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Graphs of Functions.
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Warsaw University
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Summary. The graph of a function is defined in [1]. In this paper the graph of
a function is redefined as a Relation. Operations on functions are interpreted as the
corresponding operations on relations. Some theorems about graphs of functions
are proved.

The terminology and notation used in this paper have been introduced in the following
papers: [2], [3], [1], and [4]. For simplicity we adopt the following convention: X, X1,
X2,Y,Y1, Y2 denote objects of the type set; =z, x1, 22, y, y1, y2, z denote objects of
the type Any; f, f1, f2, g, g1, g2, h, hl denote objects of the type Function. Let
us consider f. Let us note that it makes sense to consider the following functor on a
restricted area. Then

graph f is Relation .
Next we state a number of propositions:

(1) for R being Relation st
for z,yl,y2 st (z,y1) € R & (x,y2) € R holds yl = y2 ex f st graph f = R,

(2) y € rng f iff exx st (z,y) € graph f,
(3) dom graph f = dom f & rnggraph f = rng f,
(4) graph f C {dom f,rng f1,

(5) (for z,y holds (x,y) € graph f1 iff (z,y) € graph f2) implies f1 = f2,
(6) for G being set st G C graph f ex g st graphg = G,

(7) graph f C graph g implies dom f C domg & rng f C rng g,
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(8) graph f C graphg iff dom f C dom g & for z st 2 € dom f holds f.z = g.x,

(9) dom f = dom g & graph f C graph g implies f = g,
(10) (z,2) € graph (g - f) iff exy st (z,y) € graph f & (y, z) € graphy,
(11) (graph f) - (graph g) = graph (g - f),

(12) (x, z) € graph (g - f) implies (z, f.z) € graph f & (f.z,z) € graphg,
(13) graph h C graph f
implies graph (g - k) C graph (g - f) & graph (h - g) C graph (f - g),

(14) graph g2 C graph g1 & graph f2 C graph f1
implies graph (¢2 - f2) C graph (g1 - f1),

(15) ex f st graph f = {(z. )}
(16) graph f = {(z.y)} implies f.z =y,

(17) graph f = {{z,y)} implies dom f = {«} & mg f = {y},
(18) dom f = {x} implies graph f = {(z, f.z)},

(19) (ex f st graph f = {(z1,y1),(x2,y2)}) iff (21 = 22 implies y1 = y2),

(20) ex f st graph f = 0,

(21) graph f = () implies dom f = () & rng f = 0),

(22) rmg f = ) or dom f = () implies graph f = 0,

(23) rng f N dom g = () implies graph (g - f) = 0,

(24) graphg = () implies graph (g - f) = 0 & graph (f - g) = 0,
(25) f is_one-to-one

iff for 21,22,y st (z1,y) € graph f & (22,y) € graph f holds z1 = 22,

(26) graphg C graph f & fis_one-to-one implies g is_one-to-one,
(27) (ex g st graphg = graph f N X) & ex g st graph g = X N graph f,
(28) graph h = graph f N graphg

implies domh C dom f Ndomg & rmgh C rng f Nrngg,

(29) graphh = graph f Ngraphg & = € domh implies h.x = f.z & h.x = g.x,
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(f is_one-to-one or g is_one-to-one) & graph h = graph f N graph g

implies his_one-to-one,
dom f Ndom g = () implies ex h st graph h = graph f U graph g,

graph f C graphh & graph g C graphh
implies ex hl st graph hl = graph f U graphg,

graphh = graph (f) U graph (g)
implies domh = dom f Udom g & rngh = rng f Urngg,

x € dom f & graph h = graph f U graph g implies h.x = f.z,
x € dom g & graph h = graph f U graph g implies h.x = g.z,
x € dom h & graph h = graph f U graph g implies h.x = f.x or h.x = g.x,

f is_one-to-one
& gis_one-to-one & graph h = graph f U graphg & rng f Ntngg = ()

implies his_one-to-one,
ex g st graph g = graph (f) \ X,
(x,y) € graphid (X)) ifz € X &z =y,
graphid X = A X,
x € X iff (x,z) € graphid (X),
(z,y) € graph (f -id (X)) iff z € X & (z,y) € graph f,
(z,y) € graph (id (Y) - f) iff (z,y) € graph f &y € Y,
graph (f -id (X)) C graph f & graph (id (X) - f) € graph (f),
graphid ) = 0,
graph f = () implies f is_one-to-one,
f is_one-to-one implies for 2,y holds (y, z) € graph (f ') iff (x,y) € graph f,
f is_one-to-one implies graph (f ) = (graph f)~,
graph f = () implies graph (f ') = 0,

(x,y) € graph (f | X) iff x € X & (z,y) € graph f,
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(51) graph (f | X) = (graph f) | X,
(52) xz€dom f & x € X iff (x, f.xz) € graph (f | X),
(53) graph (f | X) C graph f,

(54) graph ((f | X) - h) C graph (f - h) & graph (g - (f | X)) C graph (g f),

(55) graph (f | X) = graph (f) N {X, mg f],
(56) X CY implies graph (f | X) C graph (f|Y),
(57) graph f1 C graph f2 implies graph (f1 | X) C graph (f2 | X),

(58) graph f1 C graph f2 & X1 C X2 implies graph (f1| X1) C graph (f2 | X2),

(59) graph (f | (X UY)) = graph (f | X) Ugraph (f | Y),
(60) graph (f | (X NY)) = graph (f | X) Ngraph (f | Y),
(61) graph (f | (X' \'Y)) = graph (f | X) \ graph (f | Y),
(62) graph (f [0) =0,

(63) graph f = () implies graph (f | X) =0,

(64) graphg C graph f implies f | domg = g,

(65) (z,y) € graph (Y | f) iff y € Y & (z,y) € graph f,
(66) graph (Y'| f) =Y | (graph f),

(67) zedomf& f.x €Y iff (z, f.x) € graph (Y | f),
(68) graph (Y| f) C graph (f),

(69) graph ((Y [ f) - h) C graph (f - h) & graph (g - (Y| f)) C graph(g- f),

(70) graph (Y| f) = graph (f) N fdom f,Y],
() X C Y implies graph (X | /) € graph (¥ | /),
(72) graph f1 C graph f2 implies graph (Y| f1) C graph (Y | f2),

(73) graph f1 C graph f2 & Y1 C Y2 implies graph (Y1 | f1) C graph (Y2 | f2),
(74) graph (X UY) | f) = graph (X | f) Ugraph (Y | f),

(75) graph (X NY) [ f) = graph (X | f) N graph (Y| f),
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(76) graph (X \Y) | /) = graph (X | )\ graph (V | £),
(77) graph (0| f) = 0,

(78) graph f = () implies graph (Y | f) = 0,

(79) graph g C graph f & fis_one-to-one implies rngg | f = g,
(80) ye f°Xiffexxst (z,y) € graphf &z € X,

(81) f°X = (graph f) ° X,

(82) graph f = () implies f ° X = 0,

(83) graph f1 C graph f2 implies f1° X C f2° X,

(84) graph f1 C graph f2 & X1 C X2 implies f1° X1 C f2° X2,
(85) re fY iffexyst (z,y) € graph f &y €,

(86) 1Y = (graph f) 1Y,

(87) x€ f 1Y iff (x, f.x) €graph f & f.x €,

(88) graph f = () implies f 'Y = 0,

(89) graph f1 C graph f2 implies f1° 'Y C f271Y,

(90) graph f1 C graph f2 & Y1 C Y2 implies f1 Y1 C f27 ' vy2.
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