|loY = g{a®b:a €
X Abev).

(6) (aUb)®c=a®@cUb®cand c® (aUb)=c®allc®b.

Let A be a non empty set, let by, by, b3 be binary operations on A, and let e
be an element of A. Observe that (A, by,be,bs,e) is non empty.

One can verify that there exists a non empty quasinet structure which is
complete and lattice-like.

Let us note that every complete lattice-like non empty quasinet structure
which is left-distributive and right-distributive is also ®-continuous and ®-
additive.

Let us observe that there exists a non empty quasinet structure which is
associative commutative well unital left-distributive right-distributive complete
and lattice-like and has zero and left-zero.

A quantale is an associative left-distributive right-distributive complete
lattice-like non empty quantale structure. A quasinet is a well unital associa-
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tive ®-continuous ®-additive complete lattice-like non empty quasinet structure
with left-zero.

A Blikle net is a non empty quasinet with zero.

The following proposition is true

(7)  For every well unital non empty quasinet structure @ such that @ is a
quantale holds () is a Blikle net.

We adopt the following rules: @) will be a quantale and a, b, ¢, d, D will be
elements of Q.
The following propositions are true:

(8) IfaCb thena®@cCb®cand c®al c®b.
(9) IfaCbandcC d, thena®cCb®d.
Let A be a non empty set. A unary operation on A is idempotent if:
(Def.9)  For every element a of A holds it(it(a)) = it(a).
Let L be a non empty lattice structure. A unary operation on L is inflationary
if:
(Def.10)  For every element p of L holds p C it(p).
A unary operation on L is deflationary if:
(Def.11)  For every element p of L holds it(p) C p.
A unary operation on L is monotone if:
(Def.12)  For all elements p, g of L such that p C ¢ holds it(p) C it(q).
A unary operation on L is | | -distributive if:

(Def.13)  For every subset X of L holds it(||X) C |];{it(a) : a ranges over
elements of L, a € X }.

We now state the proposition

(10)  Let L be a complete lattice and let j be a unary operation on L. Suppose
j is monotone. Then j is | | -distributive if and only if for every subset X
of L holds j(L|X) = [U.{j(a) : a ranges over elements of L, a € X}.

Let @ be a non empty quantale structure. A unary operation on @ is ®-
monotone if:

(Def.14)  For all elements a, b of @ holds it(a) ® it(b) C it(a @ b).

Let Q be a non empty quantale structure and let a, b be elements of (). The
functor a —, b yields an element of () and is defined by:

(Def.15) @ —, b=|]p{c: c ranges over elements of Q, c® a C b}.
The functor a —; b yields an element of () and is defined by:
(Def.16) @ —; b= ]g{c: c ranges over elements of ), a ® ¢ C b}.
One can prove the following propositions:

(11) a®bLCciff bC a —c.

(12) a®bCcif aCb—, c.

(13)  For every quantale () and for all elements s, a, b of @ such that a T b

holds b -, sCa—,sand b —; sC a —y s.
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(14) Let @ be a quantale, and let s be an element of @, and let j be a unary
operation on Q. If for every element a of @ holds j(a) = (a —, s) — s,
then j is monotone.

Let @ be a non empty quantale structure. An element of () is dualizing if:
(Def.17)  For every element a of @ holds (a —, it) —; it = a and (a —; it) —,
it = a.
An element of Q) is cyclic if:
(Def.18)  For every element a of @ holds a —, it = a — it.
We now state several propositions:

(15) ¢ is cyclic iff for all a, b such that a @ b C ¢ holds b® a C c.

(16)  For every quantale @ and for all elements s, a of @ such that s is cyclic
holds a C (a —, s) —, s and a = (a —; 8) —y s.

(17)  For every quantale @ and for all elements s, a of @) such that s is cyclic
holdsa —, s = ((a —, ) =, s) =, sanda —; s = ((a —; ) =1 8) — s.

(18)  For every quantale @) and for all elements s, a, b of @ such that s is
cyclic holds ((a —, ) =, s) ® (b =, 8) = s) C (a®b— s5) —4 8.

(19) If D is dualizing, then @ is unital and 1¢he muttiplication of @ = D — D
and 1ine multiplication of Q = D — D.

(20) If a is dualizing, then b —, c=b® (¢ = a) =, aand b —; ¢ = (¢ —
a) @b — a.

We introduce Girard quantale structures which are extensions of quasinet
structure and are systems
( a carrier, a join operation, a meet operation, a multiplication, a unity,
absurd ),
where the carrier is a set, the join operation, the meet operation, and the mul-
tiplication are binary operations on the carrier, and the unity and the absurd
constitute elements of the carrier.
One can check that there exists a Girard quantale structure which is non
empty.
A non empty Girard quantale structure is cyclic if:
(Def.19)  The absurd of it is cyclic.
A non empty Girard quantale structure is dualized if:
(Def.20)  The absurd of it is dualizing.
The following proposition is true

(21) Let @ be a non empty Girard quantale structure. Suppose the lattice
structure of @ = the lattice of subsets of (). Then Q is cyclic and dualized.

Let A be a non empty set, let by, bs, b3 be binary operations on A, and let
e1, ez be elements of A. One can verify that (A, by, by, bs, €1, e2) is non empty.

Let us note that there exists a non empty Girard quantale structure which is
associative commutative well unital left-distributive right-distributive complete
lattice-like cyclic dualized and strict.
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A Girard quantale is an associative well unital left-distributive right-
distributive complete lattice-like cyclic dualized non empty Girard quantale
structure.

Let G be a Girard quantale structure. The functor 1 ¢ yielding an element
of G is defined as follows:

(Def.21) L = the absurd of G.

Let G be a non empty Girard quantale structure. The functor T g yielding
an element of G is defined by:

(Def.22) Tg=lg—r Lle.
Let a be an element of G. The functor L, yielding an element of G is defined
by:
(Def.23) 1,=a—, lg.
Let G be a non empty Girard quantale structure. The functor Negation(G)
yields a unary operation on G and is defined as follows:
(Def.24)  For every element a of G holds (Negation(G))(a) = L,.

Let G be a non empty Girard quantale structure and let u be a unary oper-
ation on G. The functor L, yielding a unary operation on G is defined by:

(Def.25) 1, = Negation(G) - u.
Let G be a non empty Girard quantale structure and let o be a binary

operation on GG. The functor 1, yields a binary operation on G and is defined
as follows:

(Def.26) L, = Negation(G) - o.
We adopt the following convention: () denotes a Girard quantale, a, a1, as,
b, b1, ba, ¢ denote elements of (), and X denotes a set.

We now state several propositions:
J_J_ = a.

a

(22)

(23) IfaC b, then L, C L,.

(24) J_UQX =[lo{ls:ae X}

(25) J_’—‘QX:UQ{J_G:(LEX}.

(26) Law=1aMlyand Lyqp = Lo ULy

Let us consider @, a, b. The functor a p b yields an element of ) and is
defined as follows:

(Def27) apb=_1,, 1,
We now state several propositions:
27) a@pgX =lgla®@b:be X} andap[|pX =[lglapc:ce X}
2 o X®a=g{b®a:be X} and [|gX pa=[lp{cpa:ce X}
apbfNe=(apb)M(apc)and bMNecpa=(bpa)n(cpa).
If a1 E by and ag C by, then ay p as T by p bo.
(apb)pc=appec).
a® Tg=aand Tg®a=a.

Qo

N N N /N /S /S
W N
=]

— O — — Y ~—

w W
N =



(33)
(34)

DN —

8]
[9]
[10]
[11]
[12]

[13]
[14]

[15]

[16]
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aplg=aand Lgpa=a.
Let Q be a quantale and let j be a unary operation on (). Suppose j is
monotone idempotent and | | -distributive. Then there exists a complete

lattice L such that the carrier of L = rngj and for every subset X of L
holds || X = j(Lg X).
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The papers [12], [3], [4], [11], [8], [10], [1], [2], [5], [6], [9], and [7] provide the
notation and terminology for this paper.

For simplicity we adopt the following rules: f denotes a function, N, n, m
denote natural numbers, q, r, r1, ro denote real numbers, z is arbitrary, and w,
w1, we, g denote points of S%V.

Let us consider V. A sequence in S%V is a function from N into the carrier of
£x’|

In the sequel s1, so, s3, s4, $) are sequences in 5%7 .

Next we state two propositions:

(1) f is a sequence in 5%7 if and only if dom f = N and for every x such
that € N holds f(z) is a point of EY.

(2)  f is a sequence in EY iff dom f = N and for every n holds f(n) is a
point of 5%7.

Let us consider N, s1, n. Then s1(n) is a point of E%V.

Let us consider N. A sequence in S%V is non-zero if:

(Def.1)  rngit C (the carrier of EX)\ {Og%v}.

We now state several propositions:

(3) 1 is non-zero iff for every x such that x € N holds s1(z) # Ogx-

(4)  s1 is non-zero iff for every n holds s1(n) # Ogx -

(5) For all N, s1, so such that for every = such that z € N holds s1(z) =
s9(x) holds s1 = so.

(6) Forall N, s, sg such that for every n holds s;(n) = s2(n) holds s; = s9.

(7)  For every point w of EX there exists s; such that rngs; = {w}.

The scheme ExTopRealNSeq deals with a natural number A and a unary
functor F yielding a point of 5{1, and states that:
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There exists a sequence s1 in &' such that for every n holds s1(n) =
F(n)
for all values of the parameters.
Let us consider N, sa, s3. The functor sy + s3 yielding a sequence in & is
defined by:
(Def.2)  For every n holds (s3 + s3)(n) = sa(n) + s3(n).
Let us consider r, N, s1. The functor 7 - s1 yields a sequence in &X' and is
defined by:
(Def.3)  For every n holds (r - s1)(n) =17 - s1(n).
Let us consider NV, s1. The functor —s; yields a sequence in 5{«\[ and is defined
as follows:
(Def.4)  For every n holds (—s1)(n) = —s1(n).
Let us consider N, s, s3. The functor sy — s3 yields a sequence in Y and
is defined by:
(Def.5)  s9 — s3 = s9 + —s3.
Let us consider N and let = be a point of Y. The functor |z| yields a real
number and is defined by:
(Def.6)  There exists a finite sequence y of elements of R such that x = y and
| = |yl
Let us consider N, s;. The functor |s1| yielding a sequence of real numbers
is defined by:
(Def.7)  For every n holds |s1|(n) = |s1(n)].
We now state a number of propositions:

[\)
o

So — (83 — 84) = (52 — 83) + 84.
So + (s3 — s4) = (s2 + s3) — s4.
If r # 0 and sy is non-zero, then r - s1 is non-zero.

NN NN
W N

If s is non-zero, then —s; is non-zero.
Ocn| =0.
0es |

o
=

8) Il fol = Ir - wl.
9)  r-sif = Irflsil,
(10)  sa+ s3 = s3+ so.
(11)  (s2+53) + 84 = 52+ (53 + 54).
(12) —S81 = (—1) +S1.
(13) 7r-(sg+s83)=71-83+71-s;3.
(14) (r-q)-s1=7r-(q-s1).
(15) r-(sg—s3)=1r-S93—1r-S3.
(16) Sg — (83 + 84) = S9 — S3 — S4.
(17) 1- S§1 = S1.
(18) ——81 = S1.
(19) S9 — —S83 = S9 + S3.
(20)
(21)
(22)
(23)
(24)
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25
26
2
28
29 ]wl—wg\:Oiﬁwlzwg.
3 lwy + wa| < |wq| + |wa).

(25)
(26)
(27)
(28)
(29)
(30)
(31)  |wi —wa| < |wi] + |wal.
(32)
(33)
(34)
(35)
(36)

If |lw| =0, then w = Ogx-
|w| > 0.

J

[~ = |wl-
|U)1 - w2| = |w2 — ’LU1|.

(=)

32
33
34
35
36

jwi| = |wa| < w1 + wa.
jwi| = |wa| < w1 — wa.
If wy # way, then |w; — wsy| > 0.
]wl — ’wg‘ < ]wl — ”w] + ]w - wg‘.
If 0 < |w;| and 0 < r; and |w;| < |wa] and r; < rg, then |wi|-r; <
‘wg‘ - Tro.
(38)! —|w| <7 and r < |w| iff |r| < |w|.
Let us consider N. A sequence in £ is bounded if:
(Def.8)  There exists r such that for every n holds |it(n)| < r.
The following proposition is true
(39)  For every n there exists r such that 0 < r and for every m such that
m < n holds |s;(m)| < r.
Let us consider N. A sequence in S%V is convergent if:

(Def.9)  There exists g such that for every r such that 0 < r there exists n such
that for every m such that n < m holds |it(m) — g| < 7.

Let us consider N, s;. Let us assume that s; is convergent. The functor
lim s; yields a point of 5%7 and is defined by:

(Def.10)  For every r such that 0 < r there exists n such that for every m such
that n < m holds [s1(m) — lim 1| < r.

The following propositions are true:

(40)  Suppose s; is convergent. Then lims; = g if and only if for every r
such that 0 < r there exists n such that for every m such that n < m
holds |s1(m) — g| < r.

(41)  If s1 is convergent and s is convergent, then s + s} is convergent.

(42)  If s is convergent and s} is convergent, then lim(s; + s}) = lims; +

lim s.
(43)  If s; is convergent, then 7 - s1 is convergent.
(44)  If s; is convergent, then lim(r - s1) = r - lim s;.
(45)  If s1 is convergent, then —s; is convergent.
(46) If s; is convergent, then lim(—s;) = —lim s;.
(47)  If s1 is convergent and s is convergent, then s; — s} is convergent.

!The proposition (37) has been removed.
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(48)  If s1 is convergent and s} is convergent, then lim(s; — s}) = lims; —
lim s7.

(50)2 If sy is convergent, then s; is bounded.

(51)  If s; is convergent, then if lim s; # Og%r, then there exists n such that

for every m such that n < m holds % < |s1(m)|.
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Summary. First, extremal properties of endpoints of line segments
in n-dimensional Euclidean space are discussed. Some topological prop-
erties of line segments are also discussed. Secondly, extremal properties
of vertices of special polygons which consist of horizontal and vertical line
segments in 2-dimensional Euclidean space, are also derived.

