FORMALIZED MATHEMATICS

Vol.1, No,3, May—August 1990
Université Catholique de Louvain

Tarski’s Classes and Ranks

Grzegorz Bancerek
Warsaw University
Biatystok

Summary. In the article the Tarski’s classes (non-empty families
of sets satisfying Tarski’s axiom A given in [9]) and the rank sets are
introduced and some of their properties are shown. The transitive closure
and the rank of a set is given here too.

MML Identifier: CLASSES1.

The terminology and notation used here have been introduced in the following
articles: [9], [8], [7], [3], [4], [6], [5], [2], and [1]. For simplicity we adopt the
following rules: W, X, Y, Z will denote sets, D will denote a non-empty set, f
will denote a function, and z, y will be arbitrary. Let B be a set. We say that
B is a Tarski-Class if and only if:
for all X, Y such that X € Band Y C X holds Y € B and for every X such
that X € B holds 2¥ € B and for every X such that X C B holds X ~ B or
X eB.
Let A, B be sets. We say that B is Tarski-Class of A if and only if:
A € B and B is a Tarski-Class.
Let A be a set. The functor T(A) yielding a non-empty family of sets, is
defined as follows:
T(A) is Tarski-Class of A and for every D such that D is Tarski-Class of A
holds T(A) C D.
We now state several propositions:
(1) W is a Tarski-Class if and only if for all X, Y such that X € W and
Y C X holds Y € W and for every X such that X € W holds 2X € W
and for every X such that X C W holds X ~ W or X € W.
(2) W is a Tarski-Class if and only if for all X, Y such that X € W and
Y C X holds Y € W and for every X such that X € W holds 2X € W
and for every X such that X C W and X < W holds X € W.
(3) X is Tarski-Class of YV if and only if Y € X and X is a Tarski-Class.
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(4)  For every non-empty family W of sets holds W = T(X) if and only if
W is Tarski-Class of X and for every D such that D is Tarski-Class of X

holds W C D.
(5) X eT(X).
(6) IfY eT(X)and ZCY, then Z € T(X).
(7) IfY € T(X), then 2V € T(X).
(8) IfY CT(X), then Y ~ T(X) or Y € T(X).
(9) Y CT(X)and Y < T(X), then Y € T(X).

We follow a convention: u, v will denote elements of T(X), A, B, C will
denote ordinal numbers, and L, L; will denote transfinite sequences. Let us
consider X, A. The functor T 4(X) is defined as follows:

there exists L such that T 4(X) = last L and dom L = succ A and L(0) =
{X} and for all C, y such that succ C € succ A and y = L(C') holds L(succ C) =
{u: Vv ey AuCo]}u{2’:ve fy]}) U2l NT(X) and for all C, L; such
that C € succ A and C' # 0 and C is a limit ordinal number and L1y = L | C
holds L(C) = U(rng L1) N T(X).

Let us consider X, A. Then T 4(X) is a subset of T(X).

Next we state a number of propositions:

(10)  To(X) ={X}.

(11)  Taueea(X) = {u : Vv € Ta(X) Au Co]fu{2” :v e Ta(X)}H U
2TA0 N T(X).

(12) If A# 0 and A is a limit ordinal number, then T 4(X) = {u: Vg[B €
ANu e Tp(X)]}

(13) Y € Taycca(X) ifand only if Y C T4(X) and Y € T(X) or there exists
Z such that Z € T4(X)but Y C Z or Y = 2%,

(14) Y CZand Z € Ta(X), then Y € Tgyeca(X).

(15)  IfY € Ta(X), then 2¥ € Tyyec a(X).

(16) If A+# 0 and A is a limit ordinal number, then x € T 4(X) if and only
if there exists B such that B € A and x € Tp(X).

(17) If A# 0 and A is a limit ordinal number and Y € T4(X) but Z C Y

or Z =2, then Z € T4(X).
TA(X) - TSuCCA(X)'

(18)

(19) If AC B, then T4(X) C Tp(X).

(20)  There exists A such that T 4(X) = Tsyec a(X).
(21) I Ty(X) = Tsucca(X), then Ty(X) = T(X).
(22)  There exists A such that T 4(X) = T(X).

(23)
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There exists A such that T4(X) = T(X) and for every B such that
B € A holds Tp(X) # T(X).
(24) IfY # X and Y € T(X), then there exists A such that Y ¢ T 4(X)
and Y € Tgyeca(X).
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If X is transitive, then for every A such that A # 0 holds T 4(X) is
transitive.

