FORMALIZED MATHEMATICS

Volume 4, Number 1, 1993
Université Catholique de Louvain

Many-sorted Sets

Andrzej Trybulec
Warsaw University
Bialystok

Summary. The article deals with parameterized families of sets.
When treated in a similar way as sets (due to systematic overloading
notation used for sets) they are called many sorted sets. For instance, if
z and X are two many-sorted sets (with the same set of indices I) then
relation £ € X is defined as Vierz: € X;.

I was prompted by a remark in a paper by Tarlecki and Wirsing:
”Throughout the paper we deal with many-sorted sets, functions, rela-
tions etc. ... We feel free to use any standard set-theoretic notation
without explicit use of indices” [3, p.97]. The aim of this work was to
check the feasibility of such approach in Mizar. It works.

Let us observe some peculiarities:

- empty set (i.e. the many sorted set with empty set of indices) be-
longs to itself (theorem 133),

- we get two different inclusions X C Y iff V;erX; C Y; and X CY
iff Vox € X = 2 € Y equivalent only for sets that yield non empty
values.

Therefore the care is advised.

MMUL Identifier: PBOOLE.

The articles [5], [1], [4], and [2] provide the terminology and notation for this
paper.

1. PRELIMINARIES

In the sequel ¢, e will be arbitrary.
A function is empty yielding if:
(Def.1)  For every ¢ such that ¢ € dom it holds it(7) is empty.
A function is non empty set yielding if:
(Def.2)  For every i such that ¢ € dom it holds it(7) is non empty.
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E Next we state two propositions:
é' e (1) For every function f such that f is non empty yielding holds rng f has
| o non empty elements.
(2)  For every function f holds f is empty yielding iff f=0ormmgf={0}.
In the sequel I denotes a set.
S Let us consider I. A function is said to be a many sorted set of I if:
""‘:,‘;;f(Def.3) domit = I.
i =z In the sequel z, y, z, X, Y, Z, V are many sorted sets of I.
3 The scheme Kuratowski Function deals with a set A and a unary functor 7
' yielding arbitrary, and states that:
. There exists a many sorted set f of A such that for every e such
that e € A holds f(e) € F(e)
' provided the following requirement is met:
o For every e such that e € A holds F(e) # 0.
, Let us consider I, X,Y. The predicate X € Y is defined by:
-z (Def.4)  For every i such that ¢ € I holds X () € Y (7).
»  The predicate X CY is defined by:
(Def.5)  For every ¢ such that 4 € I holds X () C Y (3).
4 The scheme PSeparation deals with a set A, a many sorted set B of A, and
| " a binary predicate P, and states that:
There exists a many sorted set X of A such that for every set :
holds if i € A, then for every e holds e € X (¢) iff e € B(i) and
Pli,e]
for all values of the parameters.
~ One can prove the following proposition

(3) If for every i such that ¢ € I holds X (¢) = Y(7), then X =Y.
Let us consider I. The functor (7 yields a many sorted set of I and is defined
by:
(Def.6) Oy =1+ 0.
Let us consider X, Y. The functor X UY yielding a many sorted set of I is
defined by:
(Def.7)  For every ¢ such that ¢ € I holds (X UY)(¢) = X (i) U Y (4).
The functor X NY yielding a many sorted set of I is defined by:
(Def.8)  For every i such that ¢ € I holds (X NY)(i) = X (1) N Y (3).
The functor X \ Y yields a many sorted set of I and is defined as follows:
(Def.9)  For every i such that 4 € I holds (X \ Y)(4) = X(v) \Y(q).
We say that X overlaps Y if and only if:
(Def.10)  For every ¢ such that ¢ € J holds X (7) meets Y (4).
We say that X misses Y if and only if:
(Def.11)  For every i such that ¢ € I holds X (¢) misses Y (2).




MANY-SORTED SETS

Let us consider I, X, Y. The functor X Y yielding a many sorted set of I
is defined as follows: ‘

(Def.12) XY =(X\Y)U(Y\X).
Next we state several propositions:
(4)  For every 7 such that 7 € I holds (X ~Y)(¢) = X (3)=Y (i).
(5) For every i such that ¢ € I holds 07(3) = 0
(6) If for every ¢ such that ¢ € I holds X (i) = §, then X = {;.
() HzeXorzeY,thenze XUY.
(8) zeXnYifze X andzeY.
(9) HzeX and X CY,thenz €Y.
(10) Ifz € X and z €Y, then X overlaps Y.
(11) If X overlaps Y, then there exists # such that z € X and z € Y.
(12) IfzeX\Y, thenzeX.