MML Identifier: SPPOL_1.

The terminology and notation used in this paper are introduced in the following
anticles: [18], [2], [12], [17], [21], [19], [22], [6], [15], [10], 6], [1], [7], [3], [5], [13];
[4], [8], [20], [9], [14], and [11].

1. PRELIMINARIES

One can prove the following propositions:

(1)  For every finite sequence f holds f is trivial iff len f < 2.

(2)  For every finite set A holds A is trivial iff card A < 2.

(3) For every set A holds A is non trivial iff there exist arbitrary ai, as
such that a1 € A and as € A and a1 # as.

(4) Let D be a non empty set and let A be a subset of D. Then A is non
trivial if and only if there exist elements dy, ds of D such that d; € A and
dy € A and d 75 do.

We follow a convention: n, i, k, m will denote natural numbers and r, r1, ro,

s, 81, so will denote real numbers.
Next we state a number of propositions:

(5) Ifn<k,thenn—1<kandn—1<kandn<k+1landn<k+1.
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(6) Ifn<k,thenn—1<kandn—1<kandn+1l<kandn<k-1
andn<k+landn<k+ 1.

(7) Ifl1<k—mandk—m <mn,then k—m € Segn and k —m is a natural

number.

(8) Ifr;>0andry>0and r; +ry =0, then r; =0 and ro = 0.

(9) Ifr; <0andry <0andr +ry =0, then r; =0 and ro = 0.

(10) Ho0<riandrp<landO0<rgandry<landry-ro=1, thenr; =1
and ro = 1.

(11) Ifry >0andry > 0and sy > 0and sy > 0 and ry - $1 + 12+ s9 = 0, then
rir=0o0r sy =0but ry =0 or s5 = 0.

(12) Ifo<randr<1lands; >0and sy >0andr-s;+(1—7r)-s9=0,
then r =0and ss =0orr=1and s; =0 or s;1 =0 and s9 = 0.

(13) Ifr <rp and r < 7o, then r < min(ry, r2).

(14) If r > ry and r > 7o, then 7 > max(ry, r2).

In this article we present several logical schemes. The scheme FinSeqFam
deals with a non empty set A, a finite sequence B of elements of A, a binary
functor F yielding a set, and a unary predicate P, and states that:

{F(B,i):i € domB A Pl[i]} is finite
for all values of the parameters.

The scheme FinSeqFam’ concerns a non empty set A, a finite sequence B of
elements of A, a binary functor F yielding a set, and a unary predicate P, and
states that:

{F(B,i):1<i A i<lenB A P[i]} is finite
for all values of the parameters.

Next we state several propositions:

15)  For all elements x1, x3, 23 of R™ holds |z1 — za| — |22 — 23] < |21 — 23]
) For all elements x1, 23, z3 of R™ holds |xe — z1| — |22 — 23] < |23 — 21].
) Every point of £} is an element of R™ and a point of £".

18)  Every point of £” is an element of R™ and a point of EF.
) Every element of R™ is a point of £" and a point of EF.

2. PROPERTIES OF LINE SEGMENTS

In the sequel p, p1, p2, ¢1, g2 will denote points of £F.
One can prove the following propositions:

(20)  For all points uq, uy of £™ and for all elements vy, vo of R™ such that
v1 = uy and v = ug holds p(u1,us) = |v; — val.

(21)  For all p, p1, p2 such that p € L(p1,p2) there exists r such that 0 < r
andr<landp=(1-7)-p1+7r-ps.

(22)  For all py, po, r such that 0 < r and r < 1 holds (1 —7)-p; +7r-ps €
L(p1,p2)-
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(23)  Given py, p2 and let P be a non empty subset of £f. Suppose P is closed
and P C L(p1,p2). Then there exists s such that (1 —s)-p; +s-p2 € P
and for every r such that 0 < randr <land (1 —r)-p1+7-p2 € P
holds s < r.
(24)  For all py, po2, q1, g2 such that L(q1,q2) € L(p1,p2) and p1 € L(q1,q2)
holds p1 = ¢q1 or p1 = go.
(25)  For all py, p2, q1, g2 such that L(p1,p2) = L(q1,q2) holds p; = ¢; and
p2 = g2 or p1 = q2 and p2 = qi.
(26) &t is a Tq space.
(27)  {p} is closed.
(28)  L(p1,p2) is compact.
(29)  L(pi1,p2) is closed.
Let us consider n, p and let P be a subset of £F. We say that p is extremal
in P if and only if:
(Def.1)  p € P and for all p1, py such that p € L(p1,p2) and L(p1,p2) C P holds
pP=p10rp=p2.
We now state several propositions:
(30)  For all subsets P, @ of £f such that p is extremal in P and @ C P and
p € @ holds p is extremal in Q.

(31)  pis extremal in {p}.

(32)  pp is extremal in L(p1,p2).

(33)  pais extremal in L(p1, p2).

(34) If pis extremal in L(p1,p2), then p = py or p = po.

3. ALTERNATING SPECIAL SEQUENCES

We follow the rules: P, ) will be subsets of E%, f, f1, fo will be finite
se2quences of elements of the carrier of 5%, and p, p1, p2, p3, ¢ will be points of
Et.

' The following proposition is true

(35)  For all py, ps such that (p1)1 # (p2)1 and (p1)2 # (p2)2 there exists P
such that p € L(p1,p2) and p1 # (p1)1 and p1 # (p2)1 and p2 # (p1)2
and pa # (p2)2-

Let us consider P. We say that P is horizontal if and only if:

(Def.2)  For all p, ¢ such that p € P and ¢ € P holds pa = ¢a.
We say that P is vertical if and only if:
(Def.3)  For all p, ¢ such that p € P and ¢ € P holds p1 = q1.

Let us observe that every subset of 5% which is non trivial and horizontal is
also non vertical and every subset of 5% which is non trivial and vertical is also
non horizontal.
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Next we state a number of propositions:
(36) pa = g2 iff L(p,q) is horizontal.
(37)  p1=q iff L(p,q) is vertical.

(38) If p1 € L(p,q) and py € L(p,q) and (p1)1 # (p2)1 and (p1)2 = (p2)2,
then L(p, q) is horizontal.

(39) If pr € L(p,q) and pa € L(p,q) and (p1)2 # (p2)2 and (p1)1 = (p2)1,
then L(p, q) is vertical.

(40)  L(f,1) is closed.

(41)  If f is special, then L£(f,1) is vertical or L(f,1) is horizontal.

(42)  If f is one-to-one and 1 < i and i+1 <len f, then £(f,4) is non trivial.

(43) If f is one-to-one and 1 < i and i + 1 < len f and L(f,4) is vertical,
then L£(f,4) is non horizontal.

(44)  For every f holds {L(f,i): 1 <i A ¢ <len f} is finite.

(45)  For every f holds {L(f,i):1<i A i+ 1 <len f} is finite.

(46) 2F01r every f holds {£(f,7):1<i A i<len f}is a family of subsets of

&

(47)  For every f holds {L(f,7):1<i A i+1 <len f} is a family of subsets
of 2.

(48)  For every f such that Q@ = U{L(f,7): 1 <i A i+ 1 <len f} holds Q
is closed.

(49)  L(f) is closed.
A finite sequence of elements of 5% is alternating if:

(Def.4)  For every i such that 1 < i and i + 2 < lenit holds (m;it); # (mi42it)1

and (TFiit)z #* (7Ti+2it)2.
One can prove the following propositions:

(50)  If f is special and alternating and 1 < i and i +2 <len f and (7;f)1 =
(Tit1f)1, then (mip1f)2 = (T2 f)2.

(51)  If f is special and alternating and 1 < i and i +2 <len f and (7;f)2 =
(mi+1f)2, then (mip1f)1 = (mivaf)1.

(52)  Suppose f is special and alternating and 1 < ¢ and i + 2 < len f and
p1 = mf and py = w41 f and ps = migof. Then (p1)1 = (p2)1 and
(p3)1 # (p2)1 or (p1)2 = (p2)2 and (ps)2 # (p2)2-

(53)  Suppose f is special and alternating and 1 < ¢ and i + 2 < len f and
pr = mf and po = miy1f and p3 = mipof. Then (p2)1 = (p3)1 and
(p1)1 # (p2)1 or (p2)2 = (p3)2 and (p1)2 # (p2)2-

(54) If f is special and alternating and 1 < ¢ and ¢ + 2 < len f, then
L(mif,mivaf) L L(f, ) UL(S i+ 1).

(55)  If f is special and alternating and 1 < i and i+ 2 <len f and L(f,7) is
vertical, then L£(f,7+ 1) is horizontal.

(56) If f is special and alternating and 1 < i and i +2 <len f and L(f,1) is
horizontal, then £(f,i+ 1) is vertical.
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(57)  Suppose f is special and alternating and 1 <4 and 7 + 2 < len f. Then
L(f,1) is vertical and L(f,7+ 1) is horizontal or L(f,%) is horizontal and
L(f,i+ 1) is vertical.

(58)  Suppose f is special and alternating and 1 < ¢ and i + 2 < len f and
7Ti+1f € [’(pa Q) and ‘C(p? Q) - £(f,Z) U £(f,Z + 1) Then 7Ti+1f = p or
mir1f = q.

(59) If f is special and alternating and 1 < i and i + 2 < len f, then 7,11 f
is extremal in L(f,i) U L(f,i+1).

(60) Let u be a point of £2. Suppose f is special and alternating and 1 <4
and i + 2 <len f and v = 71 f and w11 f € L(p,q) and w41 f # ¢q and
p & L(f,i)UL(f,i+1). Given s. If s > 0, then there exists p3 such that
ps & L(f, i) UL(f,i+ 1) and p3 € L(p,q) and p3 € Ball(u, s).

Let us consider f1, fo, P. We say that f1 and fo are generators of P if and
only if the conditions (Def.5) are satisfied.
(Detf.5) (i)  f1 is alternating,
(ii)  fo is alternating,

)
(iii)  mif1 = mifo,
(V) Tien £, f1 = Ten o f25
(v)  (mofi1,m1f1,m2f2) is alternating,
(vi)  (Mien fy—1f1, Men f1 f1, Ten fo—1f2) is alternating,
(Vi) T1f1 # Ten f1 /15
i)

Z(fl)~ﬁ L(f2) ={m1f1, Men s [1}, and
(ix) P=L(f1)UL(f)
Next we state the proposition

(61) If f1 and fo are generators of P and 1 < i and i < len fi, then m;f] is
extremal in P.

REFERENCES

[1] Grzegorz Bancerek. Cardinal numbers. Formalized Mathematics, 1(2):377-382, 1990.

[2] Grzegorz Bancerek. The fundamental properties of natural numbers. Formalized Math-
ematics, 1(1):41-46, 1990.

[3] Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite
sequences. Formalized Mathematics, 1(1):107-114, 1990.

[4] Jézef Bialas. Group and field definitions. Formalized Mathematics, 1(3):433-439, 1990.

[6] Czestaw Bylinski. Finite sequences and tuples of elements of a non-empty sets. Formal-
ized Mathematics, 1(3):529-536, 1990.

[6] Czestaw Byliriski. Functions and their basic properties. Formalized Mathematics,
1(1):55-65, 1990.

[7] Czestaw Bylinski. Functions from a set to a set. Formalized Mathematics, 1(1):153-164,
1990.

[8] Agata Darmochwal. Compact spaces. Formalized Mathematics, 1(2):383-386, 1990.

[9] Agata Darmochwal. The Euclidean space. Formalized Mathematics, 2(4):599-603, 1991.

[10] Agata Darmochwal. Finite sets. Formalized Mathematics, 1(1):165-167, 1990.

[11] Agata Darmochwal and Yatsuka Nakamura. The topological space E2. Arcs, line seg-
ments and special polygonal arcs. Formalized Mathematics, 2(5):617-621, 1991.

[12] Krzysztof Hryniewiecki. Basic properties of real numbers. Formalized Mathematics,
1(1):35-40, 1990.



102

[13]
[14]
[15]
[16]

[17]
18]

[19]
[20]

[21]
22]

YATSUKA NAKAMURA AND CZESLAW BYLINSKI

Stanistawa Kanas, Adam Lecko, and Mariusz Startek. Metric spaces. Formalized Math-
ematics, 1(3):607—610, 1990.

Zbigniew Karno. Maximal discrete subspaces of almost discrete topological spaces. For-
malized Mathematics, 4(1):125-135, 1993.

Beata Padlewska and Agata Darmochwal. Topological spaces and continuous functions.
Formalized Mathematics, 1(1):223-230, 1990.

Andrzej Trybulec. Domains and their Cartesian products. Formalized Mathematics,
1(1):115-122, 1990.

Andrzej Trybulec. Enumerated sets. Formalized Mathematics, 1(1):25-34, 1990.
Andrzej Trybulec. Tarski Grothendieck set theory. Formalized Mathematics, 1(1):9-11,
1990.

Andrzej Trybulec and Czestaw Byliniski. Some properties of real numbers. Formalized
Mathematics, 1(3):445-449, 1990.

Wojciech A. Trybulec. Pigeon hole principle. Formalized Mathematics, 1(3):575-579,
1990.

Zinaida Trybulec. Properties of subsets. Formalized Mathematics, 1(1):67-71, 1990.
Edmund Woronowicz. Relations and their basic properties. Formalized Mathematics,
1(1):73-83, 1990.

Received May 11, 1994



FORMALIZED MATHEMATICS
Volume 5, Number 1, 1996
Warsaw University - Bialystok

Relocatability !

Yasushi Tanaka
Shinshu University
Information Engineering Dept.
Nagano

Summary. This article defines the concept of relocating the pro-
gram part of a finite partial state of SCM (data part stays intact). The
relocated program differs from the original program in that all jump in-
structions are adjusted by the relocation factor and other instructions
remain unchanged. The main theorem states that if a program computes
a function then the relocated program computes the same function, and
vice versa.

