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Summary. In the article addition, multiplication and power op-
eration of cardinals are introduced. Presented are some properties of
equipotence of Cartesian products, basic cardinal arithmetics laws (trans-
formativity, associativity, distributivity), and some facts about finite sets.

MML Identifier: CARD_2.

The articles [12], [11], [7], [8], [3], [4], [5], [10], [2], [6], [9], and [1] provide the
terminology and notation for this paper. For simplicity we follow a convention:
A, B denote ordinal numbers, K, M, N denote cardinal numbers, z, 1, =2,
Y, Y1, Yo are arbitrary, X, Y, Z, X1, Xo, Y1, Y5 denote sets, and f denotes a

function. Let us consider z. The functor [z] yielding a set, is defined by:
[z] = x.
Next we state several propositions:

0 -

(2) X <Y if and only if there exists f such that X = f°Y or X C f°Y.
3) f°X<X.

(4) X <Y,thenY\X #0.

(5) Ifzxe X and X Y, then Y # () and there exists z such that x € Y.
6) 2% = 92X and 2X = 2X

(7) IfZeYX then Z~X and Z = X.

We now define three new functors. Let us consider M, N. The functor

M + N yielding a cardinal number, is defined as follows:
M + N = ord(M) 4 ord(N).
The functor M - N yielding a cardinal number, is defined by:

M-N=[M,N{.
The functor MY yielding a cardinal number, is defined by:
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MN = MmN,

Next we state a number of propositions:

(8) M+ N = ord(M) + ord(N).

(9) M-N=[FM,NJ.

(10) MN =DMV,

(11) [X, YI~[Y,X]and [X,Y]=[Y, X].

(12) [FEX, Y] Zi= X LY, Z{{and [[X, Y], Z] =X, [V, Z{]

(13) X~[X, {z}]and X = [ X, {z}]

(14) () EX Yi=[X, V],

(i) (X Yi~[X V]

(i) [X,Y]~[X,Y],

(iv) EX,Y]=}X, Y],

(v) X, Y]=[X Y]

vi) X, Y]=lX,Y].

(15) If X; ~ Y] and Xo =~ Yo, then [ X1, Xo] ~ [ Y}, Yo and [ X1, Xo] =
Y1, Yol

(16) If 1 # z2, then A+ B =~ [A, {z1}]U[B, {z2}] and A+ B =
T4 {211 UEB, {ea}].
(17)  If 21 # x9, then K+ M ~ [ K, {z1}] U [ M, {z2}] and K + M =
TR, o1 TUEM, {e2}].
(18 A-B=[A,B]land A-B =1[A, BY.
We now define three new functors. The cardinal number 0 is defined by:
0=0.
The cardinal number 1 is defined as follows:
1=1.
The cardinal number 2 is defined as follows:
2 = succl.

The following propositions are true:

(199 0=0andI=1 and 2 = succ1.

(20) 0=0and0=0and1=1.

(21) 0=0andT=Tand2=2.

(22) 2=1{0,1} and 2 = succ1.

(23)  Suppose X; ~ Y; and Xy = Ys and 1 # z9 and y; # y2. Then [ Xy,

{z U X, {22} = [V1, {11} ] U Y2, {y2} ] and
X {2 HUEX, {223 ] = Y1, {m U Y2, {y2}] .
(24 A+B=A+B.
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(25) A-B=A-

(26) (X { }Hu [¢Y7 {1}:] ~FY {0HUEX, {1 and [ X, {0} ULY, {1}] =
Y, {0}]UEX, (111,

(27) [.Xl,XQ.] [Yl,Yé] [ ]U[ZYQ, Yl] and
[ZXl,XQZ]U[Zyl,YQ]: - Xo X] [:Yg,Ylt].

(28) Ifz sy then X +Y = [ X, {a}]ULY, {y}].

(29) M+0=Mand 0+ M = M.

(30) M4+ N=N+M.

(31) (K+M)+N=K+(M+N).

(32) K-0=0and 0-K =0.

33) K-1=Kand1-K =K.

(34) K-M=M-K.

(35) (K-M)-N=K-(M-N).

(36) 2-K=K+Kand K-2=K+K.

B K- M+N)=K-M+K-Nand ( M+ N)-K=M-K+N-K

(38) KO=T.

(39) If K#0,then0 =0

(40) Kl'=KandTI" =T

(41)  KMAN = (KM). (KN).

(42) (K- M) = (KY) - (MN)

43)  KMN = (gkM)N,

(44) 27 =2X

(45) K?=K-K

(46) (K+M)?=(K-K+ (2 -K)-M)+M-M

(47) XUY <X+Y

(48) IfXNY =0, then XUY = X + Y.

In the sequel m, n will denote natural numbers. Next we state a number of
propositions:

(49)  ord(n +m) = ord(n) 4+ ord(m).

(50)  ord(n -m) = ord(n) - ord(m).

(b1) n+m=n+m

(52) m-m=7n-m.

(63) If X is finite and Y is finite and X NY = {), then card( X UY) =
card X + cardY.

(54) If X is finite and x ¢ X, then card(X U {z}) = card X + 1.

(55)  If X is finite and Y is finite, then card X = cardY if and only if X = Y.

(56)

If X is finite and Y is finite, then X =Y ifand only if card X = card Y.
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(57)  If X is finite and Y is finite, then X <Y ifand only if card X < card Y.
(58) If X is finite and Y is finite, then X <Y ifand only if card X < card Y.
(59) If X is finite, then X = ) if and only if card X = 0.
(60) If X is finite, then card X = 1 if and only if there exists x such that
X ={xz}.
(61) If X is finite, then X ~ ord(card X) and X ~ card X and X =~
Seg(card X).

(62) If X is finite and Y is finite, then card(X UY') < card X + card Y.
(63) IfY C X and X is finite, then card(X \Y) = card X —card Y.

(64) If X is finite and Y is finite, then card(X UY') = (card X + cardY) —
card(X NY).

(65) If X is finite and Y is finite, then card} X, Y | = card X - card Y.

(66) If X CY and Y is finite, then card X < cardY.

(67) If X CY and X # Y and Y is finite, then card X < cardY and
X <Y.

(68) If X < Y or X <Y but Y is finite, then X is finite.

In the sequel x1, 2, =3, x4, x5, Tg, T7, Tg are arbitrary. One can prove the
following propositions:

(69) card{xy,zo} < 2.
(70)  card{zy,x2,x3} < 3.
(71)  card{xy,xo,x3,24} < 4.
(72)  card{x1, w9, x3, 24,75} < 5.
(73)  card{zy, w2, 73,74, 25,76} < 6.
(74)  card{xy, w9, x3, 24,75, 26,27} < T.
(75)  card{z1, 2,73, 74,25, T6, 27,78} < 8.
(76)  If x1 # x9, then card{zi,z2} = 2.
(77)  If 1 # x9 and x1 # x3 and x9 # x3, then card{zy, z2,23} = 3.
(78) If x1 # x9 and x1 # x3 and z7 # x4 and x9 # x3 and x9 # x3 and
x9 # x4 and x3 # x4, then card{zy, zo, 3,24} = 4.
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