2. LATTICE PROPERTIES OF MANY SORTED SETS

One can prove the following proposition
(13) X C X.
Let us consider I, X, Y. Let us observe that X Y if and only if:
(Def13) X CYandY C X.
Next we state a number of propositions:
(14) X CYandY C X, then X =Y.
(15) TXCYandY C Z, then X C Z.
(1I6) XCXUYandY CXUY.
(17) XnYCXand XNY CY.
(18) TXCZandY C Z,then XUY C Z.
(19) HZCXand ZCY,then ZC XNY.
(200 EXCY,then XUZCYUZand ZUX C ZUY.
(21) EXCY,then XNnZCYNZand ZNXC ZNY.
(22) HXCYand ZCV,then XUZCYUYV.
(23) IfXCYand ZCV,then XNZCYNV.
(24) FXCY,then XUY=YandYUX =Y.
(25) HXCY,then XNY=XandYNX=2X.
(26) XNYCXUuUZ
(27) KX CZ,then XUYNZ=(XUY)NZ.
(28) X=YUZiff Y C X and Z C X and for every V such that YCV
and Z CV holds X C V.
(29) X=YNnZiff X CY and X C Z and for every V such that V C Y
and V C Z holds V C X.
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XuX=X.

XnX=X.

XUuY=YUX.

Xny=YnX.

(XuY)uz=xu(uz).

(XNY)nZ=Xn(nN2Z).
XNn(XUY)=Xand (XUY)NX =X and X N(YUX) =X and

(YUuX)nX =X,

5 (37" XUXAY =Xand XNYUX = X and XUY N X = X and

‘ . (38)
S 69)
C T o)
“(41)
S )
" (43)
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(47)
(48)

(49)
(50)
(51)
(52)
(53)
(54)
(55)
(56)
(57)

YNXuX=X.

Xn(Yuz)=XnYuXnZand YUZ)NX=YNXUZNX.
XuYnzZ=(XuY)n(XuZ)andYNZUX =(YUX)N(ZUX).
FXNYUXNZ=X,then XCYUZ
F(XUuY)n(XUZ)=X,thenYNZCX.
XNYuYnzuznX=(XuY)n¥uz)n(ZuX).
FfXUYCZ,then XCZandY C Z.
FXCYNZ,then X CY and X C Z.
(XUY)UZ:X&MHMYUZ)deuﬁmuQ:(XuYﬂMXUZ)
(Xn}jnz=aXnZn(YnzydeTWYnZ):QXnYﬁWXnZ)
XU(XUuY)=XUYand XUYUY =XUY.
Xn(XnY)=XnYad XNYNY=XnNY.

3. TeE EMPTY MANY SORTED SET

Next we state several propositions:

fr C X.

If X C 0z, then X = 0;.
IfXQYa,nngZandYﬂZZ(bI,thenXZQI.
EXCYandYNZ=0;,then XNZ =05
XUf;=XandfyUuX =X.

I XUY = 0y, then X = 07 and Y = 0.
XNn@y=0rand 07N X = 07

FXCYUZand XNZ=0pthén X CY.
FYCXand XNY =0r, thenY = {y.
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4. THE DIFFERENCE AND THE SYMMETRIC DIFFERENCE

We now state a number of propositions:

(58)
(59)
(60)
(61)
(62)
(63)
(64)
(65)
(66)
(67)
(68)
(69)
(70)
(71)
(72)
(73)
(74)
(75)
(76)
(77)
(78)
(79)
(80)
(81)
(82)
(83)
(84)
(85)
(86)
(87)
(88)
(89)
(90)
(91)
(92)

X\Y=0;iff X CY.
FXCY, then X\ZCY\Z
IfXCY,then Z\Y C Z\ X.

X CYand ZCV,then X\VCY\Z
X\YCX.

If X CY\X, then X = §;.

X\ X =0;.

X\p;=X

0r\ X =0;.

X\(XUY)=0rand X\(YUX) =
XN¥\Z2)=XnY\Z

(X\Y)NY =0rand Y N(X\Y) =
X\(Y\Z2)=(X\Y)uXnZ
(X\Y)uXNnNY=Xand XNYU(X\Y)=
FEXCY,thenY=XU({¥ \X)and Y = (Y \ X)UX.
XU\X)=XuYand (Y\X)UX =Y UX.
X\(X\Y)=XnY.
X\YnZ=(X\Y)u(X\2Z2).
X\XNY=X\Yand X\YNX=X\Y.
XNY =0, iff X\¥ = X.

(XUY)\ Z=(X\Z)U(Y\2).
X\Y\Z=X\(YUu2).
XNY\Z=(X\Z)n(Y\ 2).
(XUY)\Y =X \Y.
FXCYUZ then X\YCZand X\ZCY.
(XUY)\XnY =(X\Y)U(Y \X).
X\Y\¥=X\Y.
X\(Yuz)=(X\Y)n(X\2).
FX\Y=Y\X,then X =Y.

