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Summary. Several affine localizations of Major Desargues Axiom
together with its indirect forms are introduced. Logical relationships
between these formulas and between them and the classical Desargues
Axiom are demonstrated.

MML Identifier: AFF_3.

The articles [1], [3], and [2] provide the notation and terminology for this paper.

We follow a convention: AP denotes an affine plane, a, a’, b, V', ¢, ¢, o, p, q

denote elements of the points of AP, and A, C, P denote subsets of the points

of AP. Let us consider AP. We say that AP satisfies DES1 if and only if:
Given A, P, C, 0, a,d’, b, V', c, ¢, p, q. Suppose that

(i) Ais a line,
(ii) P is a line,
(i) C'is a line,
(iv) P#A,

V) P#C,
i) A%C.
(vil) o€ A,

(viii) a€ A,

(ix) d €A,

(x) o€P,

(xi) beP,
(xii) Vv eP,
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(xiii) o€,

(xiv) ceC,

(xv) decC,

(xvi) o0 #a,

(xvil) o#Db,
(xviil)) o #ec,

(xix) p#q,

(xx) mnot L(b,a,c),
(xxi) not L(V,d,d),
(xxii) a #d,

(xxiii)  L(b,a,p),
(xxiv) L(V,d,p),
(xxv) L(b,c,q),
(Xxvii L, d,q),

a,c| d,c.
Then a,c || p,q.

(xxvii

We now state the proposition

(1) Given AP. Then AP satisfies DES1 if and only if for all A, P, C, o,
a,a, bV, c c,p,qsuch that A is a line and P is a line and C is a line
and P# Aand P# C and A #C ando € Aanda € Aand d’ € A
ando€ Pandbe Pand b € Pand o€ C and c € C and ¢ € C and
0# aand o # band 0 # ¢ and p # ¢ and not L(b, a, ¢) and not L(b',d’, )
and a # a' and L(b,a,p) and L(V/,d’,p) and L(b, ¢, q) and L(V',c, q) and
a,cll a,d holds a,c || p,q.

Let us consider AP. We say that AP satisfies DES14 if and only if:

Given A, P, C, 0, a,d, bV, c, c, p, q. Suppose that

(i) Ais aline,
(ii) P is a line,
(iii) C is a line,
(iv) P#A,

v) P#C,
vi) AZC,

(vil) o€ A,
(viii) @€ 4,
(ix) da €A,
(x) o€P,
(xi) beP,
(xii) b € P,
(xiii) o0eC,
(xiv) ceC,
(xv) decC,
(xvi) o0 #a,
(xvil) o#Db,
(xviil)) o #ec,



(xix)
(%)
(xxi)
(xxii)
(xxiii)
(xxiv)
(xxv)
(xxvi)
(xxvii)
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p#q,
c#4q,
not L(b, a,c),
not L(V',d, ),
L(b a p)

D),

L',

L(b, ¢, q)
L, q),
a,c| p,q

Then a,c || a’,c’.

The following proposition is true

(2)
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Given AP. Then AP satisfies DES14 if and only if for all A, P, C, o,
a,a, b b, c c,p,qsuch that Ais a line and P is a line and C is a line
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and P# Aand P# Cand A #C ando € Aanda € Aand d’ € A
ando€ Pandbe Pand b € Pando € C and c € C and ¢ € C and

o# aand o # band o # cand p # ¢q and ¢ # g and not L(b, a,c) and
not L(¥,d’, ) and L(b,a,p) and L(V/,d’
and a,c || p,q holds a,c || d’, .

Let us consider AP. We say that AP satisfies DES14 if and only if:
Given A, P, C,0,a,d, bV, c, c, p, q. Suppose that

A is a line,
P is a line,
C'is a line,
P # A,

P +#£C,
A#£C,
o€ A,
a€A,

a € A,
o€ P,

be P,

b eP,
ce C,
ded,

0 # a,
0#b,

0 # ¢,
p#q,

not L(b, a,c),
not L(V',d, ),
c#c,
L(b,a,p),
L(V,d',p),
L(b7c7 q)?

