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Summary. Let T be a topological space and let A be a subset of
T. Recall that A is said to be a domain in T provided Int A C A C Int A
(see [24] and comp. [14]). This notion is a simple generalization of the
notions of open and closed domains in T' (see [24]). Our main result is
concerned with an extension of the following well-known theorem (see
e.g. [5], [17], [13]). For a given topological space the Boolean lattices of
all its closed domains and all its open domains are complete. It is proved
here, using Mizar System, that the complemented lattice of all domains
of a given topological space is complete, too (comp. [23]).

It is known that both the lattice of open domains and the lattice of
closed domains are sublattices of the lattice of all domains [23]. However,
the following two problems remain open.

Problem 1. Let L be a sublattice of the lattice of all domains.
Suppose L is complete, is smallest with respect to inclusion, and
contains as sublattices the lattice of all closed domains and the
lattice of all open domains. Must L be equal to the lattice of all
domains ?

A domain in T is said to be a Borel domain provided it is a Borel set. Of
course every open (closed) domain is a Borel domain. It can be proved
that all Borel domains form a sublattice of the lattice of domains.

Problem 2. Let L be a sublattice of the lattice of all domains.
Suppose L is smallest with respect to inclusion and contains as
sublattices the lattice of all closed domains and the lattice of all
open domains. Must L be equal to the lattice of all Borel domains 7

Note that in the beginning the closure and the interior operations for fam-
ilies of subsets of topological spaces are introduced and their important
properties are presented (comp. [16], [15], [17]). Using these notions, cer-
tain properties of domains, closed domains and open domains are studied
(comp. [15], [13]).
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The papers [20], [22], [21], [18], [8], [9], [12], [4], [3], [19], [24], [11], [6], [7], [25],
[10], [2], [1], and [23] provide the notation and terminology for this paper.

1. PRELIMINARY THEOREMS ABOUT SUBSETS OF TOPOLOGICAL SPACES

In the sequel T" will denote a topological space. One can prove the following
propositions:
(1)  For every subset A of T holds Int Int A C Int A and Int Int A C Int A.
(2)  For every subset A of T holds Int A C Int A and Int A C Int A.

(3)  For all subsets A, B of T such that B is closed holds if Int(A N B) = A,
then A C B.

(4)  For all subsets A, B of T such that A is open holds if Int AU B = B,
then A C B.

(5) For every subset A of T such that A C IntA holds AU IntA C
Int(A U Int A).

(6) For every subset A of T such that IntA C A holds Int ANInt A C
AN Int A.

2. THE CLOSURE AND THE INTERIOR OPERATIONS FOR FAMILIES
OF SUBSETS OF A TOPOLOGICAL SPACE

In the sequel T" will be a topological space. Let us consider T', and let F' be a
family of subsets of T. We introduce the functor F' as a synonym of clf F.

One can prove the following propositions:

(7)  For every family F of subsets of T holds F' = {A : \/3[A = BAB € F]},
where A ranges over subsets of T', and B ranges over subsets of T'.

(8)  For every family F of subsets of T holds F' = F.

(9)  For every family F' of subsets of T holds F = ) if and only if F = (.
(10)  For all families F', G of subsets of T holds FNG C FNG.
(11)  For all families F', G of subsets of T holds F\ G C F \ G.
(12)  For every family F' of subsets of T' and for every subset A of T" such

that A€ F holds f{/F C Aand ACF.
(13)  For every family F of subsets of 7" holds N F C N F.
(14)  For every family F of subsets of T holds N F C N F.
(15)  For every family F of subsets of 7" holds UF C J F.
Let us consider T', and let F' be a family of subsets of T'. The functor Int F'
yielding a family of subsets of T" is defined as follows:
(Def.1)  for every subset A of T holds A € Int F' if and only if there exists a
subset B of T such that A=Int B and B € F.
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The following propositions are true:

(16)  For every family F' of subsets of T" holds Int F' = {A : \/g[A = Int B A
B € F1}, where A ranges over subsets of 7', and B ranges over subsets of
T.

