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Summary. This paper is the continuation of formalization of [4]. The definitions of

meet and join of subsets of relational structures are introduced. The properties of these notions
are proved.
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The articles([3],[[10],[[7],I1],[2],19], %], [3], and[6] provide the notation and terminology for this
paper.
1. PRELIMINARIES

One can prove the following propositions:

(1) LetL be a relational structureX be a set, and be an element df. If a € X and supX
exists inL, thena <[ |, X.

(2) LetL be a relational structureX be a set, ané be an element of. If a € X and infX
exists inL, then[ |LX < a.

Let L be a relational structure and lat B be subsets df. We say thaf is finer thanB if and
only if:

(Def. 1) For every elemeratof L such that € A there exists an elemehtof L such thab € B and
a<hb.

We say thaB is coarser tha if and only if:

(Def. 2) For every elemert of L such thab € B there exists an elemeatof L such that € A and
a<h.

Let L be a non empty reflexive relational structure andAeB be subsets of. Let us note

that the predicatd is finer thanB is reflexive. Let us note that the predic&és coarser thaw is
reflexive.

The following propositions are true:

(3) For every relational structuteand for every subsd of L holds@, is finer thanB.
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(4) LetL be a transitive relational structure aAdB, C be subsets df. If Ais finer tharB and
B is finer tharC, thenAis finer tharnC.

(5) For every relational structuteand for all subsets, B of L such thaB is finer thanA and
Ais lower holdsB C A.

(6) For every relational structuteand for every subse¥ of L holds@_ is coarser thaa.

(7) LetL be a transitive relational structure aAdB, C be subsets df. If C is coarser thaB
andB is coarser thai, thenC is coarser thai.

(8) LetL be a relational structure aml B be subsets of. If A is coarser thaf8 andB is
upper, therA C B.

2. THE JOIN OF SUBSETS

LetL be a non empty relational structure anddet D, be subsets df. The functoD; LID; yields
a subset of. and is defined as follows:

(Def. 3) D1UD, = {xUy;xranges over elements bf y ranges over elements bf xe D1 A y €
Dy}.

Let L be an antisymmetric relational structure with l.u.b.'s andigtD, be subsets df. Let us
note that the functad; U D, is commutative.
The following propositions are true:

(9) For every non empty relational structlrend for every subset of L holdsX L0 = 0.

(10) LetL be a non empty relational structube, Y be subsets df, andx, y be elements of .
If xe X andy €Y, thenxuly € XLIY.

(11) LetL be an antisymmetric relational structure with l.u.bfshe a subset df, andB be a
non empty subset df. ThenA s finer thanALIB.

(12) For every antisymmetric relational structurevith l.u.b.’s and for all subseté, B of L
holdsALIB is coarser tham.

(13) For every antisymmetric reflexive relational structungith l.u.b.’s and for every subsét
of L holdsA C AUA.

(14) LetL be an antisymmetric transitive relational structure with l.u.b.'s BadD,, D3 be
subsets of.. Then(Dl [ Dz) LUD3=DyU (Dz [ D3).

Let L be a non empty relational structure andDgt D, be non empty subsets bf Observe
thatDj LI D3 is non empty.

Let L be a transitive antisymmetric relational structure with l.u.b.'s an®letD, be directed
subsets of.. Observe thab; LI D> is directed.

Let L be a transitive antisymmetric relational structure with l.u.b.’s an®DketD, be filtered
subsets of.. Observe thab LID; is filtered.

LetL be a poset with l.u.b.'s and |1&t;, D, be upper subsets bf Observe thab1 1D is upper.

The following propositions are true:

(15) LetL be a non empty relational structuné,be a subset of, andx be an element of.
Then{x} LY = {xUy;yranges over elements bf y e Y}.

(16) For every non empty relational structirend for all subset#, B, C of L holdsALI (BU
C)=(AuUB)U(ALC).