,p) and L(b,¢,q) and L(V',c, q)
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(xxv)
(xxvi)
(xxvii)
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L(b,7 Cl7q)7

a,clld,d,

a,cllpq.
Then o € C.

Next we state the proposition

(3) Given AP. Then AP satisfies DES15 if and only if for all A, P, C, o,

XV
(xvi
(xvii
(xviii
(xix
(xx
(xxi
(xxii
(xxiii
(xxiv
(xxv
(xxvi
(xxvii
(xxviii

)
)
)
)
)
)
ii)
iii)
ix)
)
)
)
)
xiv)
)
)
)
)
)
)
)
)
)
)
)
)
)
)

a,a, b b, c c,p, qsuch that A is a line and P is a line and C is a line
and P£ZAand P#AC and A#C ando€ Aand a € A and o’ € A and
ocePandbe Pandb € Pandce Cand ¢ € C and o #a and 0o # b
and o # ¢ and p # ¢ and not L(b, a, ¢) and not L(b',d’,¢') and ¢ # ¢’ and
L(b,a,p) and L(V',d’,p) and L(b, ¢, q) and L(V',,q) and a,c || d’,¢ and
a,c || p,q holds o € C.
Let us consider AP. We say that AP satisfies DES13 if and only if:
Given A, P, C, 0, a,d, bV, c, c, p, q. Suppose that
A is a line,
P is a line,
C is a line,
P+A,
P +#C,
A+C,
o€ A,
a € A,
a € A,
beP,
b eP,
o€eC,
ceC,
ded,
0 # a,
0F#b,
0 # ¢,
p#4q,
not L(b, a, c),
not L(V,d, ),
b#1b,
a#a,
L(b a p)
L(V,d',p),
L(b, ¢, q)
L, d q)
a,cll a,d,
a,c | p,q.
Then o € P.

Next we state the proposition
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(4) Given AP. Then AP satisfies DES13 if and only if for all A, P, C, o,
a,a,b b, c c,p, qsuch that Ais a line and P is a line and C is a line
and P£ZAand P#Cand A#C ando€ Aand a € A and o’ € A and
bePandb e Pandoe Candce C and ¢/ € C and 0 # a and 0 # b
and o # ¢ and p # ¢ and not L(b,a,c) and not L(b',d’,c’) and b #
and a # o' and L(b,a,p) and L(V',d’,p) and L(b, ¢, q) and L(V', ¢, ¢) and
a,c|| d,c and a,c || p,q holds o € P.

Let us consider AP. We say that AP satisfies DES2 if and only if:

Given A, P, C,a,d', b, V, c, ¢, p, q. Suppose that

(i) Ais aline,
(ii) P is a line,
(i) C'is a line,
(iv) A#P,

V) A%C.

vi) P#C,

(vil) a€ A,

(viii) o € A,

(ix) beP,

x) UV eP,

(xi) ceC,

(xii) deC,

(xiii) A | P,

(xiv) A C,

(xv) not L(b,a,c),
(xvi) not L(V,d,d),
(i) pAa,

(xviil) a#d,

(xix) L(b a p)

(o) L(t,d'p)
(xxi) L(b,ec, q)
(xxii) L, q)

(xxiii) a,c| d,c.
Then a,c H D, q.

We now state the proposition

(5)  Given AP. Then AP satisfies DES2 if and only if for all A, P, C, a,
a, bV, c c, p, qsuch that A is a line and P is a line and C' is a line
and A#ZPand A#ZCand P# Canda € Aanda’ € Aand b € P and
VePandce Candd € Cand A || Pand A | C and not L(b,a,c) and
not L(¥,d’,¢') and p # q and a # o' and L(b,a,p) and L(b,d’,p) and
L(b,c,q) and L(V/,,q) and a,c || d’,¢ holds a,c || p,q.

Let us consider AP. We say that AP satisfies DES2q if and only if:

Given A, P, C,a,d’, b, V, c, ¢, p, q. Suppose that

(i) Ais aline,
(ii) P is a line,
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(iii) C is a line,
(iv) A#P,
(v) A#C,

vi) P%C,

(vil) a €A,

(viii) o € A,

(ix) beP,

(x) VeP,

(xi) ceC,

(xii) €,

(xiii) A | P,

(iv) A C,

(xv) mnot L(b,a,c),
(xvi) mnot L(V,d,d),
(xvil)  p#q,

Goviit) LB, a,p),

(deg Lgb’, a’,)p),

xx) L(b,c,q),
(od) LY, 0,
(xxii) a,c|| p,q.