(17)  For every family F' of subsets of 7" holds Int F' = Int Int F.

(18)  For every family F' of subsets of 7" holds Int F' is open.

(19)  For every family F' of subsets of T' holds F' = () if and only if Int F' = ().
(20)  For every subset A of T' and for every family F' of subsets of 7' such
that F' = {A} holds Int F' = {Int A}.

(21)  For all families F', G of subsets of T" such that F' C G holds Int F' C
IntG.

(22)  For all families F', G of subsets of T holds Int(F'U G) = Int F' U Int G.
(23)  For all families F', G of subsets of T holds Int(F' N G) C Int F' N Int G.
(24)  For all families F', G of subsets of T" holds Int F'\ Int G C Int(F' \ G).

(25)  For every family F' of subsets of T" and for every subset A of T' such

that A € F holds Int A C JInt F' and (" Int F' C Int A.
(26)  For every family F' of subsets of T" holds JInt F' C |J F.
(27)  For every family F' of subsets of T" holds (Int F C (N F.
(28)  For every family F' of subsets of 7" holds (JInt F' C IntJ F'.
(29)  For every family F' of subsets of 7" holds Int | F' C () Int F'.
(30)

For every family F of subsets of T" such that F' is finite holds Int (| F' =
N Int F.

In the sequel F' denotes a family of subsets of T'. The following propositions
are true:

(31) IntF ={A:Vp[A=Int BAB € F|}, where A ranges over subsets of
T, and B ranges over subsets of T'.

(32) IntF ={A:\g|A=1Int BAB € F|}, where A ranges over subsets of
T, and B ranges over subsets of T

(33) IntF ={A:\g|A=1Int BAB € F|}, where A ranges over subsets of
T, and B ranges over subsets of T.

(34) IntIntF = {A : Vg[A = IntInt BA B € F|}, where A ranges over
subsets of T', and B ranges over subsets of 7.

(35) IntIntF = Int F.
(36) IntInt F = Int F.
(37) UIntF CJIntF.
(38) NIntF CNIntF.
(39)
(40)
(41)

UInt FF C JInt F.

NInt F C N Int F.
UIntInt F C JInt F.
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(42) NIntInt F C NInt F.
(43) UIntInt F C (JInt F'.
(44) NIntInt FF C NInt F.
(45) UImtF CUF.

(46) NIntF CNF.

(47) UInt F C JIntInt F.
(48)  NInt F C NIntInt F.
(49) UIntF CIntF.

(50) IntNF C(Int F.

(51) UIntF CIntyF.

(52) IntNF CNIntF.

(53) UIntF CIntyYF.

(54) IntOF CNIntF.

(55)  UntInt F C IntInt (J F.
(56) IntIntF C N IntInt F.
(57)  For every family F of subsets of T" such that for every subset A of T

such that A € Fholds ACInt Aholds JF CInt|JF and JF =Int F.

(58)  For every family I of subsets of 7' such that for every subset A of T'
such that A € F holds Int A C A holds Int F C N F and IntInt | F =
IntN F.

3. SELECTED PROPERTIES OF DOMAINS OF A TOPOLOGICAL SPACE

In the sequel T is a topological space. We now state several propositions:
(59)  For all subsets A, B of T such that B is a domain holds Int AU B U
(AUB) =B if and only if A C B.
(60)  For all subsets A, B of T such that A is a domain holds Int(A N B) N
(AN B) = Aif and only if A C B.
(61)  For all subsets A, B of T such that A is a closed domain and B is a
closed domain holds Int A C Int B if and only if A C B.

(62)  For all subsets A, B of T' such that A is an open domain and B is an
open domain holds A C B if and only if A C B.

(63)  For all subsets A, B of T such that A is a closed domain holds if A C B,
then Int(AN B) = A.

(64)  For all subsets A, B of T such that B is an open domain holds if A C B,
then Int AU B = B.