MML Identifier: RELOC.

The terminology and notation used in this paper have been introduced in the
following articles: [16], (2], [1], [19], [5], [6], [15], [7], [18], [13], [4], [9], [3], [8],
[10], [11], [17], [12], and [14].

1. RELOCATABILITY

In this paper j, k, m will be natural numbers.
Let I; be an instruction-location of SCM and let & be a natural number.
The functor Iy + k yielding an instruction-location of SCM is defined as follows:
(Def.1)  There exists a natural number m such that I; = i,, and l1 + k = i,1%.
The functor Iy —' k yields an instruction-location of SCM and is defined as
follows:
(Def.2)  There exists a natural number m such that Il = i,,, and I —"k = i,,_rg.
The following three propositions are true:
(1)  For every instruction-location Iy of SCM and for every natural number
k holds (b + k) ="k =11.

!This work was done under guidance and supervision of A. Trybulec and P. Rudnicki.
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(2)  For all instructions-locations l2, I3 of SCM and for every natural
number k holds Start-At(lo + k) = Start-At(l3 + k) iff Start-At(ly) =
Start-At(l3).

(3)  For all instructions-locations Iz, I3 of SCM and for every natural num-
ber k such that Start-At(ly) = Start-At(l3) holds Start-At(ly —' k) =
Start-At(l3 —' k).

Let I be an instruction of SCM and let k& be a natural number. The functor

IncAddr(7, k) yields an instruction of SCM and is defined as follows:
(Def.3) (i) IncAddr(I, k) = goto ((@I)addressz + k) if InsCode(I) = 6,

(i)  IncAddr(I,k) = if (®*I)address = 0 goto (@I)auddlressjT + k if
InsCode(I) =7,

(iii)  IncAddr(I,k) = if (®I)address! > 0 goto (@I)addressz + k if
InsCode(I) = 8,

(iv) IncAddr(I,k) = I, otherwise.

One can prove the following propositions:

(4)  For every natural number k holds IncAddr(haltgcen, k) = haltgeom-

(5) For every natural number k and for all data-locations a, b holds
IncAddr(a:=b, k) = a:=b.

(6) For every natural number k and for all data-locations a, b holds
IncAddr(AddTo(a,b), k) = AddTo(a,b).

(7)  For every natural number k and for all data-locations a, b holds
IncAddr(SubFrom(a,b), k) = SubFrom(a, b).

(8) For every natural number k and for all data-locations a, b holds
IncAddr(MultBy(a, b), k) = MultBy(a, b).

(9) For every natural number k and for all data-locations a, b holds
IncAddr(Divide(a, b), k) = Divide(a, b).

(10)  For every natural number k£ and for every instruction-location I; of
SCM holds IncAddr(goto Iy, k) = goto (1 + k).

(11)  Let k be a natural number, and let [; be an instruction-location of
SCM, and let a be a data-location. Then IncAddr(if a = 0 goto [1,k) =
if a =0 goto I; + k.

(12) Let k be a natural number, and let [; be an instruction-location of
SCM, and let a be a data-location. Then IncAddr(if a > 0 goto I1,k) =
if a > 0 goto 1] + k.

(13)  For every instruction I of SCM and for every natural number & holds
InsCode(IncAddr(7, k)) = InsCode([).

(14) Let I;, I be instructions of SCM and let k& be a natural num-
ber. Suppose InsCode(l) = 0 or InsCode(l) = 1 or InsCode(l) =
2 or InsCode(I) = 3 or InsCode(l) = 4 or InsCode(I) = 5 but
IncAddr(f;,k) = I. Then I} = I.

Let p be a programmed finite partial state of SCM and let k£ be a natural
number. The functor Shift(p, k) yielding a programmed finite partial state of
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SCM is defined by:
(Def.4)  dom Shift(p, k) = {imtr : im € domp} and for every m such that
i € domp holds (Shift(p, k))(im+r) = p(im)-

We now state three propositions:

(15)  Let [ be an instruction-location of SCM, and let k be a natural number,
and let p be a programmed finite partial state of SCM. If [ € dom p, then
(Shift(p, k))(I + k) = p(1).

(16)  Let p be a programmed finite partial state of SCM and let k£ be a natural
number. Then dom Shift(p, k) = {i1 + k : i; ranges over instructions-
locations of SCM, iy € dom p}.

(17)  Let p be a programmed finite partial state of SCM and let k be a natural
number. Then dom Shift(p, k) C the instruction locations of SCM.

Let p be a programmed finite partial state of SCM and let k£ be a natural
number. The functor IncAddr(p, k) yielding a programmed finite partial state
of SCM is defined as follows:

(Detf.5)  domIncAddr(p, k) = dom p and for every m such that i,, € dom p holds
(IncAddr(p, k))(imm) = IncAddr (7, p, k).

One can prove the following two propositions:

(18) Let p be a programmed finite partial state of SCM, and let k be a
natural number, and let [ be an instruction-location of SCM. If [ € dom p,
then (IncAddr(p, k))(l) = IncAddr(mp, k).

(19)  For every natural number i and for every programmed finite partial
state p of SCM holds Shift(IncAddr(p,7),7) = IncAddr(Shift(p,i),).

Let p be a finite partial state of SCM and let k£ be a natural number. The
functor Relocated(p, k) yielding a finite partial state of SCM is defined as fol-
lows:

(Def.6)  Relocated(p, k) = Start-At(IC, + k) +- IncAddr(Shift(ProgramPart(p),
k), k) +- DataPart(p).
Next we state a number of propositions:
(20)  For every finite partial state p of SCM holds
dom IncAddr(Shift(ProgramPart(p), k), k) C Instr-Locgcm.

(21)  For every finite partial state p of SCM and for every natural number
k holds DataPart(Relocated(p, k)) = DataPart(p).
(22)  For every finite partial state p of SCM and for every natural number &
holds ProgramPart(Relocated(p, k)) = IncAddr(Shift(ProgramPart(p), k), k).
(23)  For every finite partial state p of SCM holds
dom ProgramPart(Relocated(p, k)) = {i; 1 : i; € dom ProgramPart(p)}.

(24)  Let p be a finite partial state of SCM, and let k be a natural number,
and let [ be an instruction-location of SCM. Then [ € dom p if and only
if | + k € dom Relocated(p, k).

(25)  For every finite partial state p of SCM and for every natural number
k holds ICgcnm € dom Relocated (p, k).
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(26)  For every finite partial state p of SCM and for every natural number

k hOldS ICRelocated(p,k:) = Icp + k‘

(27)  Let p be a finite partial state of SCM, and let k be a natural number,

and let /; be an instruction-location of SCM, and let I be an instruction
of SCM. Ifl; € dom ProgramPart(p) and I = p(l1), then IncAddr(I, k) =
(Relocated(p, k)) (11 + k).

(28)  For every finite partial state p of SCM and for every natural number

k holds Start-At(IC, + k) C Relocated(p, k).

(29) Let s be a data-only finite partial state of SCM, and let p be a finite

partial state of SCM, and let k be a natural number. If ICgcng € dom p,
then Relocated(p +- s, k) = Relocated(p, k) +- s.

(30)  Let k be a natural number, and let p be an autonomic finite partial state

of SCM, and let s1, s3 be states of SCM. If p C s and Relocated(p, k) C
So, then p C s1 +- s9 | Data-Locgcm.

(31) For every state s of SCM holds Exec(IncAddr(Curlnstr(s), k), s +-

Start-At(ICs + k)) = Following(s) +- Start-At(ICg,piowing(s) + &)-

(32) Let Iy be an instruction of SCM, and let s be a state of SCM,

and let p be a finite partial state of SCM, and let ¢, j, k be natu-
ral numbers. If IC; = iy, then Exec(ly,s +- Start-At(IC, —' k)) =
Exec(IncAddr(ly, k), s) 4 Start-At (ICxec(incAddr(Is,k),s) — F)-

2. MAIN THEOREMS OF RELOCATABILITY

Next we state several propositions:

(33) Let k be a natural number and let p be an autonomic finite

partial state of SCM.  Suppose ICgcopm € domp. Let s be a
state of SCM. Suppose p C s. Let ¢ be a natural number.
Then (Computation(s +- Relocated(p, k)))(i) = (Computation(s))(i) +-
Start-At (IC computation(s))(i) + k) + ProgramPart(Relocated (p, k)).

(34) Let k be a natural number, and let p be an autonomic finite par-

tial state of SCM, and let sq, so, s3 be states of SCM. Suppose
ICscm € domp and p C s; and Relocated(p, k) C so and s3 = s1 +- S2 |
Data-Locgom. Let @ be a natural number. Then IC computation(s1)) (i) 5 =
IC (Computation(s))(i) and IncAddr(Curlnstr((Computation(sy))(7)), k) =
CurInstr((Computation(ss))(i)) and (Computation(sy))(z)] dom DataPart
(p) = (Computation(sz))(i) | dom DataPart(Relocated(p,k)) and
(Computation(ss)) (i) Data-Locgcm = (Computation(sa))(i) Data-Locgonm.

(35) Let p be an autonomic finite partial state of SCM and let k be a

natural number. If ICgcn € dom p, then p is halting iff Relocated(p, k)
is halting.

(36) Let k be a natural number and let p be an autonomic finite

partial state of SCM.  Suppose ICgcnym € domp. Let s be a
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state of SCM.  Suppose Relocated(p,k) C s. Let ¢ be a nat-
ural number. Then (Computation(s))(i) = (Computation(s +-
p))(z) + Start'At(IC(Computation(s+~p))(i) k) +-s [ dom ProgramPart (p) +
ProgramPart(Relocated(p, k)).

(37) Let k be a natural number and let p be a finite partial state
of SCM. Suppose ICgcm € domp. Let s be a state of SCM.
Suppose p C s and Relocated(p,k) is autonomic. Let ¢ be a
natural number. Then (Computation(s))(i) = (Computation(s +-

Relocated(p, k)))(l) + Start_At(IC(Computation(s+~Relocated(p,k)))(i) ~ k) +
s | dom ProgramPart(Relocated (p, k)) +- ProgramPart(p).

(38) Let p be a finite partial state of SCM. Suppose ICgcpy € dom p. Let
k be a natural number. Then p is autonomic if and only if Relocated(p, k)
is autonomic.

(39) Let p be a halting autonomic finite partial state of SCM. If ICgcom €
domp, then for every natural number k holds DataPart(Result(p)) =
DataPart(Result(Relocated (p, k))).

(40) Let F be a data-only partial function from FinPartSt(SCM) to
FinPartSt(SCM) and let p be a finite partial state of SCM. Suppose
ICgcM € dom p. Let k be a natural number. Then p computes F' if and
only if Relocated(p, k) computes F'.
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Summary. Let X be a topological space and let A be a subset
of X. A is said to be anti-discrete provided for every open subset G of
X either ANG = 0 or A C G; equivalently, for every closed subset F
of X either ANF = () or A C F. An anti-discrete subset M of X is
said to be mazximal anti-discrete provided for every anti-discrete subset
Aof X if M C A then M = A. A subspace of X is mazimal anti-
discrete iff its carrier is maximal anti-discrete in X. The purpose is to
list a few properties of maximal anti-discrete sets and subspaces in Mizar
formalism.

It is shown that every = € X is contained in a unique maximal anti-
discrete subset M(x) of X, denoted in the text by MaxADSet(z). Such
subset can be defined by

M(z) = m {SCX:2e8, and S is open or closed in X}.

It has the following remarkable properties: (1) y € M(z) iff M(y) =
M_(x), Qeither M(z) " M(y) = 0 or M(ﬂ: l\&), (3) M(z) = M(y) iff
{z} = {y}, and (4) M(z) " M(y) = 0 iff {z} # {y}. It follows from these
properties that {M(z) : z € X} is the To-partition of X defined by M.H.
Stone in [7].

Moreover, it is shown that the operation M defined on all subsets of
X by

M(A) = {M(z) : 2 € A},

denoted in the text by MaxADSet(A), satisfies the Kuratowski closure
axioms (see e.g., [4]), i.e., (1) M(AU B) = M(A4) UM(B), (2) M(A) =
M(M(A4)), (3) A C M(A),and (4) M(#) = 0. Note that this operation
commutes with the usual closure operation of X, and if A is an open (or
a closed) subset of X, then M(A) = A.
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1. PROPERTIES OF THE CLOSURE AND THE INTERIOR OPERATIONS

Let X be a topological space and let A be a non empty subset of X. Observe
that A is non empty.
Let X be a topological space and let A be an empty subset of X. One can
check that A is empty.
Let X be a topological space and let A be a non proper subset of X. One
can check that A is non proper.
Let X be a non trivial topological space and let A be a non trivial non empty
subset of X. Observe that A is non trivial.
In the sequel X is a topological space.
We now state three propositions:
(1)  For every subset A of X holds A = N{F : F ranges over subsets of X,
Fis closed N A C F}.
(2)  For every point 2 of X holds {z} = N{F : F ranges over subsets of X,
F is closed A z € F}.

(3)  For all subsets A, B of X such that B C A holds B C A.

Let X be a topological space and let A be a non proper subset of X. Note
that Int A is non proper.

Let X be a topological space and let A be a proper subset of X. One can
check that Int A is proper.

Let X be a topological space and let A be an empty subset of X. Note that
Int A is empty.

Next we state two propositions:

(4)  For every subset A of X holds Int A = J{G : G ranges over subsets of

X, Gisopen A G C A}
(5)  For all subsets A, B of X such that Int A C B holds Int A C Int B.

2. ANTI-DISCRETE SUBSETS OF TOPOLOGICAL STRUCTURES

Let Y be a topological structure. A subset of Y is anti-discrete if:

(Def.1)  For every point x of Y and for every subset G of Y such that G is open
and x € G holds if z € it, then it C G.
Let Y be a non empty topological structure. Let us observe that a subset of
Y is anti-discrete if:
(Def.2)  For every point  of Y and for every subset F' of Y such that F' is closed
and x € F holds if z € it, then it C F.
Let Y be a topological structure. Let us observe that a subset of Y is anti-
discrete if:
(Def.3)  For every subset G of Y such that G is open holds it NG = () or it C G.
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Let Y be a topological structure. Let us observe that a subset of Y is anti-
discrete if:

(Def.4)  For every subset F' of Y such that F' is closed holds it NF' = ) or it

CF.

