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Summary. Definition of sum, direct sum and intersection of sub-
modules. We prove a number of theorems related to these notions. This
article originated as a generalization of the article [10].

MML Identifier: LMOD_3.

The terminology and notation used here are introduced in the following papers:
(], (121, [(14], 9], 8], (13], [2], (1], [7], [3], [4], [5], and [6]. For simplicity we
adopt the following rules: R denotes an associative ring, V denotes a left module
over R, W, Wy, Wy, W3 denote submodules of V', wu, uq, us, v, v1, vg denote
vectors of V', and z is arbitrary. Let us consider R, V', Wi, Ws. The functor
W1 + Wy yields a submodule of V' and is defined by:

(Def.1)  the carrier of the carrier of Wi +Wo ={v+u:v e Wy Au e Wa}.

Let us consider R, V', Wy, W5. The functor W1 N Wy yielding a submodule
of V is defined by:
(Def.2)  the carrier of the carrier of W, N Wy = (the carrier of the carrier of

W1)N (the carrier of the carrier of Ws).

One can prove the following propositions:

(1)  The carrier of the carrier of Wi + Wy ={v+u:v e Wi Au € Wa}.

(2) If the carrier of the carrier of W = {v +u: v € Wi Au € Wa}, then
W =W + Wa.

(3)  The carrier of the carrier of W1 N Wy = (the carrier of the carrier of
W1)N (the carrier of the carrier of Wy).

(4) If the carrier of the carrier of W = (the carrier of the carrier of Wy)N
(the carrier of the carrier of Wy), then W = Wy N Wha.
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x € Wi + Wy if and only if there exist v1, v9 such that vy € Wy and

vy € Wy and & = v1 + v9.

If v e Wy or v e Wy, then v € Wy + Wa.

x € WiN Wy if and only if z € Wy and = € Ws.

W4+W=W.

Wi+ We = Wo + W1

Wi+ (Wa + W3) = W1 + Wa + W3,

Wy is a submodule of W7 + Wy and W5 is a submodule of W1 + Wh.
W1 is a submodule of Wy if and only if Wy + Wy = Wo.

Oy +W =W and W + 0y = W.

Oy +Qy =V and Qy +0y = V.

Qu+W=Vand W+ Qy=V.

Quy+Qy =V.

wnw=Ww.

Wi N Wy =Wo N Wh.

Win (WonWs) =Wy NnWyn Ws.

W1 N Wy is a submodule of W7 and Wy N Wy is a submodule of Ws.
W1 is a submodule of Wy if and only if Wy N Wy = Wh.

If W7 is a submodule of Wy, then W7 N W3 is a submodule of Wy N Wi,
If W7 is a submodule of W3, then W1 N Wy is a submodule of Wi,

If W7 is a submodule of Wy and W7 is a submodule of W3, then W7 is

a submodule of Wy N W3,

Oy NW =0y and W N0y = Oy.

0y NQy =0y and Qy N0y = Oy
QW =Wand WNQy =W.
QyNQy =V.

W1 N Wy is a submodule of W7 + Whs.
WinN Wy + Wy = Wa.
Win (Wy + Ws) = Wi,

One can prove the following propositions:
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W1 N Wy + Wo N Wy is a submodule of Wo N (W7 + W3).

If W7 is a submodule of Wy, then WoN (W1 +W3) = WiNWa+WonWs.
Wy + W1 N Ws is a submodule of (W7 + Wa) N (W + Ws).

If W7 is a submodule of Wy, then Wo+WiNW3 = (W1 +Wo)N(Wa+W3).
If Wy is a submodule of W3, then Wi + Wo N W3 = (W + Wa) N Whs.
W1 + Wy = Ws if and only if Wy N Wy = Wi,

If W7 is a submodule of Wy, then W7 + W3 is a submodule of Wy + Wi,
If W7 is a submodule of W5, then W7 is a submodule of Wy 4+ Wi,
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(40)  If Wy is a submodule of W3 and W5 is a submodule of W3, then Wy +W,
is a submodule of W3.

(41)  There exists W such that the carrier of the carrier of W = (the carrier
of the carrier of W)U (the carrier of the carrier of Ws) if and only if W;
is a submodule of Wy or Wy is a submodule of Wj.

Let us consider R, V. The functor Sub(V') yields a non-empty set and is
defined by:

(Def.3)  for every z holds x € Sub(V) if and only if = is a submodule of V.

In the sequel D denotes a non-empty set. One can prove the following three
propositions:
(42)  If for every = holds x € D if and only if = is a submodule of V, then
D = Sub(V).
(43) € Sub(V) if and only if z is a submodule of V.
(44) Ve Sub(V).
Let us consider R, V, Wy, Ws. We say that V is the direct sum of Wy and
Wy if and only if:
(Defd) V =Wp+ Wy and Wi N Wy = 0y.

One can prove the following two propositions:

(46)% If V is the direct sum of W7 and Wa, then V is the direct sum of Wy
and Wj.

(47)  V is the direct sum of Oy and Qy and V is the direct sum of Qy and
Oy .
In the sequel Cy will denote a coset of W7 and Cy will denote a coset of Ws.
Next we state several propositions:

(48) If C1 N Cy # 0, then C1 N Cy is a coset of Wy N Wh.

(49)  V is the direct sum of W; and Wy if and only if for every Cy, Cy there
exists v such that Chy N Cy = {v}.

(50) Wy + Wy = V if and only if for every v there exist v, ve such that
v1 € Wi and vg € Wy and v = vy + vs.

