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Summary. Definitions of functional sequences and basic oper-
ations on functional sequences from a domain to a domain, point and
uniform convergent, limit of functional sequence from a domain to the
set of real numbers and facts about properties of the limit of functional
sequences are proved.

MML Identifier: SEQFUNC.

The articles [11], [1], [2], [3], [13], [5], [6], [9], [8], [4], [12], [7], and [10] provide the
notation and terminology for this paper. For simplicity we adopt the following
rules: D, D1, Dy denote non-empty sets, n, k denote natural numbers, p, r
denote real numbers, and f denotes a function. Let us consider Dy, Dy. A
function is called a sequence of partial functions from D; into Dy if:

(Def.1)  domit =N and rngit C D;—>Ds.

In the sequel F, I, F5 are sequences of partial functions from D4 into Ds.
Let us consider Dy, Do, F', n. Then F(n) is a partial function from D; to Ds.

In the sequel G, H, Hy, Ho, J are sequences of partial functions from D into
R. One can prove the following two propositions:

(1) f is a sequence of partial functions from D; into D if and only if
dom f = N and for every n holds f(n) is a partial function from D; to
D,.

(2)  For all Fy, Fy such that for every n holds Fj(n) = Fy(n) holds Fy = F.

The scheme EzFuncSeq deals with a non-empty set A, a non-empty set B,
and a unary functor F yielding a partial function from A to B and states that:
there exists a sequence G of partial functions from A into B such that for
every n holds G(n) = F(n)
for all values of the parameters.
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We now define several new functors. Let us consider D, H, r. The functor
r H yields a sequence of partial functions from D into R and is defined as follows:

(Def.2)  for every n holds (r H)(n) =r H(n).

Let us consider D, H. The functor H ! yielding a sequence of partial functions
from D into R is defined by:

(Def.3)  for every n holds H~!(n) = H%n).
The functor —H yields a sequence of partial functions from D into R and is
defined by:

(Def.4)  for every n holds (—H)(n) = —H(n).

The functor |H| yields a sequence of partial functions from D into R and is
defined as follows:

(Det.5)  for every n holds |H|(n) = |H(n)|.

Let us consider D, G, H. The functor G + H yields a sequence of partial
functions from D into R and is defined by:

(Def.6)  for every n holds (G + H)(n) = G(n) + H(n).

The functor G — H yielding a sequence of partial functions from D into R is
defined as follows:

(Def.7) G- H=G+ —H.

The functor G H yields a sequence of partial functions from D into R and is
defined as follows:

(Det.8)  for every n holds (G H)(n) = G(n) H(n).

Let us consider D, H, G. The functor % yielding a sequence of partial functions
from D into R is defined as follows:

(Det.9) & =GH

Next we state a number of propositions:

G(n

N

(3) Hy =% if and only if for every n holds Hy(n) = Ok

(4) H; =G — H if and only if for every n holds Hi(n) = G(n) — H(n).
5) G+H=H+Gand (G+H)+J=G+ (H+J).

6) GH=HG and (GH)J =G (H.J).

() (G+H)J=GJ+HJand J(G+H)=JG+ JH.

]) —H=(-1)H.

©) (G-H)J=GJ—-HJandJG—JH=J(G—H).
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1) (r-p)H=r(pH).

2 1H=H.

3 ——H=H.

4) G 'H'=(GH)™

5) Ifr#0, then (r H)~' =r—tH L.
6) |H|™'=|HY.
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(17) |G H|=|G||H].
G| _ Gl
(18) |7l = 1@
(19)  |rH|=|r[[H].
In the sequel x is an element of D, X, Y are sets, and f is a partial function

from D to R. We now define three new constructions. Let us consider Dy, Ds,
F, X. We say that X is common for elements of F' if and only if:

(Def.10) X # 0 and for every n holds X C dom F(n).
Let us consider D, H, x. The functor H#x yielding a sequence of real numbers
is defined as follows:

(Def.11)  for every n holds (H#z)(n) = H(n)(z).
Let us consider D, H, X. We say that H is point-convergent on X if and only
if:

(Def.12) X is common for elements of H and there exists f such that X = dom f

and for every x such that z € X and for every p such that p > 0 there
exists k such that for every n such that n > & holds |H (n)(x) — f(z)| < p.

Next we state two propositions:

(20) H is point-convergent on X if and only if X is common for elements
of H and there exists f such that X = dom f and for every x such that
x € X holds H#ux is convergent and lim(H#z) = f(x).