Next we state the proposition

(6) Let Yp, Y7 be topological structures, and let Dy be a subset of Yj, and
let Dy be a subset of Y;. Suppose the topological structure of Yy = the

topological structure of Y7 and Dy = D;. If Dy is anti-discrete, then D1
is anti-discrete.

In the sequel Y will denote a non empty topological structure.
Next we state three propositions:

(7)  For all subsets A, B of Y such that B C A holds if A is anti-discrete,
then B is anti-discrete.

(8)  For every point x of Y holds {z} is anti-discrete.
(9)  Every empty subset of Y is anti-discrete.
Let Y be a topological structure. A family of subsets of Y is anti-discrete-
set-family if:
(Def.5)  For every subset A of Y such that A € it holds A is anti-discrete.
One can prove the following propositions:

(10)  Let F be a family of subsets of Y. Suppose F' is anti-discrete-set-family.
If N F # 0, then | F is anti-discrete.

(11)  For every family F' of subsets of Y such that F' is anti-discrete-set-family
holds (N F' is anti-discrete.

Let Y be a non empty topological structure and let = be a point of Y. The

functor MaxADSF(z) yields a non empty family of subsets of Y and is defined
by:

(Def.6) MaxADSF(z) = {A
discrete A x € A}.

In the sequel x will denote a point of Y.
We now state four propositions:

12)  MaxADSF(z) is anti-discrete-set-family.
13)  {z} = N MaxADSF(x).

14)  {z} CUMaxADSF(x).

15)  UMaxADSF(z) is anti-discrete.

A ranges over subsets of Y, A is anti-
(
(
(
(

3. MAXIMAL ANTI-DISCRETE SUBSETS OF TOPOLOGICAL STRUCTURES

Let Y be a topological structure. A subset of Y is maximal anti-discrete if:

(Def.7) It is anti-discrete and for every subset D of Y such that D is anti-discrete
and it € D holds it = D.
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We now state the proposition

(16)  Let Yp, Y7 be topological structures, and let Dy be a subset of Y, and
let D be a subset of Y;. Suppose the topological structure of Yy = the
topological structure of Y7 and Dy = D;. If Dy is maximal anti-discrete,
then D; is maximal anti-discrete.

In the sequel Y will denote a non empty topological structure.
One can prove the following propositions:

(17)  Every empty subset of Y is not maximal anti-discrete.

(18)  For every non empty subset A of Y such that A is anti-discrete and
open holds A is maximal anti-discrete.

(19)  For every non empty subset A of Y such that A is anti-discrete and
closed holds A is maximal anti-discrete.

Let Y be a non empty topological structure and let x be a point of Y. The
functor MaxADSet(z) yielding a non empty subset of Y is defined by:

(Def.8)  MaxADSet(x) = [UMaxADSF(x).
We now state several propositions:
(20)  For every point x of Y holds {z} C MaxADSet(z).

(21)  For every subset D of Y and for every point z of Y such that D is
anti-discrete and = € D holds D C MaxADSet(z).

(22)  For every point x of ¥ holds MaxADSet(z) is maximal anti-discrete.

(23)  For all points x, y of Y holds y € MaxADSet(x) iff MaxADSet(y) =
MaxADSet(z).

(24) For all points z, y of Y holds MaxADSet(z) N MaxADSet(y) = 0 or
MaxADSet(z) = MaxADSet(y).

(25)  For every subset F' of Y and for every point = of Y such that F is closed
and = € F holds MaxADSet(z) C F.

(26)  For every subset G of Y and for every point x of Y such that G is open
and = € G holds MaxADSet(z) C G.

(27)  Let = be a point of Y. Suppose {F : F' ranges over subsets of Y, F' is
closed A x € F} # (). Then MaxADSet(z) C N{F : F ranges over subsets
of Y, F'is closed A x € F}.
(28) Let = be a point of Y. Suppose {G : G ranges over subsets of Y, G is
open A z € G} # (). Then MaxADSet(z) C (N{G : G ranges over subsets
of Y, G is open A z € G}.
Let Y be a non empty topological structure. Let us observe that a subset of
Y is maximal anti-discrete if:

(Def.9)  There exists a point = of Y such that = € it and it = MaxADSet(z).
The following proposition is true

(29) For every subset A of Y and for every point z of ¥ such that x € A
holds if A is maximal anti-discrete, then A = MaxADSet(z).
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Let Y be a non empty topological structure. Let us observe that a non empty
subset of Y is maximal anti-discrete if:

(Def.10)  For every point x of Y such that = € it holds it = MaxADSet(x).

Let Y be a non empty topological structure and let A be a subset of Y. The
functor MaxADSet(A) yielding a subset of Y is defined as follows:

(Def.11)  MaxADSet(A) = U{MaxADSet(a) : a ranges over points of Y, a € A}.
Next we state a number of propositions:
(30)  For every point x of Y holds MaxADSet(z) = MaxADSet({z}).

(31) For every subset A of Y and for every point x of Y such that
MaxADSet(z) N MaxADSet(A) # () holds MaxADSet(x) N A # 0.

(32) For every subset A of Y and for every point z of Y such
that MaxADSet(x) N MaxADSet(A) # @ holds MaxADSet(z) C
MaxADSet(A).

(33)  For all subsets A, B of Y such that A C B holds MaxADSet(A4) C
MaxADSet(B).

(34)  For every subset A of Y holds A C MaxADSet(A).
(35)  For every subset A of Y holds MaxADSet(A) = MaxADSet(MaxADSet(A)).

(36) For all subsets A, B of Y such that A C MaxADSet(B) holds
MaxADSet(A) C MaxADSet(B).

(37)  For all subsets A, B of Y holds B C MaxADSet(A4) and A C
MaxADSet(B) iff MaxADSet(A) = MaxADSet(B).

(38)  For all subsets A, B of Y holds MaxADSet(A U B) = MaxADSet(A) U
MaxADSet(B).

(39) For all subsets A, B of Y holds MaxADSet(A N B) € MaxADSet(A) N
MaxADSet(B).

Let Y be a non empty topological structure and let A be a non empty subset
of Y. One can verify that MaxADSet(A) is non empty.

Let Y be a non empty topological structure and let A be an empty subset of
Y. One can verify that MaxADSet(A) is empty.

Let Y be a non empty topological structure and let A be a non proper subset
of Y. Observe that MaxADSet(A) is non proper.

Let Y be a non trivial non empty topological structure and let A be a non
trivial non empty subset of Y. Note that MaxADSet(A) is non trivial.

The following four propositions are true:

(40)  For every subset G of Y and for every subset A of ¥ such that G is
open and A C G holds MaxADSet(A4) C G.

(41)  Let A be a subset of Y. Suppose {G : G ranges over subsets of Y, G is
open A A C G} # (). Then MaxADSet(A) C N{G : G ranges over subsets
of Y, G is open A A C G}.

(42)  For every subset F' of Y and for every subset A of Y such that F' is
closed and A C F holds MaxADSet(A) C F.
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(43) Let A be a subset of Y. Suppose {F' : F ranges over subsets of Y, F’
is closed A A C F} # (. Then MaxADSet(A4) C N{F : F ranges over
subsets of Y, F' is closed A A C F'}.

4. ANTI-DISCRETE AND MAXIMAL ANTI-DISCRETE SUBSETS OF
TOPOLOGICAL SPACES

Let X be a topological space. Let us observe that a subset of X is anti-
discrete if:

(Def.12)  For every point z of X such that x € it holds it C {z}.

Let X be a topological space. Let us observe that a subset of X is anti-
discrete if:

(Def.13)  For every point  of X such that x € it holds it = {z}.

Let X be a topological space. Let us observe that a subset of X is anti-
discrete if:

(Def.14)  For all points z, y of X such that z € it and y € it holds {x} = {y}.

In the sequel X will be a topological space.
The following four propositions are true:
(44)  For every point x of X and for every subset D of X such that D is
anti-discrete and {z} C D holds D = {z}.
(45) Let A be a subset of X. Then A is anti-discrete and closed if and only
if for every point z of X such that z € A holds A = {z}.

(46)  For every subset A of X such that A is anti-discrete and A is not open
holds A is boundary.

(47)  For every point z of X such that {z} = {z} holds {z} is maximal
anti-discrete.

In the sequel x, y will be points of X.

The following propositions are true:
(48) MaxADSet(z) C N{G : G ranges over subsets of X, G is open A x € G'}.
(49) MaxADSet(z) € N{F : F ranges over subsets of X, F'is closed A z €
(50)  MaxADSet(x) C {x}.
(51)  MaxADSet(x) = MaxADSet(y) iff {z} = {y}.
(52)  MaxADSet(z) N MaxADSet(y) = 0 iff {z} # {y}.

Let X be a topological space and let z be a point of X. Then MaxADSet(x)
is a non empty subset of X and it can be characterized by the condition:
(Def.15)  MaxADSet(z) = {z} N N{G : G ranges over subsets of X, G is
open A = € G}.
The following propositions are true:
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(53)  Let z, y be points of X. Then {z} C {y} if and only if N{G : G ranges
over subsets of X, G is open A y € G} C N{G : G ranges over subsets of
X, G isopen A = € G}.
(54)  For all points z, y of X holds {z} C {y} iff MaxADSet(y) C N{G : G
ranges over subsets of X, G is open A z € G}.
(655)  Let z, y be points of X. Then MaxADSet(z) N MaxADSet(y) = 0 if
and only if one of the following conditions is satisfied:
(i)  there exists a subset V of X such that V' is open and MaxADSet(xz) C V
and V N MaxADSet(y) = 0, or
(ii)  there exists a subset W of X such that W is open and W N
MaxADSet(z) = () and MaxADSet(y) C W.
(56)  Let z, y be points of X. Then MaxADSet(z) N MaxADSet(y) = 0 if
and only if one of the following conditions is satisfied:
(i)  there exists a subset E of X such that E is closed and MaxADSet(x) C
E and E N MaxADSet(y) = 0, or
(ii)  there exists a subset F' of X such that F' is closed and F N
MaxADSet(z) = 0 and MaxADSet(y) C F.
In the sequel A, B denote subsets of X.
The following propositions are true:
(57)  MaxADSet(A) C N{G : G ranges over subsets of X, G is open A A C
G}.
(68)  If Ais open, then MaxADSet(A) = A.
(59) MaxADSet(Int A) = Int A.

(60) MaxADSet(A) C N{F : F ranges over subsets of X, F' is closed A A C

(61)  MaxADSet(A) C A.

(62) If Ais closed, then MaxADSet(A) = A.

(63)  MaxADSet(A) = A.

(64) MaxADSet(A) = A.

(65) If MaxADSet(A) = MaxADSet(B), then A = B.

(66) If Ais closed or B is closed, then MaxADSet(ANB) = MaxADSet(A)N
MaxADSet(B).

(67) If Ais open or B is open, then MaxADSet(A N B) = MaxADSet(A) N
MaxADSet(B).

5. MAXIMAL ANTI-DISCRETE SUBSPACES

In the sequel Y is a non empty topological structure.
One can prove the following two propositions:
(68)  Let Yj be a subspace of Y and let A be a subset of Y. Suppose A = the
carrier of Yy. If Yy is anti-discrete, then A is anti-discrete.
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(69) Let Yy be a subspace of Y. Suppose Yj is topological space-like. Let
A be a subset of Y. Suppose A = the carrier of Yy. If A is anti-discrete,
then Yj is anti-discrete.

In the sequel X will be a topological space and Yy will be a subspace of X.
One can prove the following four propositions:

(70)  If for every open subspace X of X holds Yj misses X or Y} is a subspace
of Xo, then Y[ is anti-discrete.

(71)  If for every closed subspace Xy of X holds Yy misses Xy or Yj is a
subspace of X, then Yy is anti-discrete.

(72)  Let Yj be an anti-discrete subspace of X and let Xy be an open subspace
of X. Then Y{ misses X or Yj is a subspace of Xj.

(73)  Let Y| be an anti-discrete subspace of X and let X be a closed subspace
of X. Then Y{ misses X or Yj is a subspace of Xj.

Let Y be a non empty topological structure. A subspace of Y is maximal
anti-discrete if it satisfies the conditions (Def.16).
(Def.16) (i) It is anti-discrete, and
(ii)  for every subspace Yy of Y such that Yj is anti-discrete holds if the
carrier of it C the carrier of Y{, then the carrier of it = the carrier of Yj.
Let Y be a non empty topological structure. Note that every subspace of
Y which is maximal anti-discrete is also anti-discrete and every subspace of Y
which is non anti-discrete is also non maximal anti-discrete.
Next we state the proposition

(74)  Let Yj be a subspace of X and let A be a subset of X. Suppose A = the
carrier of Yy. Then Y} is maximal anti-discrete if and only if A is maximal
anti-discrete.

Let X be a topological space. One can check the following observations:
% every subspace of X which is open and anti-discrete is also maximal
anti-discrete,
x  every subspace of X which is open and non maximal anti-discrete is
also non anti-discrete,
* every subspace of X which is anti-discrete and non maximal anti-
discrete is also non open,
x  every subspace of X which is closed and anti-discrete is also maximal
anti-discrete,
% every subspace of X which is closed and non maximal anti-discrete is
also non anti-discrete, and
%  every subspace of X which is anti-discrete and non maximal anti-
discrete is also non closed.
Let Y be a non empty topological structure and let x be a point of Y. The
functor MaxADSspace(x) yielding a strict subspace of Y is defined by:
(Def.17)  The carrier of MaxADSspace(x) = MaxADSet(z).

We now state three propositions:
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(75)  For every point x of Y holds Sspace(x) is a subspace of
MaxADSspace(x).