(51)  If V is the direct sum of Wy and W5 and v = vy + v9 and v = ug + ug
and v1 € Wy and uq; € Wy and vo € Wy and ug € Wo, then v1 = u; and
V2 = U9g.

(52)  Suppose V. = W; + Wy and there exists v such that for all vy, va, uy,
ug such that v = v1 + v and v = uy + uo and v1 € Wy and u; € Wi and
vy € Wy and us € W5 holds v; = u; and v9 = us. Then V is the direct
sum of Wy and Whs.

In the sequel ¢ will be an element of | the carrier of the carrier of V, the
carrier of the carrier of V' J. Let us consider R, V', v, W7, Ws. Let us assume
that V' is the direct sum of Wy and Ws. The functor v <1 (W7, W3) yielding an

2The proposition (45) was either repeated or obvious.
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element of [ the carrier of the carrier of V, the carrier of the carrier of V' { is
defined as follows:
(Def.5) V= (U < (Wl, Wg))l —I—(U < (Wl, Wg))z and (U < (Wl, Wg))l € Wi and
(U < (Wl,Wg))z € Ws.
The following propositions are true:
(563) If V is the direct sum of W; and Wy and ¢ + tg = v and t; € W and
tog € Wy, then t = v < (W, Ws).
(54) If V is the direct sum of W7 and Wy, then
(v (Wi, Wa))1 + (v < (W1, Wa))2 = v.
(55)  If V is the direct sum of W7 and Wy, then (v <1 (W1, Wh))1 € Wh.
(56)  If V is the direct sum of W7 and Wy, then (v <1 (W1, Wa))a € Wa.
(57) If V is the direct sum of W7 and Wy, then
(U < (Wl, Wg))l = (U < (WQ, Wl))Z-
(58)  If V is the direct sum of W; and W, then
(v (W1, Wa))2 = (v (Wa, Wi))1.
In the sequel A;, As will denote elements of Sub(V'). Let us consider R, V.

The functor SubJoin V' yields a binary operation on Sub(V') and is defined as
follows:

(Def.6) for all Ay, As, Wi, Wy such that A; = W; and As = Wy holds
(SubJoin V)(Al, Ag) = Wl + Wg.
Let us consider R, V. The functor SubMeet V' yielding a binary operation
on Sub(V) is defined as follows:
(Def.7)  for all Ay, As, Wi, Wy such that A; = W; and Ay = Wy holds
(SubMeet V)(Al, Ag) =WiNWs.
In the sequel o is a binary operation on Sub(V). Next we state several
propositions:
(59) If Ay =W; and Ay = Ws, then SubJoin V(A41, Ag) = Wi + Wh.
(60) If for all Ay, Ay, Wy, W such that A1 = W; and Ay = W5 holds o(A4,
Ag) = W1 4+ Wy, then o = SubJoin V.
(61) If Ay = W7 and Ay = Ws, then SubMeet V(Al, Ag) = Wi N Ws.
(62) If for all Ay, Ay, Wy, Wy such that A1 = W; and Ay = W5 holds o(A4,
Ag) = W1 N Wy, then o = SubMeet V.
(Sub(V'), SubJoin V, SubMeet V) is a lattice.
(Sub(V'), SubJoin V, SubMeet V'
(Sub(V'), SubJoin V, SubMeet V'
(Sub(V'), SubJoin V, SubMeet V'
(Sub(V'), SubJoin V, SubMeet V
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is a lower bound lattice.
is an upper bound lattice.
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is a modular lattice.

References

[1] Czestaw Byliniski. Binary operations. Formalized Mathematics, 1(1):175-180, 1990.



OPERATIONS ON SUBMODULES IN LEFT MODULE OVER ... 293

[2] Eugeniusz Kusak, Wojciech Leoriczuk, and Michal Muzalewski. Abelian groups, fields
and vector spaces. Formalized Mathematics, 1(2):335-342, 1990.
[3] Michat Muzalewski. Construction of rings and left-, right-, and bi-modules over a ring.
Formalized Mathematics, 2(1):3-11, 1991.
[4] Michat Muzalewski and Wojciech Skaba. Finite sums of vectors in left module over
associative ring. Formalized Mathematics, 2(2):279-282, 1991.
[6] Michat Muzalewski and Wojciech Skaba. Submodules and cosets of submodules in left
module over associative ring. Formalized Mathematics, 2(2):283-287, 1991.
[6] Michat Muzalewski and Lestaw W. Szczerba. Construction of finite sequences over ring
and left-, right-, and bi-modules over a ring. Formalized Mathematics, 2(1):97-104, 1991.
[7] Andrzej Trybulec. Domains and their Cartesian products. Formalized Mathematics,
1(1):115-122, 1990.
[8] Andrzej Trybulec. Tarski Grothendieck set theory. Formalized Mathematics, 1(1):9-11,
1990.
[9] Andrzej Trybulec. Tuples, projections and Cartesian products. Formalized Mathematics,
1(1):97-105, 1990.
[10] Wojciech A. Trybulec. Operations on subspaces in vector space. Formalized Mathemat-
ics, 1(5):871-876, 1990.
[11] Zinaida Trybulec. Properties of subsets. Formalized Mathematics, 1(1):67-71, 1990.
[12] Zinaida Trybulec and Halina Swieczkowska. Boolean properties of sets. Formalized

Mathematics, 1(1):17-23, 1990.

[13] Edmund Woronowicz. Relations defined on sets. Formalized Mathematics, 1(1):181-186,
1990.

[14] Stanistaw Zukowski. Introduction to lattice theory. Formalized Mathematics, 1(1):215—
222, 1990.

Received October 22, 1990



