FORMALIZED MATHEMATICS
Number 1, January 1990
Université Catholique de Louvain

Segments of Natural Numbers and Finite

Sequences
Grzegorz Bancerek! Krzysztof Hryniewiecki?
Warsaw University Warsaw University
Bialystok Warsaw

Summary. We define the notion of an initial segment of natural numbers and
prove a number of their properties. Using this notion we introduce finite sequences,
subsequences, the empty sequence, a sequence of a domain, and the operation of

concatenation of two sequences.

The papers [4], [5], [2], [3], and [1] provide the notation and terminology for this paper.

For simplicity we adopt the following convention:

k, 1, m, n, k1, k2 denote objects of

the type Nat; X denotes an object of the type set; =z, vy, z, y1, y2 denote objects of the

type Any; f denotes an object of the type Function.

Segn,

with values of the type set, is defined by
it={k:1<k&k<n}.

Let us consider n. The functor

Let us consider n. Let us note that it makes sense to consider the following functor

on a restricted area. Then

Segn is set of Nat .

One can prove the following propositions:

(1) Segn={k:1<k&k<n}
(2) x € Segn implies z is Nat ,
(3) keSegniff 1 <k&k<n,
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(4) Seg0 =0 & Seg1 = {1} & Seg2 = {1,2},

(5) n=0orn € Segn,

(6) n+1¢€Seg(n+1),

(7) n < m iff Segn C Segm,

(8) Segn = Segm implies n = m,

(9) k < n implies Segk = Segk N Segn & Segk = Segn N Seg k,
(10) Seg k = Seg k N Segn or Seg k = Segn N Seg k implies k < n,
(11) SegnU{n+1} =Seg(n+1).

The mode
FinSequence,

which widens to the type Function, is defined by

exn st dom it = Segn.

In the sequel p, g, r denote objects of the type FinSequence. Let us consider p.
The functor
len p,

with values of the type Nat, is defined by

Segit = dom p.

Next we state four propositions:

(12) for f being Function holds f is FinSequence iff exn st dom f = Segn,

(13) k = lenp iff Seg k = dom p,
(14) () is FinSequence,,
(15) (ex k st dom f C Segk) implies ex p st graph f C graphp.

In the article we present several logical schemes. The scheme SeqEx concerns a
constant A that has the type Nat and a binary predicate P and states that the following
holds

exp st domp = Seg A & for k st k € Seg A holds Pk, p.k]

provided the parameters satisfy the following conditions:

° fork,yly2 st k € Seg A & Plk,yl] & P[k,y2] holds y1 = y2,
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o fork st k € Seg Aexx st Plk, z].

The scheme SeqLambda deals with a constant A that has the type Nat and a unary
functor F and states that the following holds

ex p being FinSequence st lenp = A & for k st k € Seg.A holds p.k = F(k)

for all values of the parameters.

We now state several propositions:
(16) z € graphp implies ex k st k € domp & z = (k,p.k),
(17) X =domp & X =domg & (for k st k € X holds p.k = ¢q.k) implies p = g,

(18) forp,q
stlenp =leng & fork st 1 <k & k <lenp holds p.k = q.k holds p = ¢,

(19) p| (Segn) is FinSequence ,
(20) rng p C dom f implies f - p is FinSequence
(21) k <lenp & ¢ =p| (Segk) implies len g = k & dom g = Segk.

Let D have the type DOMAIN. The mode

FinSequence of D,

which widens to the type FinSequence, is defined by

rngit C D.

In the sequel D will have the type DOMAIN.  The following three propositions

are true:

(22) p is FinSequence of D iff rngp C D,
(23) for D,k for p being FinSequence of D holds p | (Seg k) is FinSequence of D,
(24) ex p being FinSequence of D st lenp = k.

The constant ¢ has the type FinSequence, and is defined by

lenit = 0.
The following propositions are true:
(25) p=c¢ifflenp =0,
(26) p=c¢ iff domp =0,

(27) p=ciffrngp = 0,
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(28) graphe = ),
(29) for D holds ¢ is FinSequence of D.

Let D have the type DOMAIN. The functor

eD,

yields the type FinSequence of D and is defined by

it=c.

One can prove the following four propositions:

(30) p=¢ (D) iff domp = ),
(31) e(D)=c¢,

(32) p=c(D)ifflenp =0,
(33) p=c(D)iff rgp = 0.

Let us consider p, g. The functor

—~

p g

with values of the type FinSequence, is defined by

domit = Seg (lenp + lenq) &
(fork st k € domp holds it.k = p.k) & for k st k € dom g holds it.(lenp + k) = ¢.k.