(76)  Let x, y be points of Y. Then y is a point of MaxADSspace(x) if and
only if the topological structure of MaxADSspace(y) = the topological
structure of MaxADSspace(z).

(77)  Let x, y be points of Y. Then

(i)  the carrier of MaxADSspace(z) misses the carrier of MaxADSspace(y),
or
(ii)  the topological structure of MaxADSspace(z) = the topological struc-
ture of MaxADSspace(y).
Let X be a topological space. One can check that there exists a subspace of
X which is maximal anti-discrete and strict.
Let X be a topological space and let  be a point of X. One can check that
MaxADSspace(z) is maximal anti-discrete.
One can prove the following propositions:

(78)  Let Xg be a closed subspace of X and let x be a point of X. If x is a
point of Xy, then MaxADSspace(z) is a subspace of Xj.

(79)  Let Xy be an open subspace of X and let x be a point of X. If x is a
point of Xy, then MaxADSspace(z) is a subspace of Xj.

(80)  For every point z of X such that {z} = {z} holds Sspace(z) is maximal
anti-discrete.

Let Y be a non empty topological structure and let A be a non empty subset
of Y. The functor Sspace(A) yielding a strict subspace of Y is defined by:

(Def.18)  The carrier of Sspace(A4) = A.
One can prove the following propositions:
(81)  Every non empty subset of Y is a subset of Sspace(A).

(82)  Let Yy be a subspace of Y and let A be a non empty subset of Y. If A
is a subset of Yy, then Sspace(A) is a subspace of Y.

Let Y be a non trivial non empty topological structure. Note that there
exists a subspace of Y which is non proper and strict.

Let Y be a non trivial non empty topological structure and let A be a non
trivial non empty subset of Y. Observe that Sspace(A) is non trivial.

Let Y be a non empty topological structure and let A be a non proper non
empty subset of Y. One can verify that Sspace(A) is non proper.

Let Y be a non empty topological structure and let A be a non empty subset
of Y. The functor MaxADSspace(A) yields a strict subspace of Y and is defined
by:

(Def.19)  The carrier of MaxADSspace(A) = MaxADSet(A).

We now state several propositions:

(83)  Every non empty subset of Y is a subset of MaxADSspace(A).

(84)  For every non empty subset A of Y holds Sspace(A) is a subspace of
MaxADSspace(A).
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(85) For every point x of Y holds the topological structure of
MaxADSspace(z) = the topological structure of MaxADSspace({z}).

(86)  For all non empty subsets A, B of Y such that A C B holds
MaxADSspace(A) is a subspace of MaxADSspace(B).

(87) For every non empty subset A of Y holds the topologi-
cal structure of MaxADSspace(A) = the topological structure of
MaxADSspace(MaxADSet(A)).

(88) For all non empty subsets A, B of Y such that A is a sub-
set of MaxADSspace(B) holds MaxADSspace(A) is a subspace of
MaxADSspace(B).

(89) Let A, B be non empty subsets of Y. Then B is a subset of
MaxADSspace(A) and A is a subset of MaxADSspace(B) if and only if
the topological structure of MaxADSspace(A) = the topological structure
of MaxADSspace(B).

Let Y be a non trivial non empty topological structure and let A be a non
trivial non empty subset of Y. One can verify that MaxADSspace(A) is non
trivial.

Let Y be a non empty topological structure and let A be a non proper non
empty subset of Y. One can verify that MaxADSspace(A) is non proper.

The following two propositions are true:

(90) Let X be an open subspace of X and let A be a non empty subset of
X. If Ais asubset of Xy, then MaxADSspace(A) is a subspace of Xj.

(91)  Let X( be a closed subspace of X and let A be a non empty subset of
X. If Ais a subset of Xy, then MaxADSspace(A) is a subspace of Xj.
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Summary. Let X be a topological space. X is said to be Ty-space
(or Kolmogorov space) provided for every pair of distinct points z, y € X
there exists an open subset of X containing exactly one of these points;
equivalently, for every pair of distinct points x, y € X there exists a closed
subset of X containing exactly one of these points (see [1], [6], [2]).

The purpose is to list some of the standard facts on Kolmogorov
spaces, using Mizar formalism. As a sample we formulate the following
characteristics of such spaces: X is a Kolmogorov space iff for every pair

of distinct points x, y € X the closures {z} and {y} are distinct.

There is also reviewed analogous facts on Kolmogorov subspaces of
topological spaces. In the presented approach Tp-subsets are introduced
and some of their properties developed.

MML Identifier: TSP_1.

The articles [10], [11], [9], [7], [8], [5], [4], and [3] provide the terminology and
notation for this paper.

1. SUBSPACES

Let Y be a non empty topological structure. We see that the subspace of Y
is a non empty topological structure and it can be characterized by the following
(equivalent) condition:

(Def.1) (i) The carrier of it C the carrier of Y, and
(ii) for every subset Gy of it holds Gy is open iff there exists a subset G of
Y such that G is open and Gy = G N (the carrier of it).

Next we state two propositions:
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(1) Let Y be a non empty topological structure, and let Yy be a subspace
of Y, and let Gy be a subset of Y. Then Gy is open if and only if there
exists a subset G of Y such that G is open and Gy = G N (the carrier of
o).

(2) Let Y be a non empty topological structure, and let Y be a subspace
of Y, and let G be a subset of Y. Suppose G is open. Then there exists
a subset Gg of Yj such that Gy is open and Gy = G N (the carrier of Yjp).

Let Y be a non empty topological structure. We see that the subspace of Y

is a non empty topological structure and it can be characterized by the following
(equivalent) condition:
(Def.2) (i) The carrier of it C the carrier of Y, and
(ii)  for every subset Fy of it holds Fy is closed iff there exists a subset F'
of Y such that F'is closed and Fy = F' N (the carrier of it).
We now state two propositions:

(3) Let Y be a non empty topological structure, and let Yy be a subspace
of Y, and let Fyy be a subset of Y;;. Then Fj is closed if and only if there
exists a subset I’ of Y such that F'is closed and Fy = F' N (the carrier of
o).

(4) Let Y be a non empty topological structure, and let Y be a subspace
of Y, and let F' be a subset of Y. Suppose F is closed. Then there exists
a subset Fj of Yy such that Fj is closed and Fy = F' N (the carrier of Yjp).

2. KOLMOGOROV SPACES

A topological structure is Tp if it satisfies the condition (Def.3).

(Def.3) Let x, y be points of it. Suppose x # y. Then
(i)  there exists a subset V' of it such that V is open and z € V and y ¢ V,
or
(ii)  there exists a subset W of it such that W is open and x ¢ W and
yew.
Let us observe that a non empty topological structure is T} if it satisfies the
condition (Def.4).
(Def.4)  Let z, y be points of it. Suppose = # y. Then
(i)  there exists a subset E of it such that E is closed and z € E and y ¢ E,
or
(ii)  there exists a subset F of it such that F is closed and = ¢ F and y € F.

Let us mention that every non empty topological structure which is trivial is
also Ty and every non empty topological structure which is non T} is also non
trivial.

One can verify that there exists a topological space which is strict Ty and
non empty and there exists a topological space which is strict non Ty and non
empty.



ON KOLMOGOROV TOPOLOGICAL SPACES 121

One can check the following observations:
% every topological space which is discrete is also T,
% every topological space which is non T} is also non discrete,

% every topological space which is anti-discrete and non trivial is also non
TOv

*  every topological space which is anti-discrete and T} is also trivial, and
*  every topological space which is Ty and non trivial is also non anti-
discrete.

Let us observe that a topological space is T if:
(Def.5)  For all points z, y of it such that x # y holds {x} # {y}.
Let us observe that a topological space is Ty if:
(Def.6)  For all points z, y of it such that  # y holds z ¢ {y} or y ¢ {z}.
Let us observe that a topological space is Ty if:
(Def.7)  For all points z, y of it such that z # y and z € {y} holds {y} Z {z}.
One can verify the following observations:
%  every topological space which is almost discrete and T} is also discrete,

*  every topological space which is almost discrete and non discrete is also
non Ty, and
*  every topological space which is non discrete and T is also non almost
discrete.
A Kolmogorov space is a Ty topological space. A non-Kolmogorov space is
a non T topological space.
Let us observe that there exists a Kolmogorov space which is non trivial and
strict and there exists a non-Kolmogorov space which is non trivial and strict.

3. To-SUBSETS

Let Y be a topological structure. A subset of Y is Ty if it satisfies the
condition (Def.8).
(Def.8) Let z, y be points of Y. Suppose z € it and y € it and = # y. Then
there exists a subset V of Y such that V is open and x € V and y ¢ V or
there exists a subset W of Y such that W is open and ¢ W and y € W.
Let Y be a non empty topological structure. Let us observe that a subset of
Y is Tp if it satisfies the condition (Def.9).

(Def.9) Let x, y be points of Y. Suppose z € it and y € it and x # y. Then
(i)  there exists a subset E of Y such that E is closed and z € FE and
y ¢ E, or
(ii)  there exists a subset F' of Y such that F'is closed and = ¢ F and y € F.

Next we state two propositions:
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(5) Let Yp, Y7 be topological structures, and let Dy be a subset of Y, and
let Dy be a subset of Y;. Suppose the topological structure of Yy = the
topological structure of Y7 and Do = Dq. If Dg is Tp, then Dy is Tp.

(6) Let Y be a non empty topological structure and let A be a subset of Y.
Suppose A = the carrier of Y. Then A is T} if and only if Y is Tj.

In the sequel Y will denote a non empty topological structure.

The following propositions are true:

(7)  For all subsets A, B of Y such that B C A holds if A is Ty, then B is
To.

(8)  For all subsets A, B of Y such that A is Ty or B is Ty holds AN B is
To.

(9) Let A, B be subsets of Y. Suppose A is open or B is open. If A is T
and B is Ty, then AU B is T.

(10) Let A, B be subsets of Y. Suppose A is closed or B is closed. If A is
Ty and B is Ty, then AU B is Ty.

(11)  For every subset A of Y such that A is discrete holds A is Ty.

(12)  For every non empty subset A of Y such that A is anti-discrete and A
is not trivial holds A is not Tj.

Let X be a topological space. Let us observe that a subset of X is Ty if:
(Def.10) _ For all points z, y of X such that x € it and y € it and  # y holds
{z} # {y}.
Let X be a topological space. Let us observe that a subset of X is T} if:
(Def.11)  For all points x, y of X such that z € it and y € it and 2 # y holds
x & {y}ory¢{z}.
Let X be a topological space. Let us observe that a subset of X is T if:
(Def.12)  For all points x, y of X such that = € it and y € it and = # y holds if
z € {y}, then {y} Z {z}.

In the sequel X will denote a topological space.
The following two propositions are true:

(13)  Every empty subset of X is Tj.
(14)  For every point x of X holds {z} is Tp.

4. KOLMOGOROV SUBSPACES

Let Y be a non empty topological structure. Observe that there exists a
subspace of Y which is strict and Tj.

Let Y be a non empty topological structure. Let us observe that a subspace
of Y is Ty if it satisfies the condition (Def.13).

(Def.13)  Let x, y be points of Y. Suppose x is a point of it and y is a point of
it and = # y. Then there exists a subset V' of Y such that V is open and
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x €V and y ¢ V or there exists a subset W of Y such that W is open
and z ¢ W and y € W.

Let Y be a non empty topological structure. Let us observe that a subspace
of Y is Ty if it satisfies the condition (Def.14).

(Def.14)  Let x, y be points of Y. Suppose x is a point of it and y is a point of
it and = # y. Then
(i)  there exists a subset E of Y such that E is closed and z € E and
y¢ E, or
(ii) there exists a subset F' of Y such that F'is closed and « ¢ F and y € F.
In the sequel Y denotes a non empty topological structure.
The following propositions are true:

(15)  Let Yj be a subspace of Y and let A be a subset of Y. Suppose A = the
carrier of Yy. Then A is Ty if and only if Yy is Tp.

(16) Let Yy be a subspace of Y and let Y7 be a Tj subspace of Y. If Y} is a
subspace of Y7, then Yy is Tj.

Let X be a topological space. One can check that there exists a subspace of
X which is strict and Tj.

In the sequel X is a topological space.

The following propositions are true:

(17)  For every Ty subspace X; of X and for every subspace X5 of X such
that X7 meets X5 holds X7 N X5 is T.

(18)  For all Ty subspaces X1, Xy of X such that X is open or X, is open
holds X7 U X5 is Tj.
(19)  For all Tj subspaces X1, X2 of X such that X; is closed or Xy is closed
holds X7 U X5 is Ty.
Let X be a topological space. A Kolmogorov subspace of X is a T subspace
of X.
Next we state the proposition

(20) Let X be a topological space and let Ap be a non empty subset of X.
Suppose Ag is Ty. Then there exists a strict Kolmogorov subspace Xg of
X such that Ag = the carrier of Xj.

Let X be a non trivial topological space. One can verify that there exists a
Kolmogorov subspace of X which is proper and strict.

Let X be a Kolmogorov space. Observe that every subspace of X is Tj.

Let X be a non-Kolmogorov space. One can check that every subspace of X
which is non proper is also non Ty and every subspace of X which is T} is also
proper.

Let X be a non-Kolmogorov space. Note that there exists a subspace of X
which is strict and non Tj.

Let X be a non-Kolmogorov space. A non-Kolmogorov subspace of X is a
non Ty subspace of X.

We now state the proposition
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Let X be a non-Kolmogorov space and let Ag be a subset of X. Suppose
Ap is not Ty. Then there exists a strict non-Kolmogorov subspace X of
X such that Ag = the carrier of Xj.
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Summary. Let X be a topological space. X is said to be Ty-space
(or Kolmogorov space) provided for every pair of distinct points z, y € X
there exists an open subset of X containing exactly one of these points
(see [1], [8], [4]). Such spaces and subspaces were investigated in Mizar
formalism in [7]. A Kolmogorov subspace Xy of a topological space X is
said to be mazimal provided for every Kolmogorov subspace Y of X if
X is subspace of Y then the topological structures of Y and X are the
same.

