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Integer and Rational Exponents
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Summary. The article includes definitions and theorems which
are needed to define real exponent. The following notions are defined:
natural exponent, integer exponent and rational exponent.

MML Identifier: PREPOWER.

The terminology and notation used in this paper are introduced in the following
papers: [12], [15], [4], [10], [1], [2], [3], [9], [7], [8], [14], [11], [13], [6], and [5]. For
simplicity we follow the rules: a, b, ¢ will be real numbers, m, n will be natural
numbers, k, [, ¢+ will be integers, p, ¢ will be rational numbers, and s, so will
be sequences of real numbers. The following propositions are true:

(2)2 If s1 is convergent and for every n holds s1(n) > a, then lim s; > a.
(3) If s1 is convergent and for every n holds s1(n) < a, then lim s; < a.

Let us consider a. The functor (a").en yielding a sequence of real numbers
is defined as follows:

(Def.1)  ((a")xen)(0) = 1 and for every m holds ((a”)xen )(m+1) = ((a™)ren ) (m)-

Next we state two propositions:

(4)  For every sequence of real numbers s and for every a holds s = (a")xen
if and only if s(0) = 1 and for every m holds s(m + 1) = s(m) - a.

(5)  For every a such that a # 0 for every m holds (a").en (m) # 0.

Let us consider a, n. The functor ay yields a real number and is defined by:
(Def.2)  af = (a")ken (n).

Next we state a number of propositions:

(6) ay = (a")xen (1)

LSupported by RPBP.III-24.C8
2The proposition (1) was either repeated or obvious.
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n _ . n+l
Ay -G = Qy .
1 =1.
n+m __ n m
ay = ay "Gy -

(a-b)X =af - bY.
ay™ = (af "

If 0 # a, then 0 # af .
If 0 < a, then 0 < af.
If a # 0, then 1" = 21

aN a”
b _ be
If a # 0, then ¢ = ar

If n > 1, then Of = 0.

If 0 < aand a <b, then af <07

If 0<aanda<band1<n,then af <bl.
If a > 1, then af > 1.
Ifl1<aand1l<mn,thena<ag.

If1 <aand2<n,then a <ay.
If0<aand a<1and1l<n,then af < a.
If 0 <aand a<1and2<n,then af < a.

If -1<a,then (1+a)l >1+4+n-a.

If0<aanda<1,then (14+a)f <1437 -a.

If s1 is convergent and for every n holds sy(n) = (s1(n))y’, then sg is

convergent and lim so = (lim s7){".

Let us consider n, a. Let us assume that 1 < n. The functor root,(a) yields
a real number and is defined as follows:

(Def.3)

(rooty,(a))f = a and root,(a) > 0 if a > 0, root,(a) =0 if a = 0.

Next we state a number of propositions:

(27)
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For all a, b, n such that 1 < n holds if a > 0, then b = root,(a) if and

only if b = a and b > 0 but if a = 0, then root,(a) = 0.

If a > 0 and n > 1, then (root,(a)){ = a and root,(a ) = a.

If n > 1, then root, (1) = 1.

If @ > 0, then rooty(a) = a.

If a>0and b>0and n > 1, then root,(a - b) = root,(a) - root, (b).
If a > 0 and n > 1, then root,(3) = —1

rootn(a)

If a >0 and b> 0 and n > 1, then root,($) = izzz’;gz))

If a >0 and n > 1 and m > 1, then root,, (root,,(a)) = root,.,(a).
Ifa > 0andn > 1and m > 1, then root,,(a)-100t,, (a) = r00t,.., (al™).
If 0 <aand a <band n > 1, then root,(a) < root,(b).
If a >0 and a < b and n > 1, then root,(a) < root,(b).

If a > 1 and n > 1, then root,(a) > 1 and a > root,(a).
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(39) If0<aanda<1andn>1,then a <root,(a) and root,(a) < 1.
(40) If a> 0 and n > 1, then root,(a) — 1 < “%1

(41) If a > 0, then roota(a) = /a.

(42)  For every sequence of real numbers s and for every a such that a > 0 and

for every m such that n > 1 holds s(n) = root,(a) holds s is convergent
and lims = 1.

Let us consider a, k. Let us assume that a # 0. The functor a% yields a real
number and is defined as follows:

(Def.d) ok =dfif k>0, ak = (a1 if k < 0.
We now state a number of propositions:

(43)  If a # 0, then if k > 0, then a% = a,lwk‘ but if k < 0, then a% = (a,lwk‘)_l.
(44)  If a # 0, then for every i such that i = 0 holds a = 1.
(45)  If a # 0, then for every i such that i = 1 holds a’ = a.
(46) If a #0 and i = n, then a} = af.

