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Summary. Some properties of line segments in 2-dimensional Eu-
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proved.
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The terminology and notation used in this paper have been introduced in the
following papers: [17], [13], 1], [7], [2], 8], [4], [15], [16], [18], [6], [14], [5], [9],
[10], [3], [11], and [12];

1. REAL NUMBERS PRELIMINARIES

For simplicity we follow the rules: p, p1, p2, p3, ¢ will denote points of 8%, fih
will denote finite sequences of elements of £3, r, r1, 12, s, 51, s2 will denote real
numbers, u, ui, us will denote points of £2, n, m, 4, j, k will denote natural
numbers, and z, y, z will be arbitrary. One can prove the following propositions:

(1)
2

w

(2)
3)
(4)
(5)

3—-2=1land3—-1=2and 1 =1-3.

OS%and%Sl.

If r <s, then r < ™5 and “f* < s and r < & and =* < s.
If r # s, then 7 # 2 and 2 # s.

If 11 > s1 and ro > s9 or r1 > s1 and r9 > S9, then r1 + 19 > s1 + so.

!The article was written during my visit at Shinshu University in 1992.
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2. PROPERTIES OF LINE SEGMENTS

We now state a number of propositions:
(6) 1€ Seglen(z,y,z) and 2 € Seglen(z,y, z) and 3 € Seglen(z,y, z).

(7)  (p1+p2)1 =p11 +po1 and (p1 + p2)2 = p12 + p22-
(8)  (p1—p2)1 =p11 — P21 and (p1 — p2)2 = p12 — P22-
(9 (r-plr=r-prand (r-p)2=r-p2.
(10)  If p1 = (r1,s1) and pa = (re, s2), then p; + po = (r1 + ro, 51 + s2) and

p1—p2 = (11 — 12,81 — S2).
p = q if and only if p; = g1 and p2 = g2.
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Ifu; = py and ug = po, then p?(uy, ug) = \/(p11 —p21)% + (P12 — p22)?.
The carrier of £F = the carrier of £".

— =
- W

 is a point of £2 if and only if z is a point of £2.

If r1 < s1, then {p1 : p11 =r Ar1 < pig Apig < s1} = L([r, 1], [, $1])-
If 11 < s1, then {p1 : p1o =7 A1 <p11 Ap11 < s1} = L([r1,7], [s1,7]).
If p e L([r,r1],][r, s1]), then py = 7.

pr € E([Tler [81,7“]), then b2 =T.

If p1 # q1 and pa = g2, then [PA29L 1ol € L(p,q).

If p1 = q1 and p2 # g2, then [p1, 227%2] € L(p, q).
If f=(p,p1,9) and i #0and j—i> 1, then L(f,j,7+1)=10.
If i = 0, then L(f,i,i+ 1) =0.
If f = (p1,p2,p3), then L(f) = L(p1,p2) U L(p2,p3).
If i € dom f and j € dom(f | 4) and k € dom(f | ), then L(f,j,k) =
)
If j € dom f and ¢ € dom f, then L(f ~ h,j,i) = L(f,],17).
L(f,ii+1) C L(f).
L(f 1) < L)
For all 7, p1, p2, u such that r > 0 and p; € Ball(u,r) and ps € Ball(u, )
holds L(p1,p2) C Ball(u,r).
(29) If w = py and p1 = [r1,s1] and ps = [ro,s9] and p = [rg,s1] and
p2 € Ball(u,r), then p € Ball(u, ).
(30) Ifry # sy and r >0 and [s,r1] € Ball(u,r) and [s, s1] € Ball(u, ), then
[s, 1551] € Ball(u, 7).
(31) Ifry # sy and r >0 and [rq, s] € Ball(u,r) and [s1, s] € Ball(u, ), then
[BFsL 5] € Ball(u, 7).
(32) If 1y # s; and sg # ro and 7 > 0 and [rq,72] € Ball(u,r) and [sq,
so] € Ball(u, ), then [r1, s2] € Ball(u,r) or [s1,72] € Ball(u,r).
(33)  Suppose that
(i) f(Q1) ¢ Ball(u,r),
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(i) 1<m,