M.H. Stone proved in [10] that every topological space can be made
into a Kolmogorov space by identifying points with the same closure (see
also [11]). The purpose is to generalize the Stone result, using Mizar
System. It is shown here that: (1) in every topological space X there
exists a mazimal Kolmogorov subspace Xo of X, and (2) every mazimal
Kolmogorov subspace Xo of X is a continuous retract of X. Moreover,
if r @ X — Xo is a continuous retraction of X onto a mazximal Kol-
mogorov subspace Xo of X, then r~*(z) = MaxADSet(x) for any point
x of X belonging to Xo, where MaxADSet(x) is a unique mazimal anti-
discrete subset of X containing x (see [5] for the precise definition of the
set MaxADSet(z)). The retraction r from the last theorem is defined
uniquely, and it is denoted in the text by ,,Stone-retraction”. It has the
following two remarkable properties: 7 is open, i.e., sends open sets in X
to open sets in X, and r is closed, i.e., sends closed sets in X to closed
sets in Xp.

These results may be obtained by the methods described by R.H.
Warren in [17].

MML Identifier: TSP_2.

The terminology and notation used here are introduced in the following articles:
[15], [16], [12], [18], [2], [3], [14], [9], [19], [13], [6], [5], and [7].
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1. MAXIMAL Typ-SUBSETS

Let X be a topological space. Let us observe that a subset of X is T if:

(Def.1)  For all points a, b of X such that a € it and b € it holds if a # b, then
MaxADSet(a) N MaxADSet(b) = 0.

Let X be a topological space. Let us observe that a subset of X is T if:
(Def.2)  For every point a of X such that a € it holds it N MaxADSet(a) = {a}.
Let X be a topological space. Let us observe that a subset of X is T if:

(Def.3)  For every point a of X such that a € it there exists a subset D of X
such that D is maximal anti-discrete and it ND = {a}.

Let Y be a topological structure. A subset of Y is maximal T if:
(Def.4) Tt is Tp and for every subset D of Y such that D is Tj and it C D holds
it =D.
Next we state the proposition

(1) Let Yp, Y7 be topological structures, and let Dy be a subset of Y, and
let Dy be a subset of Y;. Suppose the topological structure of Yy = the
topological structure of Y7 and Dy = D;. If Dy is maximal Tg, then Dy is
maximal Tj.

Let X be a topological space. Let us observe that a subset of X is maximal
Ty if:
(Det.5) It is Ty and MaxADSet(it) = the carrier of X.

In the sequel X denotes a topological space.
We now state several propositions:

(2)  For every subset M of X such that M is maximal Ty holds M is dense.

(3)  For every subset A of X such that A is open or closed holds if A is
maximal Tj, then A is not proper.

(4)  Every empty subset of X is not maximal Tp.

(5) Let M be a subset of X. Suppose M is maximal Tj. Let A be a subset
of X. If A is closed, then A = MaxADSet(M N A).

(6) Let M be a subset of X. Suppose M is maximal Tj. Let A be a subset
of X. If A is open, then A = MaxADSet(M N A).

(7)  For every subset M of X such that M is maximal T and for every
subset A of X holds A = MaxADSet(M N A).

(8)  For every subset M of X such that M is maximal T and for every
subset A of X holds Int A = MaxADSet(M NInt A).

Let X be a topological space. Let us observe that a subset of X is maximal
Ty if:
(Def.6)  For every point x of X there exists a point a of X such that a € it and
it NMaxADSet(z) = {a}.
The following two propositions are true:
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(9) For every subset A of X such that A is Tj there exists a subset M of
X such that A C M and M is maximal Tj.

(10)  There exists subset of X which is maximal 7.

2. MAXIMAL KOLMOGOROV SUBSPACES

Let Y be a non empty topological structure. A subspace of Y is maximal T
if:
(Detf.7)  For every subset A of Y such that A = the carrier of it holds A is
maximal Tj.
One can prove the following proposition

(11) Let Y be a non empty topological structure, and let Yy be a subspace
of Y, and let A be a subset of Y. Suppose A = the carrier of Yy. Then A
is maximal Ty if and only if Yy is maximal Tj.

Let Y be a non empty topological structure. Note that every subspace of Y
which is maximal T} is also Ty and every subspace of Y which is non T} is also
non maximal Tj.

Let X be a topological space. Let us observe that a subspace of X is maximal
Ty if it satisfies the conditions (Def.8).

(Def.8) (i) It is Tp, and
(ii)  for every Ty subspace Yy of X such that it is a subspace of Y holds
the topological structure of it = the topological structure of Yj.

In the sequel X will be a topological space.
One can prove the following proposition

(12)  Let Ag be a non empty subset of X. Suppose Ag is maximal Tj. Then
there exists a strict subspace Xg of X such that X, is maximal T and
Ay = the carrier of Xj.

Let X be a topological space. One can verify the following observations:

% every subspace of X which is maximal Ty is also dense,
every subspace of X which is non dense is also non maximal T,
every subspace of X which is open and maximal T} is also non proper,
every subspace of X which is open and proper is also non maximal T},
every subspace of X which is proper and maximal Tj is also non open,
every subspace of X which is closed and maximal T} is also non proper,

* K X X KX K

every subspace of X which is closed and proper is also non maximal T},
and

% every subspace of X which is proper and maximal T} is also non closed.
Next we state the proposition

(13)  Let Yy be a Ty subspace of X. Then there exists a strict subspace X
of X such that Yj is a subspace of Xy and X is maximal Tj.
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Let X be a topological space. Note that there exists a subspace of X which
is maximal Ty and strict.

Let X be a topological space. A maximal Kolmogorov subspace of X is a
maximal T subspace of X.

The following four propositions are true:

(14)  Let Xy be a maximal Kolmogorov subspace of X, and let G be a subset
of X, and let Gy be a subset of Xy. Suppose Gy = G. Then G| is open if
and only if the following conditions are satisfied:

(i) MaxADSet(G) is open, and
(i) Gp = MaxADSet(G) N (the carrier of Xj).
(15)  Let Xy be a maximal Kolmogorov subspace of X and let G be a subset
of X. Then G is open if and only if the following conditions are satisfied:
(i) G =MaxADSet(G), and
(ii)  there exists a subset G of X such that Gy is open and Gy = GN (the
carrier of Xj).

(16)  Let Xy be a maximal Kolmogorov subspace of X, and let F' be a subset
of X, and let Fy be a subset of Xy. Suppose Fy = F. Then Fy is closed if
and only if the following conditions are satisfied:

(i) MaxADSet(F) is closed, and
(ii)  Fo = MaxADSet(F') N (the carrier of Xj).
(17)  Let X be a maximal Kolmogorov subspace of X and let F' be a subset
of X. Then F is closed if and only if the following conditions are satisfied:
(i) F = MaxADSet(F'), and
(ii)  there exists a subset Fjy of X such that Fy is closed and Fy = F'N (the
carrier of Xj).

3. STONE RETRACTION MAPPING THEOREMS

In the sequel X is a topological space and X is a maximal Kolmogorov
subspace of X.
One can prove the following propositions:

(18) Let r be a mapping from X into Xy and let M be a subset of X.
Suppose M = the carrier of Xy. Suppose that for every point a of X

holds M NMaxADSet(a) = {r(a)}. Then r is a continuous mapping from
X into X.

(19)  Let r be a mapping from X into X(. Suppose that for every point a of
X holds r(a) € MaxADSet(a). Then r is a continuous mapping from X
into Xj.

(20)  Let r be a continuous mapping from X into Xy and let M be a subset
of X. Suppose M = the carrier of Xy. If for every point a of X holds
M N MaxADSet(a) = {r(a)}, then r is a retraction.
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(21)  For every continuous mapping r from X into Xy such that for every
point a of X holds r(a) € MaxADSet(a) holds r is a retraction.
(22)  There exists continuous mapping from X into Xy which is a retraction.
(23) X is a retract of X.
Let X be a topological space and let Xy be a maximal Kolmogorov subspace
of X. Stone-retraction of X onto Xy is a continuous mapping from X into X
and is defined as follows:

(Def.9)  Stone-retraction of X onto X is a retraction.
Next we state three propositions:
(24) Let a be a point of X and let b be a point of Xo. If a = b, then
(Stone-retraction of X onto Xg) ~! {b} = {a}.

(25)  For every point a of X and for every point b of X such that a = b holds
(Stone-retraction of X onto Xg) ~! {b} = MaxADSet(a).

(26)  For every subset E of X and for every subset F' of X such that F = FE
holds (Stone-retraction of X onto Xo) ~! F = MaxADSet(E).

Let X be a topological space and let Xy be a maximal Kolmogorov subspace
of X. Then Stone-retraction of X onto X is a continuous mapping from X into
Xp and it can be characterized by the condition:

(Def.10)  Let M be a subset of X. Suppose M = the carrier of Xy. Let a be
a point of X. Then M N MaxADSet(a) = {(Stone-retraction of X onto
Xo)(a)}-

Let X be a topological space and let Xy be a maximal Kolmogorov subspace
of X. Then Stone-retraction of X onto X is a continuous mapping from X into
Xp and it can be characterized by the condition:

(Def.11)  For every point a of X holds (Stone-retraction of X onto Xg)(a) €
MaxADSet(a).

Next we state two propositions:

(27)  For every point a of X holds (Stone-retraction of X onto Xg) ~*
{(Stone-retraction of X onto Xo)(a)} = MaxADSet(a).

(28)  For every point a of X holds (Stone-retraction of X onto X¢)°{a} =
(Stone-retraction of X onto X)° MaxADSet(a).

Let X be a topological space and let Xy be a maximal Kolmogorov subspace
of X. Then Stone-retraction of X onto X is a continuous mapping from X into
Xp and it can be characterized by the condition:

(Def.12)  Let M be a subset of X. Suppose M = the carrier of X,. Let A be
a subset of X. Then M N MaxADSet(A) = (Stone-retraction of X onto
Xp)°A.

The following propositions are true:

(29)  For every subset A of X holds (Stone-retraction of X onto Xg) ~*
(Stone-retraction of X onto X()°A = MaxADSet(A).

(30) For every subset A of X holds (Stone-retraction of X onto Xy)°A =
(Stone-retraction of X onto X)° MaxADSet(A).
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(31) Let A, B be subsets of X. Then (Stone-retraction of X onto X)°(AU
B) = (Stone-retraction of X onto X()°A U (Stone-retraction of X onto
Xo)°B.

(32) Let A, B be subsets of X. Suppose A is open or B is open. Then
(Stone-retraction of X onto Xy)°(A N B) = (Stone-retraction of X onto
Xo)°A N (Stone-retraction of X onto X¢)°B.

(33) Let A, B be subsets of X. Suppose A is closed or B is closed. Then
(Stone-retraction of X onto Xy)°(A N B) = (Stone-retraction of X onto
Xo)°A N (Stone-retraction of X onto X)°B.

(34)  For every subset A of X such that A is open holds (Stone-retraction of
X onto X()°A is open.

(35)  For every subset A of X such that A is closed holds (Stone-retraction
of X onto X()°A is closed.
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Michat Muzalewski
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Summary. The line of points a, b, denoted by a - b and the point
of lines A, B denoted by A - B are defined. A few basic theorems related
to these notions are proved. An inspiration for such approach comes from
so called Leibniz program. Let us recall that the Leibniz program is a
program of algebraization of geometry using purely geometric notions.
Leibniz formulated his program in opposition to algebraization method
developed by Descartes.

MML Identifier: PROJPL_1.

The terminology and notation used in this paper are introduced in the papers
[2] and [1].

1. PROJECTIVE SPACES

In this paper G will denote a projective incidence structure.
Let us consider G. A point of G is an element of the points of G. A line of
G is an element of the lines of G.
We adopt the following rules: a, ay, as, b, by, ba, ¢, d, p, q, r will be points
of Gand A, B, M, N, P, Q, R will be lines of G.
Let us consider G, a, P. We introduce a { P as an antonym of a | P.
Let us consider G, a, b, P. The predicate a,b{ P is defined as follows:
(Def.l) atPandbtP.
Let us consider G, a, P, Q. The predicate a | P, @ is defined as follows:
(Def.2) a|P anda|@.
Let us consider G, a, P, @, R. The predicate a | P, @, R is defined as follows:
(Def.3) a|Panda|@ and a | R.
We now state the proposition

© 1996 Warsaw University - Bialystok
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(1) i) Ifa,b| P, then b,a | P,

(ii)) if a,b,c | P, then a,c,b | P and b,a,c | P and b,c,a | P and ¢,a,b | P
and ¢, b,a | P,

(iii) ifa|P,Q, then a| @, P, and

(iv) ifa]| P,Q,R, then a | P,R,Q and a | Q,P,R and a | Q,R, P and
a|R,P,Q and a | R,Q, P.

A projective incidence structure is configuration if:

(Def.4)  For all points p, ¢q of it and for all lines P, @ of it such that p | P and
g|Pandp| @ and ¢ | @ holds p=qor P =0Q.
We now state three propositions:
(2) G is configuration iff for all p, ¢, P, @ such that p,q | P and p,q | Q
holds p=qg or P = Q.
(3) G is configuration iff for all p, ¢, P, @ such that p | P,Q and ¢q | P,Q
holds p=qg or P = Q.
(4)  The following statements are equivalent
(i) G is a projective space defined in terms of incidence,
(i) G is configuration and for all p, ¢ there exists P such that p,q | P and
there exist p, P such that p{ P and for every P there exist a, b, ¢ such
that a, b, ¢ are mutually different and a,b,c | P and for all a, b, ¢, d, p,
M, N, P, Q such that a,b,p | M and ¢,d,p | N and a,c | P and b,d | Q
and pt P and pt @ and M # N there exists ¢ such that ¢ | P, Q.
An incidence projective plane is a 2-dimensional projective space defined in
terms of incidence.
Let us consider G, a, b, c. We say that a, b and ¢ are collinear if and only if:
(Def.5)  There exists P such that a,b,c | P.
We introduce a, b, ¢ form a triangle as an antonym of a, b and ¢ are collinear.
Next we state two propositions:
(5) @, b and c are collinear iff there exists P such that a | P and b | P and
c|P.
(6) a, b, c form a triangle iff for every P holds a{ P or b{ P or ¢t P.
Let us consider G, a, b, ¢, d. We say that a, b, ¢, d form a quadrangle if and
only if the conditions (Def.6) are satisfied.
(Def.6) (i) a, b, ¢ form a triangle,
(ii) b, ¢, d form a triangle,
(iii) ¢, d, a form a triangle, and
(iv) d, a, b form a triangle.
One can prove the following propositions:
(7) If G is a projective space defined in terms of incidence, then there exist
A, B such that A # B.