Then a,c || d, .

We now state the proposition

(6) Given AP. Then AP satisfies DES2; if and only if for all A, P, C, a,
a,b, b, c c,p, qsuch that A is a line and P is a line and C is a line
and AZPand AZCand P#C anda € Aand ¢’ € Aand b € P and
bVePandceCand d € Cand A || P and A || C and not L(b, a,c) and
not L(V,d’, ') and p # ¢ and L(b, a,p) and L(V',d’,p) and L(b, ¢, q) and
LV, ,q) and a,c || p,q holds a,c || a’,¢.

Let us consider AP. We say that AP satisfies DES22 if and only if:

Given A, P, C, a,d’, b, V, ¢, ¢, p, q. Suppose that

(i) Ais a line,
(ii) P is a line,
(i) C is a line,
(iv) A#P,

(v) A#C,
vi) P%C,

(vil) a €A,
(viii) o € A,

(ix) beP,

(x) VeP,
(xi) ceC,
(xii) e,

(xii) A C,
(xiv) not L(b,a,c),
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(xv) mnot L(V,d, ),

(xvi) p#gq,

(xvil)) a#d,

(xviii) L(b a p)

(xix)  L(b',d’,p),

() Libc, q)

(xxi) L, q)
(xxii) a,c| d,d,
(xxiii)) a,c| p,q.

Then A || P.

Next we state the proposition

(7)  Given AP. Then AP satisfies DES25 if and only if for all A, P, C,
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a, a', b, b, c, c, p, qsuch that A is a line and P is a line and C is a
line and A # P and A # C and P # C and a € A and a’ € A and
bePandb € Pand ce C and ¢ € C and A || C and not L(b, a,c) and

not L(V,a’,¢') and p # q and a # o' and L(b,a,p) and L(V,d

L(b,c,q) and L(b',,q) and a,c || a’,c and a,c || p,q holds A || P.
Let us consider AP. We say that AP satisfies DES23 if and only if:
Given A, P, C,a,d’, b, V, c, ¢, p, q. Suppose that

(i) Ais a line,
(ii) P is a line,
(i) C'is a line,
(iv) A#P,

v) A#C,
~i) P#C,

(vil) a€ A,
(viii) o € A,
(ix) beP,
x) bW eP,
(xi) ceC,
(xii) deC,
(xiii) A P,
(xiv) not L(b,a,c),
xv) not L(V,d, ),
(xvi)  p#q,

(xvil) c#d,

(xviii) L(b a p)
(xix) LV, d,p),
(xx)  L(b,c, Q)
(xxi) L, q)

(xxii) a,c| d,d,

Godil)  ae || poa

Then A || C.

We now state a number of propositions:

,p) and
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(8) Given AP. Then AP satisfies DES23 if and only if for all A, P, C,
a, a', b, b, c, c, p, qsuch that A is a line and P is a line and C is a
line and A # Pand A # C and P # C and a € A and ¢’ € A and
be PandV € Pand ¢c € C and ¢ € C and A || P and not L(b,a,c)
and not L(V',d’, ') and p # g and ¢ # ¢ and L(b, a,p) and L(V', d’, p) and
L(b,c,q) and L(¥',,q) and a,c | a’,c and a,c || p,q holds A || C.

If AP satisfies DES1, then AP satisfies DES17.

If AP satisfies DES14, then AP satisfies DESI1.

If AP satisfies DES, then AP satisfies DES1.

If AP satisfies DES, then AP satisfies DES15.

If AP satisfies DES15, then AP satisfies DES13.

If AP satisfies DES14, then AP satisfies DES.

If AP satisfies DES2q, then AP satisfies DES2.

AP satisfies DES2q if and only if AP satisfies DES2g.

AP satisfies DES2 if and only if AP satisfies DES25.

If AP satisfies DES13, then AP satisfies DES2;.
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