Let us consider T'. A family of subsets of T' is domains-family if:
(Def.2)  for every subset A of T such that A € it holds A is a domain.
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The following propositions are true:

(65)  For every family F' of subsets of T" holds F' C the domains of 7" if and
only if F' is domains-family.

(66) For every family F' of subsets of T' such that F' is domains-family holds
UFCIntyFand UF=IntJF.

(67)  For every family F of subsets of 7' such that F' is domains-family holds
IntNF CNF and IntIntF =Int N F.

(68)  For every family F of subsets of T' such that F' is domains-family holds
UFUIntUF is a domain.

(69) Let F be a family of subsets of T'. Then for every subset B of T' such
that B € F holds B C |JF UIntJF and for every subset A of T such
that A is a domain holds if for every subset B of T" such that B € F holds
B C A, then JFUIntJF C A.

(70)  For every family F' of subsets of T" such that F' is domains-family holds
N F NIntN F is a domain.

(71)  Let F be a family of subsets of 7. Then

(i)  for every subset B of T such that B € F holds NFNIntN F C B,
(i) F =0 or for every subset A of T' such that A is a domain holds if for
every subset B of T'such that B € F'holds A C B, then A C N FNInt () F.

Let us consider T'. A family of subsets of T" is closed-domains-family if:
(Det.3)  for every subset A of T such that A € it holds A is a closed domain.

We now state several propositions:

(72)  For every family F' of subsets of T" holds F' C the closed domains of T’
if and only if F' is closed-domains-family.

(73)  For every family F' of subsets of T such that F' is closed-domains-family
holds F' is domains-family.

(74)  For every family F' of subsets of T" such that F' is closed-domains-family
holds F' is closed.

(75) _ For every family F of subsets of T" such that I is domains-family holds
F' is closed-domains-family.

(76)  For every family F' of subsets of 1" such that F' is closed-domains-family
holds |J F' is a closed domain and Int () F' is a closed domain.

(77)  For every family F' of subsets of T" holds for every subset B of T' such
that B € F holds B C [JF and for every subset A of T such that A is
a closed domain holds if for every subset B of T" such that B € F' holds
B C A, then UF C A.

(78) Let F be a family of subsets of 7. Then if F' is closed, then for every
subset B of T such that B € F holds Int (| F' C B but F' = () or for every
subset A of T such that A is a closed domain holds if for every subset B
of T such that B € F holds A C B, then A C Int( F.

Let us consider T'. A family of subsets of T" is open-domains-family if:
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(Def.4)  for every subset A of T such that A € it holds A is an open domain.

We now state several propositions:

(79)  For every family F' of subsets of T' holds F' C the open domains of T' if
and only if F' is open-domains-family.

(80)  For every family F' of subsets of T" such that F' is open-domains-family
holds F' is domains-family.

(81)  For every family F' of subsets of T such that F' is open-domains-family
holds F' is open.

(82)  For every family F of subsets of T such that F' is domains-family holds
Int F' is open-domains-family.

(83)  For every family F' of subsets of T such that F' is open-domains-family
holds Int () F is an open domain and Int{J F is an open domain.

(84)  For every family F of subsets of T holds if F' is open, then for every
subset B of T such that B € F holds B C Int | F but for every subset A
of T such that A is an open domain holds if for every subset B of T' such
that B € F holds B C A, then Int JF C A.

(85)  For every family F' of subsets of T holds for every subset B of T' such
that B € F holds Int(\F € B but F = () or for every subset A of T
such that A is an open domain holds if for every subset B of T' such that
B € F holds A C B, then A C Int( F.

4. COMPLETENESS OF THE LATTICE OF DOMAINS

In the sequel T' denotes a topological space. Next we state several propositions:

(86)  The carrier of the lattice of domains of T' = the domains of 7.

(87)  For all elements a, b of the lattice of domains of T and for all elements
A, B of the domains of T" such that « = A and b = B holds aUb =
Int AUBU(AUB)and anb=Int(ANB)N(ANB).

(88) L the lattice of domains of T = ®T and T the lattice of domains of T = Qr.