(8)  Suppose G is a projective space defined in terms of incidence and a | A.
Then there exist b, ¢ such that b,c | A and a, b, ¢ are mutually different.
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(9) Suppose G is a projective space defined in terms of incidence and a | A
and A # B. Then there exists b such that b | A and bt B and a # b.

(10) If G is configuration and ai1,as | A and a1 # ag and bt A, then aq, as,
b form a triangle.
(11)  Suppose a, b and c are collinear. Then
i) a, cand b are collinear,
ii) b, a and c are collinear,
111) b, c and a are collinear,
) ¢, a and b are collinear, and
) ¢, band a are collinear.

(12)  Suppose a, b, ¢ form a triangle. Then
i) a,c, bform a triangle,
ii) b, a, c form a triangle,
111) b, ¢, a form a triangle,
) ¢, a,bform a triangle, and
) ¢, b, a form a triangle.

(13)  Suppose a, b, ¢, d form a quadrangle. Then

i) a,c, b, d form a quadrangle,
(ii) b, a, ¢, d form a quadrangle,
(iii) b, ¢, a, d form a quadrangle,
(iv) ¢, a, b, d form a quadrangle,
(v) ¢, b, a, dform a quadrangle,
(vi) a, b, d, ¢ form a quadrangle,
(vii) a, ¢, d, b form a quadrangle,
(viii) b, a, d, ¢ form a quadrangle,
(ix) b, ¢, d, a form a quadrangle,
(x) ¢, a,d,bform a quadrangle,
(xi) ¢ b, d, a form a quadrangle,
(xii) a, d, b, ¢ form a quadrangle,
(xiii)  a, d, ¢, b form a quadrangle,
(xiv) b, d, a, ¢ form a quadrangle,
(xv) b, d, ¢, a form a quadrangle,
(xvi) ¢, d, a, b form a quadrangle,
(xvil) ¢, d, b, a form a quadrangle,
(xviil) d, a, b, ¢ form a quadrangle,
(xix) d, a, ¢, b form a quadrangle,
(xx) d, b, a, c form a quadrangle,
(xxi) d, b, ¢, a form a quadrangle,
(xxii) d, ¢, a, b form a quadrangle, and
(xxiii) d, ¢, b, a form a quadrangle.

(14) If G is configuration and aj,ay | A and by,be | B and aj,a2 1 B and
b1,b2 t A and a1 # ag and by # bo, then ay, ag, by, by form a quadrangle.

(15)  Suppose G is a projective space defined in terms of incidence. Then
there exist a, b, ¢, d such that a, b, ¢, d form a quadrangle.
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Let G be a projective space defined in terms of incidence. An element of
f the points of G, the points of G, the points of G, the points of G'{ is called a
quadrangle of G if:
(Def.7)  itq, itg, itg, ity form a quadrangle.
Let G be a projective space defined in terms of incidence and let a, b be
points of G. Let us assume that a # b. The functor a - b yields a line of G and
is defined as follows:

(Def.8) a,b|a-b.
Next we state the proposition
(16) Let G be a projective space defined in terms of incidence, and let a, b

be points of G, and let L be a line of G. Suppose a # b. Then a | a-b and
bla-banda-b=0b-aandifa|L and b| L, then L =a - b.

2. PROJECTIVE PLANES

The following propositions are true:

(17)  If there exist a, b, ¢ such that a, b, ¢ form a triangle and for all p, ¢
there exists M such that p,q | M, then there exist p, P such that pt P.

(18)  If there exist a, b, ¢, d such that a, b, ¢, d form a quadrangle, then there
exist a, b, ¢ such that a, b, ¢ form a triangle.

(19) If a, b, c form a triangle and a,b | P and a,c | Q, then P # Q.

(20) If a, b, ¢, d form a quadrangle and a,b | P and a,c | @Q and a,d | R,
then P, ), R are mutually different.

(21)  Suppose G is configuration and a | P,Q, R and P, @), R are mutually
different and a1 A and p | A,P and ¢ | A,Q and r | A, R. Then p, q, r
are mutually different.

(22)  Suppose that
(i) G is configuration,
(ii)  for all p, g there exists M such that p,q | M,
(ili)  for all P, @ there exists a such that a | P, @, and
(iv)  there exist a, b, ¢, d such that a, b, ¢, d form a quadrangle.
Given P. Then there exist a, b, ¢ such that a, b, ¢ are mutually different
and a,b,c | P.
(23) G is an incidence projective plane if and only if the following conditions
are satisfied:
(i) G is configuration,
(ii)  for all p, g there exists M such that p,q | M,
(iii)  for all P, @ there exists a such that a | P, @, and
(iv)  there exist a, b, ¢, d such that a, b, ¢, d form a quadrangle.

We adopt the following convention: G will denote an incidence projective
plane, a, ¢ will denote points of GG, and A, B will denote lines of G.
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Let us consider G, A, B. Let us assume that A # B. The functor A- B yields
a point of G and is defined by:
(Def9) A-B|A,B.
Next we state two propositions:
(24) TfA#DB,then A-B|Aand A-B|Band A-B=B-Aandifa| A
and a | B, then a = A - B.
(25) IfA# Banda|Aand gt Aand a# A- B, then ¢g-a-B | B and
qg-a-B1A.

3. SOME USEFUL PROPOSITIONS

We adopt the following convention: GG denotes a projective space defined in
terms of incidence and a, b, ¢, d denote points of G.
We now state two propositions:
(26) If a, b, c form a triangle, then a, b, ¢ are mutually different.
(27) If a, b, ¢, d form a quadrangle, then a, b, ¢, d are mutually different.

In the sequel G will be an incidence projective plane.
One can prove the following propositions:

(28)  For all points a, b, ¢, d of G such that a-c=0-d holds a =corb=d
orc=dora-c=c-d.

(29)  For all points a, b, ¢, d of G such that a-c=0-d holds a =corb=d
orc=doralc-d.

(30) Let G be an incidence projective plane, and let e, m, m’ be points of
G, and let I be a line of G. If m | I and m' | [ and m # m’ and e { I,
thenm-e#m'-eande-m #e-m'.

(31) Let G be an incidence projective plane, and let e be a point of G, and
let I, Ly, Ly be lines of G. If e | Ly and e | Ly and Ly # Ly and e ¢ I,
then I - Ly #1-Loand Ly -1 # Lo - 1.

(32) Let G be a projective space defined in terms of incidence and let a, b,
q, q1 be points of G. If ¢ | a-band q | a-¢q; and ¢ # a and ¢; # a and
a#b,then q1 | a-b.

(33) Let G be a projective space defined in terms of incidence and let a, b,
c be points of G. If c|a-band a # ¢, then b | a - c.

(34) Let G be an incidence projective plane, and let q1, g2, 71, 72 be points
of G, and let H be a line of G. If ry # ro and r1 | H and r9 | H and
q11 H and g2 1 H, then ¢1 - 11 # g2 - 2.

(35)  For all points a, b, ¢ of G such that a | b-c holds a = ¢ or b = ¢ or
b|c-a.

(36)  For all points a, b, ¢ of G such that a | b-c holds b = a or b = ¢ or
c|b-a.
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(37) Let e, x1, z2, p1, p2 be points of G and let H, I be lines of G. Suppose
x1 | lTand 2o | I and e | H and et and x1 # 22 and p; # e and py # €
and py | e-x1 and py | e - z9. Then there exists a point r of G such that
r|p1-p2and r | H and r # e.
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Summary. A graph is simple when

e it is non-directed,
e there is at most one edge between two vertices,
e there is no loop of length one.

A formalization of simple graphs is given from scratch. There is already
an article [9], dealing with the similar subject. It is not used as a starting-
point, because [9] formalizes directed non-empty graphs. Given a set of
vertices, edge is defined as an (unordered) pair of different two vertices
and graph as a pair of a set of vertices and a set of edges.

The following concepts are introduced:

simple graph structure,

the set of all simple graphs,

equality relation on graphs.

the notion of degrees of vertices; the number of edges connected to,
or the number of adjacent vertices,

the notion of subgraphs,

path, cycle,

complete and bipartite complete graphs,

Theorems proved in this articles include:

the set of simple graphs satisfies a certain minimality condition,
equivalence between two notions of degrees.

MML Identifier: SGRAPH1.

The terminology and notation used in this paper have been introduced in the
following articles: [13], [1], [4], [6], [7], [2], [3], [8], [5], [11], [10], and [12].
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1. PRELIMINARIES

Let m, n be natural numbers. The functor [m, n]y yields a finite subset of N
and is defined by:
(Def.1)  [m,n]x = {i:1i ranges over natural numbers, m <1i A i < n}.
The following propositions are true:
(1)  For all natural numbers m, n holds [m, n]y = {7 : i ranges over natural
numbers, m <i A i < n}.

(2)  Let m, n be natural numbers and let e be arbitrary. Then e € [m,n]y
if and only if there exists a natural number i such that e = ¢ and m < ¢
and 7 < n.

For all natural numbers m, n, k holds k € [m,n|y iff m < k and k < n.
For every natural number n holds [1,n|y = Segn.

For all natural numbers m, n such that 1 < m holds [m,n|y C Segn.
For all natural numbers k, m, n such that k& < m holds Seg kN[m,nly =

(7)  For all natural numbers m, n such that n < m holds [m,n]y = 0.

Let A, B be sets and let f be a function from A into B. We say that f is
onto if and only if:
(Def.2) rngf = B.
Let A, B be sets and let f be a function from A into B. We say that f is
bijective if and only if:
(Def.3)  f is one-to-one and onto.
One can prove the following proposition
(8)  For every finite set z holds card z = 2 iff there exist arbitrary x, y such
that x € z and y € z and = # y and z = {x,y}.
Let A be a set. The functor TwoElementSets(A) yields a set and is defined
by:
(Def.4)  TwoElementSets(A) = {z : z ranges over finite elements of 24, card z =
2}.
The following propositions are true:
(9)  For every set A and for arbitrary e holds e € TwoElementSets(A) iff
there exists a finite subset z of A such that e = z and card z = 2.
(10) Let A be a set and let e be arbitrary. Then e € TwoElementSets(A) if
and only if the following conditions are satisfied:
(i) e is a finite subset of A, and
(ii)  there exist arbitrary z, y such that z € A and y € A and = # y and
e ={z,y}.
(11)  For every set A holds TwoElementSets(A) C 24.
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(12) For every set A and for arbitrary e;, es such that {e;,es} €
TwoElementSets(A) holds e; € A and ez € A and e1 # es.

(13)  TwoElementSets(0) = 0.

(14)  For all sets ¢, uw such that ¢ C wu holds TwoElementSets(t) C
TwoElementSets(u).

(15)  For every finite set A holds TwoElementSets(A) is finite.
(16)  For every non trivial set A holds TwoElementSets(A) is non empty.
(17)  For arbitrary a holds TwoElementSets({a}) = 0.

Let a be a set.

(Det.5)  ¢(a) is an empty subset of TwoElementSets(a).

Let X be an empty set. Observe that every subset of X is empty.
In the sequel X will be a set.

2. SIMPLE GRAPHS

We introduce simple graph structures which are systems
( SVertices, SEdges ),

where the SVertices constitute a set and the SEdges constitute a subset of
TwoElementSets(the SVertices).

Let X be a set. The functor SimpleGraphs(X) yields a non empty set and
is defined as follows:

(Def.6)  SimpleGraphs(X) = {(v, e) : v ranges over finite subsets of X, e ranges
over finite subsets of TwoElementSets(v)}.

Next we state the proposition
(19)Y (0, ¢(0)) € SimpleGraphs(X).
Let X be a set. A strict simple graph structure is said to be a simple graph
of X if:
(Def.7) It is an element of SimpleGraphs(X).
Next we state two propositions:

(20)  SimpleGraphs(X) = {(v, e) : v ranges over finite subsets of X, e ranges
over finite subsets of TwoElementSets(v)}.

(21) Let g be arbitrary. Then g € SimpleGraphs(X) if and only if there
exists a finite subset v of X and there exists a finite subset e of
TwoElementSets(v) such that g = (v, e).

!The proposition (18) has been removed.
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3. EQUALITY RELATION ON SIMPLE GRAPHS

One can prove the following propositions:

(23)2 For every simple graph g of X holds the SVertices of ¢ C X and the
SEdges of g C TwoElementSets(the SVertices of g).

(24)  For every simple graph g of X holds g = (the SVertices of g, the SEdges
of g).

(25)  Let g be a simple graph of X and let e be arbitrary. Suppose e € the
SEdges of g. Then there exist arbitrary vy, v such that v; € the SVertices
of g and vg € the SVertices of g and vy # vy and e = {v1, va}.

(26) Let g be a simple graph of X and let vy, v be arbitrary. Suppose
{v1,v2} € the SEdges of g. Then v; € the SVertices of g and vy € the
SVertices of g and vy # vs.

(27)  Let g be a simple graph of X. Then

(i)  the SVertices of g is a finite subset of X, and

(ii)  the SEdges of g is a finite subset of TwoElementSets(the SVertices of
9)-

Let us consider X and let G, G’ be simple graphs of X. We say that G is

isomorphic to G’ if and only if the condition (Def.8) is satisfied.
(Def.8)  There exists a function Fj from the SVertices of G into the SVertices

of G’ such that

(i)  Fy is bijective, and

(ii)  for all elements vy, ve of the SVertices of G holds {v1,v2} € the SEdges
of G iff {Fy(v1), F1(v2)} € the SEdges of G.