One can prove the following propositions:
(34) r=p " qiff domr = Seg (lenp +lengq) &
(fork st k € domp holds r.k = p.k)
& fork st k € domg holds r.(lenp + k) = ¢.k,

(35) len(p ™ q) =lenp + leng,

(36) forkstlenp+1<k&k<lenp+lengholds (p~ q).k = q.(k —lenp),
(37) lenp <k&k <len(p ™ ¢) implies (p ~ q).k = q.(k — lenp),

(38) kedom(p™ ¢) implies k € dompor exn st n € domq & k =lenp+n,
(39) domp C dom (p ™ ¢q),

(40) x € domg impliesexk st k =z & lenp+ k € dom (p ™ q),

(41) k € dom g implies lenp + k € dom (p ~ ¢),
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(42) mgp Cmg(p ™ q),

(43) mgq Crng(p ™ q),

(44) mg (p ~ ¢) = mgpUrnggq,

(45) pTq r=p~ (¢ ),

(46) p T r=q rorr p=r"" qimplies p = q,
(47) p e=p&ke T p=p,

(48) p g=cimpliesp=c&qg=c¢.

The arguments of the notions defined below are the following: D which is an object
of the type reserved above; p, ¢ which are objects of the type FinSequence of D. Let

us note that it makes sense to consider the following functor on a restricted area. Then

—~

P q is FinSequence of D.

One can prove the following proposition

(49) for p,q being FinSequence of D holds p — ¢ is FinSequence of D.

Let us consider x. The functor
<x>,

with values of the type FinSequence, is defined by

domit = Segl & it.1 = z.

The following proposition is true
(50) p " q is FinSequence of D
implies p is FinSequence of D & q is FinSequence of D.
We now define two new functors. Let us consider x, y. The functor

<r,y>,

with values of the type FinSequence, is defined by
it =<ao>" <y>.
Let us consider z. The functor
<z, y,z>,
with values of the type FinSequence, is defined by

it=<z>" <y>" <z>.
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Next we state a number of propositions:

(51) p=<z>iff domp = Segl & p.1 =z,

(52) graph <a> = {(1,2)},

(53) <z, y>=<z>" <y>,

(54) <z y,z>=<x> T <y>" <z>,

(55) p=<ax> iff domp = Segl & rngp = {z},

(56) p=<z>ifflenp=1& mgp = {z},

(57) p=<z>ifflenp=1& p.1 =z,

(58) (<z>"p)l=ux,

(59) (p™ <z>).(lenp+1) =z,

(60) <z Y, 2> =<e>T <y, z> & <z, y,z> = <z, y> " <z>,
(61) p=<z,y>ifflenp=2&p.l=2&p.2 =y,

(62) p=<z,y,z>ifflenp=3&pl=c&p2=y&p.3 =z
(63) forpstp#cexqrstp=q~ <x>.

The arguments of the notions defined below are the following: D which is an object
of the type reserved above; x which is an object of the type Element of D. Let us note

that it makes sense to consider the following functor on a restricted area. Then

<zr> is FinSequence of D.

The arguments of the notions defined below are the following: D which is an object
of the type reserved above; S which is an object of the type SUBDOMAIN of D; =z
which is an object of the type Element of S. Let us note that it makes sense to consider

the following functor on a restricted area. Then
<x> is FinSequence of S.
The arguments of the notions defined below are the following: S which is an object
of the type SUBDOMAIN of REAL; =z which is an object of the type Element of S.
Let us note that it makes sense to consider the following functor on a restricted area.

Then
<x> is FinSequence of S.

The scheme IndSeq concerns a unary predicate P states that the following holds

for p holds P[p]
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provided the parameter satisfies the following conditions:
. Plel,
o for p,z st P[p] holds Plp ~ <z>].

One can prove the following proposition
(64) for p,q,r,s being FinSequence

stp T q=7"s&lenp <lenrext being FinSequencest p ~ t =r.

Let us consider D. The functor
D*,

yields the type DOMAIN and is defined by

x € it iff x is FinSequence of D.

One can prove the following propositions:

(65) x € D* iff = is FinSequence of D,
(66) ceD*.

The scheme SepSeq deals with a constant A that has the type DOMAIN and a unary
predicate P and states that the following holds

ex X st forx holds z € X iffexpstpe A*& Pl &z =p

for all values of the parameters.
The mode

FinSubsequence ,
which widens to the type Function, is defined by

ex k st domit C Segk.

The following three propositions are true:

(67) f is FinSubsequence iff ex k st dom f C Segk,
(68) for p being FinSequence holds p is FinSubsequence,
(69) for p,X holds p | X is FinSubsequence & X | p is FinSubsequence .

In the sequel p’ has the type FinSubsequence. Let us consider X. Assume there

exists k, such that

X C Segk.

The functor
Sgm X,
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with values of the type FinSequence of NAT), is defined by
rgit =X &
forim,k1,k2st 1 <l &1l <mé&m <lenit & k1 =it.l & k2 = it.m holds k1 < k2.
One can prove the following propositions:

(70) (exk st X C Segk) implies for p being FinSequence of NAT holds
p=Sgm X iff rngp = X & forl,m,k1,k2
st 1 <l&l<m&m<lenp & kl=p.l & k2= p.m holds k1 < k2,

(71) rng Sgm domp’ = domp’.

Let us consider p’. The functor
Seap’,
yields the type FinSequence and is defined by

it = p’ - Sgm (dom p’).

Next we state two propositions:

(72) for X st exk st X C Segk holds Sgm X = ¢ iff X = (),
(73) p = Seqp iff p=p’ - Sgm (domyp’).
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