(17) LetL be an antisymmetric reflexive relational structure with l.u.b.'s AnB, C be subsets
of L. ThenAU (BUC) C (AUB) LI (AUC).
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(18) LetL be an antisymmetric relational structure with l.u.bAde an upper subset &f and
B, C be subsets df. Then(AUB) U (AUC) C AU (BUC).

(19) For every non empty relational structwrand for all elementg, y of L holds{x} LI {y} =
{xuy}.

(20) For every non empty relational structdreand for all elements;, y, z of L holds {x} U
{y.zt = {xuy,xuz}.

(21) For every non empty relational structlrend for all subsetXi, Xp, Y1, Y2 of L such that
X1 CYr andXy C Yo holdsXi LiXo CYp LY.

(22) LetL be a reflexive antisymmetric relational structure with l.u.ld$e a subset df, and
x be an element df. If x< D, then{x} UD =D.

(23) LetL be an antisymmetric relational structure with l.u.lDshe a subset df, andx be an
element ofL. Thenx < {x}UD.

(24) LetL be a poset with l.u.b.'sX be a subset df, andx be an element df. If inf {x} LX
exists inL and infX exists inL, thenxUinf X <inf({x} U X).

(25) LetL be a complete transitive antisymmetric non empty relational struchupe,a subset
of L, andB be a non empty subset bf ThenA < supALB).

(26) LetL be a transitive antisymmetric relational structure with l.u.lb,9 be elements of,
andA, B be subsets df. If a< Aandb < B, thenallb < ALIB.

(27) LetL be a transitive antisymmetric relational structure with l.u.lb,% be elements of,
andA, B be subsets df. If a> Aandb > B, thenallb > ALIB.

(28) For every complete non empty posetind for all non empty subsefs, B of L holds
sup/ALIB) = supALIsupB.

(29) LetL be an antisymmetric relational structure with l.u.bXsbe a subset df, andY be a
non empty subset df. ThenX C [(XUY).

(30) LetL be a poset with l.u.b.'s, y be elements oflds(L), C), andX, Y be subsets df. If
x= X andy =Y, thenxuly = [(XLY).

(31) LetL be a non empty relational structure @bdbe a subset dfL, L ]. Then{J{X; X ranges
over subsets df: \/y.ciement oi. (X = {X}UTR(D) A x€e (D))} =m(D)UTR(D).

(832) LetL be a transitive antisymmetric relational structure with l.u.b.’s BadD, be subsets
of L. Then|(|D1U |D3) C [ (D1UD3).

(33) For every posdt with l.u.b.’s and for all subsefd1, D, of L holds| (| DU |Dy) = [ (D1 U
Da).

(34) LetL be a transitive antisymmetric relational structure with l.u.b.’s BadD, be subsets
of L. Then{(1D1UTD2) C 1(D1UD2).

(35) For every posdt with l.u.b.'s and for all subsef31, D, of L holds{(1D10L/1D3) = 1(D1 U
D).

3. THE MEET OFSUBSETS

Let L be a non empty relational structure and at, D, be subsets of. The functorD; M D,
yielding a subset df is defined by:

(Def. 4) D1M Dy = {xMy;xranges over elements bf y ranges over elements bf xe D; A y €
Dy}.
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Let L be an antisymmetric relational structure with g.l.b.'s andigtD, be subsets df. Let us
notice that the functad; M D, is commutative.
One can prove the following propositions:

(36) For every non empty relational structiwrand for every subset of L holdsX 10, = 0.

(37) LetL be a non empty relational structube, Y be subsets df, andx, y be elements of.
If xe X andy €Y, thenxmny e XMY.

(38) LetL be an antisymmetric relational structure with g.l.bAshe a subset df, andB be a
non empty subset df. ThenA is coarser tha M B.

(39) For every antisymmetric relational structuravith g.l.b.’s and for all subset8, B of L
holdsAMBiis finer thanA.

(40) For every antisymmetric reflexive relational structungith g.l.b.'s and for every subsét
of L holdsA C ATTA.

(41) LetL be an antisymmetric transitive relational structure with g.l.b.'s BadD,, D3 be
subsets of.. Then(D,MD,) D3 = D1 (D2MD3).