To(X) € T1(X) and To(X) # T1(X).

If X is transitive, then T(X) is transitive.

If Y € T(X), then Y < T(X).

If Y € T(X), then Y % T(X).

If z € T(X) and y € T(X), then {z} € T(X) and {z,y} € T(X).
If x € T(X) and y € T(X), then (z,y) € T(X).

If Y C T(X) and Z C T(X), then | Y, Z] C T(X).

Let us consider A. The functor R 4 is defined as follows:

there exists L such that R4 = last L and dom L = succ A and L(0) = ) and
for all C, y such that succ C' € succ A and y = L(C) holds L(succ C) = 2 and
for all C', Ly such that C € succ A and C # 0 and C is a limit ordinal number
and Ly = L | C holds L(C) = J(rng L1).

Let us consider A. Then R4 is a set.

One can prove the following propositions:

(33)
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(35)
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Ro = 0.

RsuccA = 2RA-

If A # 0 and A is a limit ordinal number, then for every x holds x € R »4
if and only if there exists B such that B € A and = € Rp.

X C R, if and only if X € Rgyec 4.

R4 is transitive.

If X € Ry, then X C Ry.

Ra C Rsucca-

URa € Ra.

If X € Ry, then JX € Ry.

A e Bifand only if R4 € Rp.

AC Bifand only if R4y C Rp.

ACRy,.

For all A, X such that X € R4 holds X # R4 and X < R4.

X C Ry if and only if 2% C Rgyec 4.

X CY andY € Ry, then X € Ry.

X € Ry, if and only if 2% € Rgycc 4.

x € Ry if and only if {z} € Rgycc a-

r € Ry and y € Ry if and only if {z,y} € Rgyec A-

z € Ra and y € Ry if and only if (7, y) € Rgycc(suce A)-

If X is transitive and R4 NT(X) = Rgyec 4 N T(X), then T(X) C Ry.

If X is transitive, then there exists A such that T(X) C R4.

If X is transitive, then [J X C X.
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(55) If X is transitive and Y is transitive, then X UY is transitive.
(56) If X is transitive and Y is transitive, then X NY is transitive.

In the sequel k, n denote natural numbers. Let us consider X. The functor
X*¢€ yielding a set, is defined by:

x € X*< if and only if there exist f, n, Y such that x € Y and Y = f(n)
and dom f = N and f(0) = X and for all k, y such that y = f(k) holds
f(k+1) =Ulyl-

Next we state a number of propositions:

(57)  Z = X*< if and only if for every x holds x € Z if and only if there exist

fyn,Y such that x € Y and Y = f(n) and dom f =N and f(0) = X and
for all k, y such that y = f(k) holds f(k+ 1) = U[y]-

(58)  X™*€ is transitive.

(59) X C X*e.

(60) If X CY and Y is transitive, then X*¢ C Y.

(61) If for every Z such that X C Z and Z is transitive holds Y C Z and
X CY and Y is transitive, then X*¢ =Y.

(62) If X is transitive, then X*¢ = X.
(63) 0% =0.

(64) A*e = A.

(65) If X CY, then X*¢ C Y*e.

(66) (X*€)*€ = X*e,

(67) (XUY)'s = X*eUYre.

(68) (X NY)* C X*enY*e,

(69)  There exists A such that X C Ry.

Let us consider X. The functor rk(X) yielding an ordinal number, is defined
by:

X C Ryi(x) and for every B such that X C Rp holds rk(X) C B.

We now state a number of propositions:

(70) A =rk(X) if and only if X C R4 and for every B such that X C Rp

holds A C B.
71)  1k(2¥) = succrk(X).
72 rk(R4) = A.
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X C Ry if and only if rk(X) C A.

X € Ry if and only if rk(X) € A.

If X CY, then rk(X) C rk(Y).

If X €Y, then rk(X) € rk(Y).

rk(X) C A if and only if for every Y such that Y € X holds rk(Y) € A.

A C rk(X) if and only if for every B such that B € A there exists YV
such that Y € X and B C rk(Y).

(79)  rk(X) =0 if and only if X = (.
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(80) Ifrk(X) =
(81) rk(A) = A.
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succ A, then there exists Y such that Y € X and rk(Y') = A.

(82) rk(T(X)) # 0 and rk(T(X)) is a limit ordinal number.
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