FORMALIZED MATHEMATICS
Vol.1,No.5, November-December 1990
Université Catholique de Louvain

Factorial and Newton coeffitients
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Summary. We define the following functions: exponential func-
tion (for natural exponent), factorial function and Newton coefficients.
We prove some basic properties of notions introduced. There is also a
proof of binominal formula. We prove also that ZZ:O (Z) =2".

MML Identifier: NEWTON.

The notation and terminology used in this paper have been introduced in the
following articles: [4], [7], [6], [2], [3], [1], and [5]. We adopt the following rules:
1, k, n, m, | denote natural numbers, a, b, x, y, z denote real numbers, and
F, G denote finite sequences of elements of R. One can prove the following
propositions:

(1)  For all z, y, z such that y # 0 and z # 0 holds % = %

(2) If k>, then k — [ is a natural number.

(3) Forall F, G such that len F' = len G and for every i such that i € dom F

holds F'(i) = G(i) holds F' = G.

(4)  For every n such that n > 1 holds 1 € Segn.

(5) For every n such that n > 1 holds Segn = ({1} U{k : 1 < kAk <

(6) For every F holds len(a - F') =len F.

(7) n € dom@G if and only if n € dom(a - G).

Let us consider 4, x. Then i — z is a finite sequence of elements of R.

Let us consider z, n. The functor =™ yielding a real number is defined as
follows:

(Def.1) 2" =T1[(n+— x).

One can prove the following propositions:
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) 2" =TI(n— a).

(9)  For every z holds z° = 1.
(10)  For every z holds z! = .
(11)  For every n holds z"*! = 2" . x and 2"*! =z - 2™
(12) (g =am g
(13)  antm = g". g™,
(14) (™)™ = ™™,
(15)  For every n holds 1" = 1.
(16)  For every n such that n > 1 holds 0" = 0.

Let us consider n. Then id,, is a finite sequence of elements of R.

Let us consider x. Then (z) is a finite sequence of elements of R. Let us
consider y. Then (x,y) is a finite sequence of elements of R.

Let us consider n. The functor n! yielding a real number is defined by:

(Def.2) n!=T](idy).

We now state several propositions:

(17)  n!=TI3Gd,).

(18) ol =1.

(19) 1=1.

(20) 2!=2.

(21)  For every n holds (n+1)! = (n+1) - (n!) and (n+ 1)! = (n!) - (n+1).
(22)  For every n holds n! is a natural number.

(23)  For every n holds n! > 0.

(24)  For every n holds n! # 0.

(25)  For all n, k holds (n!) - (k!) # 0.

Let us consider k, n. The functor (Z) yielding a real number is defined as

follows:
!

(Def.3)  for every I such that [ = n — k holds () = o if n >k, (7) =0,

(kN-(h)
otherwise.

We now state a number of propositions:

(26)  For every I such that | =n — k holds (}) = #'(l,) if and only if n > k
orif () =1, then n < k.

27 () =1

0

(28)  For every k such that k& > 0 holds () = 0.

(29)  For every n holds (5) = 1.

(30) For all n, k such that n > k for every [ such that [ = n — k holds

(o) = ()

(31)  For every n holds (7)) = 1.

(32) nFor al}l k, n such that k < n holds (}77) = (,7,) + (}) and (1)) =
(6) + ()
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(33)  For every n such that n > 1 holds () = n.

(34)  For all n, I such that n > 1 and I = n — 1 holds (7) = n.

(35)  For every n and for every k holds (}) is a natural number.

(36)  For all m, F such that m # 0 and len F = m and for all ¢, [ such that
i€ domF and I = (n+i) — 1 holds F(i) = () holds Y F = (7).

Let a, b be real numbers, and let n be a natural number. The functor
((5)a%", ..., ()a™b°) yields a finite sequence of elements of R and is defined as
follows:

(Def4)  len((p)a’", ..., (1)a"") = n+ 1 and for all 4, I, m such that i €

dom(()a’b™, ..., (%)a™°) and m =i — 1 and | = n — m holds
((©)a’0", ..., (amt) (i) = ((3,) - a’) - ™
Next we state several propositions:
(37)  Given F. Then the following conditions are equivalent:
(i) lenF =n+1 and for all ¢, I, m such that i € dom F and m =i — 1
and [ =n —m holds F(i) = (() - a) - b™,
(i) F=(()a’",..., ()a"t’).
38)  {(g)a®®,..., ()a%®) = (1).
39) (a0, (D) (1) = a”
10) (D, ()a"tO)(n+1) =
41)  For every n holds (a + b)" =
Let us consider n. The functor (({),..
ments of R and is defined by:

(Def.5)  len((g),...,(;)) = n+1 and for all 4, k such that i € dom((g),..., ()
and k =14 —1 holds ((f), .. ,("))(2)2(2‘)

n

(
(
( b
( ((§)at", ..., (7)a"e?).

) ylelds a finite sequence of ele-

We now state three propositions:
(42)  For every F holds len F' = n + 1 and for all ¢, m such that ¢ € dom F
and m =i — 1 holds F(i) = () if and only if F' = ((),..., ().
(43)  For every n holds ((§),..., (1)) = (())1°1™,..., ()1"1°).

(44)  For every n holds 2" = Y°((¢), .-, (1))

n
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