Let L be a non empty relational structure andgt D, be non empty subsets bf One can
check thaD1 M D, is non empty.

Let L be a transitive antisymmetric relational structure with g.l.b.'s an®letD, be directed
subsets of.. One can check th&; M D> is directed.

Let L be a transitive antisymmetric relational structure with g.l.b.’s an®DketD-, be filtered
subsets of.. Note thatD, M D>, is filtered.

LetL be a semilattice and I&1, D, be lower subsets df. One can check th&; M D, is lower.

One can prove the following propositions:

(42) LetL be a non empty relational structuré,be a subset of, andx be an element of.
Then{x} MY = {xMy;yranges over elements bf y € Y}.

(43) For every non empty relational structirand for all subsets, B, C of L holdsAm (BU
C)=(ANB)U(AMC).

(44) LetL be an antisymmetric reflexive relational structure with g.l.b.’s AnB, C be subsets
of L. ThenAU (BMC) C (AUB)M(AUC).

(45) LetL be an antisymmetric relational structure with g.l.bR%e a lower subset df, andB,
C be subsets df. Then(AUB)M (AUC) C AU(BMC).

(46) For every non empty relational structirand for all elements, y of L holds{x} n{y} =
{xMy}.

(47) For every non empty relational structdreand for all elements, y, z of L holds {x} 1
{y.z} = {xny.xnz}.

(48) For every non empty relational structlrend for all subsetXi, Xp, Y1, Y2 of L such that
X1 CYr andX; C Yo holdsX; M Xo C Y1 M.

(49) For every antisymmetric reflexive relational structuraith g.l.b.’s and for all subsets,
B of L holdsAnB C AMB.

(50) LetL be an antisymmetric reflexive relational structure with g.l.b.'s and@ be lower
subsets of.. ThenANB=ANB.

(51) LetL be a reflexive antisymmetric relational structure with g.l.l0$e a subset df, and
x be an element df. If x > D, then{x} MD =D.

(52) LetL be an antisymmetric relational structure with g.l.H>she a subset df, andx be an
element ofL. Then{x} NMD < x.
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(53) LetL be a semilatticeX be a subset df, andx be an element df. If sup {x} 1 X exists in
L and supX exists inL, then sup{x} MX) < xrsupX.

(54) LetL be a complete transitive antisymmetric non empty relational struciuse,a subset
of L, andB be a non empty subset bf ThenA > inf(AM B).

(55) LetL be a transitive antisymmetric relational structure with g.l.lb,9 be elements of,
andA, B be subsets df. If a< Aandb < B, thenarb < AMB.

(56) LetL be a transitive antisymmetric relational structure with g.l.lb,$ be elements of,
andA, B be subsets df. If a> Aandb > B, thenarb > AMNB.

(57) For every complete non empty posetind for all non empty subsefs, B of L holds
inf(AMB) = inf AMNinfB.

(58) LetL be a semilatticex, y be elements oflds(L), C), andxy, y1 be subsets df. If x=x;
andy = y1, thenxmy = x1 Myj.

(59) LetL be an antisymmetric relational structure with g.l.b{she a subset df, andY be a
non empty subset df. ThenX C (XY).

(60) LetL be a non empty relational structure @bdbe a subset dfL, L ]. Then{J{X; X ranges
over subsets df: \/y.ciement oi. (X ={X}Mm(D) A xe (D))} =m (D) (D).

(61) LetL be a transitive antisymmetric relational structure with g.l.b.’s BadD, be subsets
of L. Then|(|D1M|D2) C |[(D1MD3).

(62) For every semilatticke and for all subsetB1, D, of L holds | (|D1M[D2) = [(D1MDy).

(63) LetL be a transitive antisymmetric relational structure with g.l.b.’s BadD, be subsets
of L. Then{(1D1M1D2) C 1(D1MD2).

(64) For every semilattice and for all subset®1, D2 of L holdsT(1D1M1D3) = 1(D1MDy).
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