(89)  For all elements a, b of the lattice of domains of T and for all elements
A, B of the domains of T" such that ¢« = A and b = B holds a C b if and
only if A C B.

(90)  For every subset X of the lattice of domains of T" there exists an element
a of the lattice of domains of T such that X C a and for every element b
of the lattice of domains of 7" such that X T b holds a C b.

(91)  The lattice of domains of 7" is complete.

(92)  For every family F' of subsets of T" such that F' is domains-family and
for every subset X of the lattice of domains of 7" such that X = F holds
I_l(tho lattice of domains of T') X = U F U Int U F.

(93)  For every family F' of subsets of T" such that F' is domains-family and
for every subset X of the lattice of domains of T" such that X = F holds
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it X 7& ®7 then ﬂ(the lattice of domains of T)X = ﬂF N Int ﬂF but if X = (Da
then ﬂ(the lattice of domains of T)X = Qr.

5. COMPLETENESS OF THE LATTICES OF CLOSED DOMAINS
AND OPEN DOMAINS

In the sequel T will be a topological space. The following propositions are true:

(94)  The carrier of the lattice of closed domains of 7' = the closed domains
of T

(95)  For all elements a, b of the lattice of closed domains of 7" and for all
elements A, B of the closed domains of T" such that ¢« = A and b = B
holds alUb =AU B and aMb=Int(A N B).

(96) J—tho lattice of closed domains of T' — (Z)T and Ttho lattice of closed domains of T' — QT-

(97)  For all elements a, b of the lattice of closed domains of 7" and for all
elements A, B of the closed domains of T" such that « = A and b = B
holds @ C b if and only if A C B.

(98)  For every subset X of the lattice of closed domains of T" there exists
an element a of the lattice of closed domains of T such that X C a and
for every element b of the lattice of closed domains of T" such that X C b
holds a C b.

(99)  The lattice of closed domains of T' is complete.

(100)  For every family F of subsets of T such that F' is closed-domains-family
and for every subset X of the lattice of closed domains of T such that

X = F holds U(the lattice of closed domains of T) X = U—F
(101)  For every family F of subsets of T such that F' is closed-domains-family

and for every subset X of the lattice of closed domains of T such that
X = F holds if X # (2)7 then ﬂ(tho lattice of closed domains of T)X = It F
but if X = (2)7 then |_‘(thc lattice of closed domains of T)X = Qr.

(102)  For every family F' of subsets of T such that F is closed-domains-family
and for every subset X of the lattice of domains of 7" such that X = F
holds if X # (2)7 then ﬂ(tho lattice of domains of T)X =IntNF but if X = @7
then I_‘(tho lattice of domains of T)X = Qr.

(103)  The carrier of the lattice of open domains of T' = the open domains of
T.

(104)  For all elements a, b of the lattice of open domains of T and for all
elements A, B of the open domains of T" such that ¢ = A and b = B holds
allb=Int AUB and al1b= AN B.

(105) J—the lattice of open domains of T' = ®T and Tthe lattice of open domains of T' = QT-

(106)  For all elements a, b of the lattice of open domains of T and for all
elements A, B of the open domains of T such that a = A and b = B holds
a C b if and only if A C B.
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For every subset X of the lattice of open domains of 1" there exists an
element a of the lattice of open domains of T' such that X C a and for
every element b of the lattice of open domains of T" such that X C b holds
aCb.

The lattice of open domains of T is complete.

For every family F' of subsets of T' such that F' is open-domains-family
and for every subset X of the lattice of open domains of 7" such that
X = F holds U(the lattice of open domains of T') X = Int U F.

For every family F' of subsets of T' such that F' is open-domains-family
and for every subset X of the lattice of open domains of 7' such that
X = F holds if X # @7 then I_l(thc lattice of open domains of T)X = Int () F" but
it X = @, then I_l(tho lattice of open domains of T)X = Qr.

For every family F' of subsets of T' such that F' is open-domains-family
and for every subset X of the lattice of domains of T" such that X = F

holds U(the lattice of domains of T) X =Int U—F
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