XN(Y\Z)=XnY\XNZand (Y\2Z)NX = YﬂX\ZnX

FX\YCZ then X CYUZ.
X\Y CXx-Y.

XY =(X\Y)u(Y\X).
X-d=Xand f;-X=X. -
X—:-XZQI.
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X-Y=Y-X.

XUY =(X=Y)uXnY.

XY = (XUY)\XnY.
(X=YV)\Z=(X\(YUZ)uI\(XU2)).
X\Y=2)=(X\Yuz)uxnynz
(X=-Y)+Z =X=(Y=7).
FX\YCZandY \XCZ, then X=Y C Z.
XUuY=X=(Y\X)

XnY =X+(X\Y).

X\Y =X=XnY.

Y\ X = X~(XUY).
XuY=X=-Y=-XnY.

XNY = X-Y=(XUY).

5. MEETING AND OVERLAPPING

The following propositions are true:

(106)
(107)
(108)
(109)
(110)

(111)
©(112)
(113)
(114)

(115)
(116)
(117)
(118)
(119)
(120)
(121)
(122)
(123)
(124)

If X overlaps Y or X overlaps Z, then X overlaps Y U Z.

If X overlaps Y, then Y overlaps X.

If X overlaps Y and Y C Z, then X overlaps Z.

If X overlaps Y and X C Z, then Z overlaps Y.

If X CY and Z CV and X overlaps Z, then Y overlaps V.
If X overlaps Y N Z, then X overlaps Y and X overlaps Z .
If X overlaps Z and X C V, then X overlaps ZN V.

If X overlaps Y \ Z, then X overlaps Y.

K'Y does not overlap Z, then X NY does not overlap XN Z and ¥Y' N X
does not overlap Z N X.

If X overlaps Y \ Z, then Y overlaps X \ Z.

If X meets Y and Y C Z, then X meets Z.

If X meets Y, then Y meets X.

Y misses X \ Y.

X NY misses X \Y.

X NY misses X =Y.

If X misses Y, then X NY = ;.

If X # 0r, then X meets X.

If XCY and X C Z and Y misses Z, then X = Or.

IfZUV = XUY and X misses Z and Y misses V, thken X =V and
Y =72 '
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(125) HZUV =XUY and Y misses Z and X misses V,then X = Z and
Y=V ‘

(126) If X misses Y, then X\Y =X and Y\ X =Y.

(127) If X misses Y, then (X UY)\Y = X and (XUY)\ X =Y.

(128) If X \Y = X, then X misses Y and ¥ misses X.

(129) X \Y misses Y \ X.

6. THE SECOND INCLUSION

Let us consider I, X, Y. The predicate X C Y is defined as follows:
(Def.14)  For every z such that z € X holds z € Y.
The following three propositions are true:
(130) I X CY,then XCY.
(131) XCX.
(132) EXLCYandY C Z, then X C Z.

7. NoN EMPTY AND NON-EMPTY MANY SORTED SETS

The following propositions are true:
(133) 0y € 0.
(134)  For every many sorted set X of § holds X = .

We follow a convention: I will be a non empty set and z, X, Y, Z will be
many sorted sets of 1.
The following propositions are true:

(135) If X overlaps Y, then X meets Y.

(136) Tt is not true that there exists z such that z € §;.

(137) Ize X andz €Y, then X NY # 07

(138) X does not overlap §; and 7 does not overlap X .

(139) If XNY = 0y, then X does not overlap Y.

(140) If X overlaps X, then X # 7.

Let I be a set. A many sorted set of I is empty yielding if:

(Def.15)  For every ¢ such that ¢ € I holds it(z) is empty.

A many sorted set of I is non empty set yielding if:
(Def.16)  For every ¢ such that ¢ € I holds it(7) is non empty.

Let I be a non empty set. Observe that every many sorted set of I which is
non-empty is also non empty and every many sorted set of I which is empty is
also non non-empty.

One can prove the following propositions:
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(141) X is empty iff X = 0;.
(142) I Y is empty and X CY, then X is empty.
(143) If X is non-empty and X CY, then Y is non-empty.
(144) Tf X is non-empty and X CY, then X CY.
(145) If X is non-empty and X CY, then Y is non-empty.
In the sequel X denotes a non-empty many sorted set of I.

: The following propositions are true:
"' +(146) There exists « such that z € X.
' (147)  Iffor every z holds ¢ € X iff z €Y, then X =Y.

(148) If forevery z holds z € X if c € Y and z € Z, then X =Y N Z. '
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