(1) =1,

(48)  If a # 0, then ak # 0.

(49) If a >0, then ak > 0.

(50) TIfa+#0and b#0, then (a-b)k =ak - bk,
(51) Ifa#0, thenaik:j.

(52)

(53)

(54)

(55)

(56)

k
If a # 0, then * :é‘

arz

If a # 0, then a}'™" = %

If a # 0, then a5™ = ak - al,.

If a # 0, then (ak)} = k.

If a > 0 and n > 1, then (root,(a))% = root, (a%).

Let us consider a, p. Let us assume that a > 0. The functor ab yielding a
real number is defined by:

(Def.5)  al) = rootgenplaz 7).
We now state a number of propositions:
57) If a > 0, then af) = rootgen p(ay 7).

(

58) Ifa>0and p =0, then ab = 1.

( ) p ) Q

(59) Ifa >0 and p =1, then af, = a.

(60) Ifa >0 and p=n, then ab, = al.

(61) Ifa>0andn>1and p=n—1 then a} = root,(a).
62) 12 =1.

(63) If a >0, then af > 0.

(64) If a > 0, then af, - a, = ab™.

(65) If a > 0, then % =ag”.
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If a > 0, then % = aP 7.
a0
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If a >0 and b >0, then (a-b)f =ab -

&

68) 1If a >0, then +o :?18'
69) Ifa>0andb>0, then &¥ — %

ba ~ P
If a > 0, then (a})d = ab.
If a > 1 and p > 0, then a}, > 1.
Ifa>1andp<0, thena‘a <1.
If a > 1 and p > 0, then ab > 1.
If a > 1 and p > ¢, then ab, > af .
If a > 1 and p > g, then a}, > af .
Ifa>0and a<1andp >0, then af, < 1.
Ifa>0and a <1andp<0, then af > 1.
A sequence of real numbers is called a rational sequence if:
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(Def.6)  for every n holds it(n) is a rational number.
Let s be a rational sequence, and let us consider n. Then s(n) is a rational
number.
Next we state two propositions:
(79)% For every a there exists a rational sequence s such that s is convergent
and lim s = a and for every n holds s(n) < a.
(80)  For every a there exists a rational sequence s such that s is convergent
and lim s = a and for every n holds s(n) > a.
Let us consider a, and let s be a rational sequence. Let us assume that a > 0.
The functor ag, yields a sequence of real numbers and is defined as follows:
(Def.7)  for every n holds (a§,)(n) = aa(").
The following propositions are true:
(81)  For every a and for every rational sequence s and for every s; such that
a > 0 holds s; = af, if and only if for every n holds s1(n) = aa(n).

(82)  For every rational sequence s and for every a such that s is convergent
and a > 0 holds a§, is convergent.

(83)  For all rational sequences s1, sg and for every a such that sy is con-
vergent and sy is convergent and lim s; = lim s and a > 0 holds ag is
convergent and a¢’ is convergent and limag' = lim ag?.

Let us consider a, b. Let us assume that a > 0. The functor af yielding a
real number is defined by:

(Def.8)  there exists a rational sequence s such that s is convergent and lim s = b

5 3 : s _ b
and ag, is convergent and lim ag, = a}.

We now state a number of propositions:

3The proposition (78) was either repeated or obvious.
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(84)  For all a, b, ¢ such that a > 0 holds ¢ = af if and only if there exists
a rational sequence s such that s is convergent and lims = b and ag, is
convergent and lim ag, = c.

85) If a >0, then a} = 1.

86) If a > 0, then a} = a.

87) 18 = 1.

88) Ifa >0, then af = ab).

89) If a >0, then ad™ = ab - ag.
90) Ifa >0, then aﬁczé

91) Ifa > 0, then a} ¢ = %

el
\S)

If a >0 and b >0, then (a-b)
If a > 0, then %;:%.

ap

=ag - bi.

o0

ag
Ifa>0andb>0,then%;:¥.

Ne
ot

If a > 0, then af > 0.
If a > 1 and ¢ > b, then af 2a§3.
If a > 1 and ¢ > b, then af > aj.
Ifa>0and a <1 andc>b, then af, < ag.
If a > 1 and b > 0, then a$ > 1.
If a > 1 and b > 0, then a% > 1.
If a > 1 and b <0, then af < 1.
If a > 1 and b < 0, then a} < 1.
If 51 is convergent and sg is convergent and lim s; > 0 and for every n
holds s1(n) > 0 and sa(n) = (s1(n))%, then lim s = (lim s1)h.
(104) If a > 0 and s; is convergent and s is convergent and for every n holds
s9(n) = ale(n), then lim sy = ap™*!.
(105) If a > 0, then (a})§ = af°.
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