(21)  H is point-convergent on X if and only if X is common for elements of
H and for every x such that x € X holds H#«x is convergent.

We now define two new constructions. Let us consider D, H, X. We say
that H is uniform-convergent on X if and only if:
(Def.13) X is common for elements of H and there exists f such that X = dom f
and for every p such that p > 0 there exists k such that for all n, z such
that n > k and = € X holds |H(n)(z) — f(z)| < p.
Let us assume that H is point-convergent on X. The functor lim x H yielding a
partial function from D to R is defined as follows:
(Def.14)  domlimxH = X and for every x such that # € domlimxH holds
(limx H)(z) = im(H+#zx).
We now state a number of propositions:

(22) If H is point-convergent on X, then f = limx H if and only if dom f =
X and for every x such that z € X and for every p such that p > 0 there
exists k such that for every n such that n > k holds |H(n)(x) — f(x)| < p.

(23) If H is uniform-convergent on X, then H is point-convergent on X.

(24) IfY C X and Y # () and X is common for elements of H, then Y is
common for elements of H.

(25) IfY C X and Y # 0 and H is point-convergent on X, then H is
point-convergent on Y and limxH | Y = limy H.

(26) Y C X and Y # 0 and H is uniform-convergent on X, then H is
uniform-convergent on Y.
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(27) If X is common for elements of H, then for every z such that z € X
holds {x} is common for elements of H.

(28) If H is point-convergent on X, then for every x such that z € X holds
{z} is common for elements of H.

(29) Suppose {z} is common for elements of H; and {z} is common for
elements of Hy. Then Hi#x+ Ho#x = (H1+Hsz)#x and Hi#x— HoF#x =
(H1 - HQ)#Z‘ and (Hl#l‘) (Hg#l‘) = (H1 Hg)#l’

(30)  If {z} is common for elements of H, then |H|#x = |H#x| and
(—H)#x = —H#x.

(31)  If {z} is common for elements of H, then (r H)#x = r (H#x).

(32)  Suppose X is common for elements of H; and X is common for ele-
ments of Hy. Then for every x such that x € X holds Hi#x + Ho#x =
(H1+ Ho)#x and Hi#x — Ho#tx = (Hy — Ha)#x and (H1#x) (Ha#x) =
(Hl Hg)#x

(33) If X is common for elements of H, then for every = such that x € X
holds |H|#x = |H#x| and (—H)#x = —H#wx.

(34) If X is common for elements of H, then for every x such that x € X
holds (r H)#x = r (H#x).

(35)  Suppose H; is point-convergent on X and Hj is point-convergent on X.
Then for every x such that x € X holds Hi#x + Ho#x = (Hy + Ho)#x
and Hl#l‘ — Hg#l‘ = (H1 — Hg)#l’ and (Hl#l‘) (Hg#l‘) = (Hl Hg)#l’

(36) If H is point-convergent on X, then for every x such that z € X holds
|H|#x = |H#x| and (—H)#x = —H#x.

(37) If H is point-convergent on X, then for every x such that z € X holds
(r Hy#x =r (H#x).

(38) If X is common for elements of H; and X is common for elements of
H,, then X is common for elements of H; + Hs and X is common for
elements of Hy — Hy and X is common for elements of H; Ho.

(39) If X is common for elements of H, then X is common for elements of
|H| and X is common for elements of —H.

(40) If X is common for elements of H, then X is common for elements of
rH.
(41)  Suppose H; is point-convergent on X and Hs is point-convergent on X.
Then
) Hj + Hs is point-convergent on X,
) limx(Hl—l-Hg) = limx Hq + limx Ho,
iii) Hj — Hs is point-convergent on X,
) limX(H1 —Hg) :limXH1 —limXHg,
) Hj Hy is point-convergent on X,
) hmx(Hl Hg) :limle limXHQ.
(42) If H is point-convergent on X, then |H| is point-convergent on X and
limy|H| = [limx H| and —H is point-convergent on X and limx(—H) =
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—limyH.

(43) If H is point-convergent on X, then r H is point-convergent on X and
limx(rH) =rlimxH.

(44)  H is uniform-convergent on X if and only if X is common for elements
of H and H is point-convergent on X and for every r such that 0 < r
there exists k such that for all n, x such that n > k& and x € X holds
|H(n)(z) — (limx H)(z)| < r.

In the sequel H will be a sequence of partial functions from R into R. Let us
consider n, k. Then max(n, k) is a natural number.

We now state the proposition

(45)  If H is uniform-convergent on X and for every n holds H(n) is contin-
uous on X, then limx H is continuous on X.
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