(iii) m<lenf—1,

(iv)  L(f,m,m+ 1) N Ball(u,r) # 0,

(v)  for every i such that 1 < ¢ and i < lenf — 1 and L(f,i,i + 1) N

Ball(u,r) # () holds m < i.
Then f(m) ¢ Ball(u, ).
(34)  For all g, pa, p such that ga = pag and pa # pag holds (L(p2, [p21,

p2]) U L([p21, p2], p)) N L(q, p2) = {p2}-
(35) For all ¢, p2, p such that g1 = p2q and p1 # p2q holds (L(p2, [p1,

p22]) U L([p1,p22],p)) N L(q, p2) = {p2}.

(36) If p1 # q1 and p2 # g2, then L(p, [p1,q2]) N L([p1, 92, 9) = {[p1, 2]}
One can prove the following propositions:

(37)  If p1 # q1 and pa # g2, then L(p, [q1,p2]) N L([q1,p2],7) = {[a1,p2]}.
(38) Ifpy = g and pa # gz, then L(p, [p1, 2232))NL([p1, 22592], ¢) = {[p1,

pzT*qz]}.

(39) If p1 # q1 and pp = ga, then L(p, 7™, po]) N L(P5H po],q) =
{[M52 pal}.

(40) Ifi>2andi € dom f and f is a special sequence, then f | i is a special
sequence.

(41) I p1 # qu and p2 # g2 and f = (p,[p1,¢2],q), then f(1) = p and
f(len f) = q and f is a special sequence.

(42) I p1 # qu and p2 # g2 and f = (p,[q1,p2] ), then f(1) = p and
f(len f) = q and f is a special sequence.

(43) If p;1 = q1 and pa # g2 and f = (p,[p1, p2+q2] q), then f(1) = p and
f(len f) = q and f is a special sequence.

(44)  If p1 # q1 and p2 = g2 and f = (p, [T, pa], q), then f(1) = p and
f(len f) = q and f is a special sequence.

(45) Ifi e domf and i+ 1 € dom f and f(i) = p and f(i + 1) = g, then
LT E+1) =L 1)U LD q).

(46) Iflen f > 2andp ¢ L(f), then for every n such that 1 < n and n < len f
holds f(n) # p.

(47) I g#pand L(q,p) N L(f) = {g}, then p ¢ L(f).
(48)  Suppose that

m<lenf—1,

(i)  f is a special sequence,
(i) f(1) =p,
(iii)  f(len f) =g,
(iv) p ¢ Ball(u,r),
(v) g€ Ball(u,r),
(vi) g€ L(f,mm+1),
(vii) 1 <m,
)

(viii
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(ix)

(49)
(i)
(i)
(iii)
(iv)

(v)
(vi)
(vii)
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L(f,m,m+ 1) N Ball(u,r) # 0.

Then m =len f — 1.

Suppose that

r >0,

p1 ¢ Ball(u,r),

q € Ball(u,r),

p € Ball(u,r),

p & L(p1,9),

q1 = p1 and g2 # p2 or q1 # p1 and g2 = p2,
P11 = q1 Or P12 = q2.

Then L(p1,q) N L(g,p) = {q}.

Suppose that

r >0,

p1 ¢ Ball(u,r),

p € Ball(u,r),

[plv q2] € Bau(u’ ’I"),
q € Ball(u,r),
[p1,92] & L(p1,p),
b11 = P1,

p1# q1,

p2 # q2-

Then (L(p, [p1,q2]) U L([p1,92], 7)) N L(p1,p) = {p}-

Suppose that
r >0,
p1 ¢ Ball(u,r),
p € Ball(u,r),
[QI7p2] € Ball(u,r),
q € Ball(u,r),
[q1, 2] & L(p1,p),
P12 = P2,
P1 # q1,
P2 # q2-

Then (L(p, [q1,p2]) U L([q1,p2], 7)) N L(p1,p) = {p}-
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