4. PROPERTIES OF SIMPLE GRAPHS

The scheme IndSimpleGraphs0 concerns a set A and a unary predicate P,
and states that:
For arbitrary G such that G € SimpleGraphs(.A) holds P[G]
provided the parameters satisfy the following conditions:
o PO, (1)),
e Let g be a simple graph of A and let v be arbitrary. Suppose
g € SimpleGraphs(A) and P[g] and v € A and v ¢ the SVertices of
g. Then P[((the SVertices of g)U{v}, ¢((the SVertices of g)U{v}))],
e Let g be a simple graph of A and let e be arbitrary. Suppose P|¢]
and e € TwoElementSets(the SVertices of g) and e ¢ the SEdges of
g. Then there exists a subset s; of TwoElementSets(the SVertices
of g) such that s; = (the SEdges of g) U {e} and P[(the SVertices
of 9, 51>]‘

2The proposition (22) has been removed.
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We now state three propositions:

(28)  Let g be a simple graph of X. Then g = (0, $())) or there exists a set
v and there exists a subset e of TwoElementSets(v) such that v is non
empty and g = (v, e).

(30)3 Let V be a subset of X, and let E be a subset of TwoElementSets(V),
and let n be arbitrary, and let E; be a finite subset of TwoElementSets(V'U
{n}). If (V,E) € SimpleGraphs(X) and n € X and n ¢ V, then (V U
{n}, E1) € SimpleGraphs(X).

(31) Let V be a subset of X, and let E be a subset of TwoElementSets(V),
and let vy, vy be arbitrary. Suppose v1 € V and vy € V and v; # v
and (V,E) € SimpleGraphs(X). Then there exists a finite subset vs
of TwoElementSets(V) such that vs = E U {{vi,v2}} and (V,vs3) €
SimpleGraphs(X).

Let X be a set and let G be a set. We say that (g1 is a set of simple graphs
of X if and only if the conditions (Def.9) are satisfied.

(Def9) () (0, 6(0)) € Gy,
(ii) for every subset V' of X and for every subset E of TwoElementSets(V')
and for arbitrary n and for every finite subset £ of TwoElementSets(V U
{n}) such that (V,FE) € Gy and n € X and n ¢ V holds (V U{n}, E;) €
G, and
(iii)  for every subset V of X and for every subset E of TwoElementSets(V')
and for arbitrary vi, vy such that (V,E) € G; and vy € V and
vy € V and v; # v9 and {v1,v2} ¢ FE there exists a finite subset v3
of TwoElementSets(V') such that v3 = E'U {{vy,v2}} and (V,v3) € Gy.

One can prove the following propositions:

(32) For arbitrary g¢; such that g; is a set of simple graphs of X holds
(@,0(0)) € 9.

(33) Let Gy be arbitrary. Suppose G is a set of simple graphs of X. Let V
be a subset of X, and let E be a subset of TwoElementSets(V'), and let n
be arbitrary, and let E; be a finite subset of TwoElementSets(V U {n}).
If (V,E) € Gy andn € X and n ¢ V, then (V U{n}, E1) € G;.

(34) Let G; be arbitrary. Suppose G is a set of simple graphs of X. Let
V' be a subset of X, and let E be a subset of TwoElementSets(V'), and
let v1, vy be arbitrary. Suppose (V,E) € G; and v1 € V and vy € V
and vy # vy and {v1,v2} ¢ E. Then there exists a finite subset v3 of
TwoElementSets(V') such that v3 = EU {{v1,v2}} and (V,v3) € G1.

(35)  SimpleGraphs(X) is a set of simple graphs of X.

(36) For arbitrary O; such that O; is a set of simple graphs of X holds
SimpleGraphs(X) C O;.

(37)  SimpleGraphs(X) is a set of simple graphs of X and for arbitrary O4
such that Oy is a set of simple graphs of X holds SimpleGraphs(X) C O;.

3The proposition (29) has been removed.
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5. SUBGRAPHS

Let X be a set and let G be a simple graph of X. A simple graph of X is
called a subgraph of G if:

(Def.10)  The SVertices of it C the SVertices of G and the SEdges of it C the
SEdges of G.

6. DEGREE OF VERTICES

Let X be a set, let G be a simple graph of X, and let v be arbitrary. Let us
assume that v € the SVertices of G. The functor degree(G, v) yielding a natural
number is defined by:

(Def.11)  There exists a finite set X such that for arbitrary z holds z € X iff
z € the SEdges of G and v € z and degree(G,v) = card X.

One can prove the following propositions:

(38) Let G be a simple graph of X and let v be arbitrary. Suppose v € the
SVertices of G. Then there exists a finite set Y such that for arbitrary z
holds z € Y iff z € the SEdges of G and v € z and degree(G,v) = card Y.

(39) Let X be a non empty set, and let G be a simple graph of X, and
let v be arbitrary. Suppose v € the SVertices of G. Then there exists a
finite set wy such that wy = {w : w ranges over elements of X, w € the
SVertices of G A {v,w} € the SEdges of G} and degree(G,v) = card w;.

(40) Let X be a non empty set, and let g be a simple graph of X, and let v
be arbitrary. Suppose v € the SVertices of g. Then there exists a finite
set V; such that V; = the SVertices of g and degree(g,v) < card V;.

(41)  Let g be a simple graph of X and let v, e be arbitrary. Suppose v € the
SVertices of g and e € the SEdges of g and degree(g,v) = 0. Then v ¢ e.

(42)  Let g be a simple graph of X, and let v be arbitrary, and let v4 be a finite
set. Suppose vy = the SVertices of g and v € vy and 1 + degree(g,v) =
card vg. Let w be an element of vy. If v # w, then there exists arbitrary
e such that e € the SEdges of g and e = {v, w}.

7. PATH AND CYCLE

Let X be a set, let g be a simple graph of X, let v1, v2 be elements of the
SVertices of g, and let p be a finite sequence of elements of the SVertices of g.
We say that p is a path of v; and v9 if and only if the conditions (Def.12) are
satisfied.
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(Def12) () p(1) = vy,
(ii)  p(lenp) = vy,
(iii)  for every natural number i such that 1 < ¢ and ¢ < lenp holds
{p(i),p(i + 1)} € the SEdges of g, and
(iv)  for all natural numbers 4, j such that 1 < i and i < lenp and i < j
and j <lenp holds p(i) # p(j) and {p(i), p(i + 1)} # {p(j), p(j + 1)}.
Let X be a set, let g be a simple graph of X, and let vy, vo be elements of the
SVertices of g. The functor Paths(vy,v9) yields a subset of (the SVertices of g)*
and is defined by:
(Def.13)  Paths(vi,va) = {s2 : s2 ranges over elements of (the SVertices of g)*,
s9 is a path of v; and wvy}.
One can prove the following three propositions:

(43) Let g be a simple graph of X and let vy, vy be elements of the
SVertices of g. Then Paths(vi,ve2) = {sy : sy ranges over elements of
(the SVertices of g)*, so is a path of v; and vs}.

(44)  Let g be a simple graph of X, and let vy, vo be elements of the SVertices
of g, and let e be arbitrary. Then e € Paths(vq,v9) if and only if there
exists an element sy of (the SVertices of g)* such that e = s and s5 is a
path of v1 and vs.

(45)  Let g be a simple graph of X, and let vy, vy be elements of the SVertices
of g, and let e be an element of (the SVertices of g)*. If e is a path of v;
and vy, then e € Paths(vy, v9).

Let X be a set, let g be a simple graph of X, and let p be arbitrary. We say
that p is a cycle of g if and only if:

(Def.14)  There exists an element v of the SVertices of g such that p € Paths(v, v).

8. SOME FAMOUS GRAPHS

Let n, m be natural numbers. The functor K, , yielding a simple graph of
N is defined by the condition (Def.16).

(Def.16)* There exists a subset ez of TwoElementSets(Seg(m -+ n)) such that
es = {{i,j} : i ranges over elements of N, j ranges over elements of N,
ieSegm A je[m+1,m+n]y}and Ky, = (Seg(m + n), es).

Let n be a natural number. The functor K,, yields a simple graph of N and
is defined by the condition (Def.17).

(Def.17)  There exists a finite subset e3 of TwoElementSets(Seg n) such that e3 =
{{i,7} : i ranges over elements of N, j ranges over elements of N, i €
Segn A j€Segn A i#j}and K, = (Segn,es).

The simple graph TriangleGraph of N is defined by:

(Def.18)  TriangleGraph = K.

“The definition (Def.15) has been removed.
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One can prove the following propositions:

(46)
(47)
(48)

(49)

[1]
2]

3]

[4]
[5]

(6]
[7]
8]
[10]
[11]
[12]

[13]

There exists a subset ez of TwoElementSets(Seg3) such that ez =
{{1,2},{2,3},{3,1}} and TriangleGraph = (Seg 3, e3).

The SVertices of TriangleGraph = Seg3 and the SEdges of
TriangleGraph = {{1,2},{2,3},{3,1}}.

{1,2} € the SEdges of TriangleGraph and {2,3} € the SEdges of
TriangleGraph and {3,1} € the SEdges of TriangleGraph.

(1) ~(2) = (3) = (1) is a cycle of TriangleGraph.
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The articles [7], [13], [3], [4], [11], [6], [5], [2], [1], [9], [10], [8], and [12] provide
the terminology and notation for this paper.

In this paper G denotes a group and ¢ denotes a natural number.

A group is solvable if it satisfies the condition (Def.1).

(Def.1)  There exists a finite sequence F of elements of SubGrit such that
(i) lenF >0,
() F(1) =
(iii) F(len F) = {1}y, and
(iv)  for every i such that i € dom F' and i 4+ 1 € dom F' and for all strict
subgroups G1, G of it such that Gy = F(i) and G = F(i 4+ 1) holds G4
is a strict normal subgroup of G; and for every normal subgroup N of G
such that N = G9 holds & /N is commutative.

One can check that there exists a group which is solvable and strict.

One can prove the following propositions:

(1) Let G be a strict group and let H, Fy, F» be strict subgroups of G.
Suppose F} is a normal subgroup of F5. Then F}NH is a normal subgroup
of Fo N H.

(2) Let G be a strict group, and let F; be a strict subgroup of G, and let F}
be a strict normal subgroup of F5, and let a, b be elements of F5. Then
a'Fl-(b-Fl) :(a-b)~F1.

(3) Let G be a strict group, and let H, F; be strict subgroups of G, and let
F1 be a strict normal subgroup of Fy, and let G5 be a strict subgroup of
G. Suppose Go = H N F5. Let G1 be a normal subgroup of Go. Suppose
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G1 = H N Fy. Then there exists a subgroup G3 of 2/, such that 2/q,
and (3 are isomorphic.

(4) Let G be a strict group, and let H, F3 be strict subgroups of G, and let
F1 be a strict normal subgroup of Fy, and let G5 be a strict subgroup of
G. Suppose Gy = F, N H. Let G1 be a normal subgroup of G5. Suppose
G1 = F; N H. Then there exists a subgroup G3 of 2 /p, such that ©2/q,
and ('3 are isomorphic.

(5)  For every solvable strict group G holds every strict subgroup of G is
solvable.

(6) Let G be a strict group. Given a finite sequence F' of elements of

SubGr G such that
(i) lenF >0,

(i)  F(1) = Qq,

(ili)) F(len F)={1}¢, and

(iv)  for every ¢ such that ¢ € dom F' and i + 1 € dom F' and for all strict
subgroups G1, G of G such that G; = F (i) and Gy = F (i + 1) holds G2
is a strict normal subgroup of G1 and for every normal subgroup N of G
such that N = Go holds ©'/y is a cyclic group.
Then G is solvable.

(7)  Every strict commutative group is strict and solvable.

Let GG, H be strict groups, let g be a homomorphism from G to H, and let
A be a subgroup of G. The functor g | A yielding a homomorphism from A to
H is defined as follows:

(Def.2) gl A= g (the carrier of A).
Let GG, H be strict groups, let g be a homomorphism from G to H, and let
A be a subgroup of G. The functor g°A yields a strict subgroup of H and is
defined as follows:
(Def.3)  ¢g°A=Im(gl A).
Next we state a number of propositions:
(8) Let G, H be strict groups, and let g be a homomorphism from G to H,
and let A be a subgroup of G. Then rng(g | A) = g°(the carrier of A).
(9) Let G, H be strict groups, and let g be a homomorphism from G to H,
and let A be a strict subgroup of G. Then the carrier of g°A = ¢°(the
carrier of A).
(10) Let G, H be strict groups, and let h be a homomorphism from G to H,
and let A be a strict subgroup of G. Then Im(h | A) is a strict subgroup
of Im h.
(11) Let G, H be strict groups, and let h be a homomorphism from G to
H, and let A be a strict subgroup of G. Then h°A is a strict subgroup of
Imh.

(12)  For all strict groups G, H and for every homomorphism A from G to H
holds h°({1}¢) = {1}y and h°(Qg) = Qump-



(13)

(1]
2]
3]
[4]
[5]
(6]
[7]
8]

[9]
[10]

[11]
[12]

[13]

SOLVABLE GROUPS 147

Let G, H be strict groups, and let A be a homomorphism from G to H,
and let A, B be strict subgroups of G. If A is a subgroup of B, then h°A
is a subgroup of h°B.

Let G, H be strict groups, and let A be a homomorphism from G to H,
and let A be a strict subgroup of GG, and let a be an element of G. Then
h(a)-h°A=h°(a-A) and h°A - h(a) = h°(A - a).

Let G, H be strict groups, and let A be a homomorphism from G to H,
and let A, B be subsets of G. Then h°A - h°B = h°(A - B).

Let GG, H be strict groups, and let h be a homomorphism from G to
H, and let A, B be strict subgroups of G. Suppose A is a strict normal
subgroup of B. Then h°A is a strict normal subgroup of h°B.

Let G, H be strict groups and let h be a homomorphism from G to H.
If G is a solvable group, then Im h is solvable.
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