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The articles|[20],(18],12R], [11I7],[123],[124],171,.1101,L[6],[118],.[14],[ 1191, 11],.121],[12],.13],.14],
[13], [€], [25], [5], [16], and [12] provide the notation and terminology for this paper.

1. THE LATTICE OF SUBSETS

The following propositions are true:

(BH For every complete lattick and for all setsX, Y such thaX CY holds| |, X <] Y and

[ILX>TY.

(4) For every seX holds the carrier of 2 = 2X.

(5) For every bounded antisymmetric non empty relational strudtuneldsL is trivial iff
TL=L1..

Let X be a set. Note that2is Boolean.

Let X be a non empty set. Note thaé & non trivial.
One can prove the following proposition

(SE] For every lower-bounded non empty pokednd for every filtef- of L holdsF is proper
iff 1 ¢F.

One can check that there exists a lattice which is non trivial, Boolean, and strict.

Let X be a set. Observe that there exists a family of subsetsvdfich is finite and non empty.

Let Sbe a 1-sorted structure. One can check that there exists a family of subSatéiah is
finite and non empty.

LetL be a non trivial upper-bounded non empty poset. Note that there exists a filtevtath
is proper.

We now state several propositions:

(9) For every seK and for every elemera of Zé holds—-a=X\a.

1This work has been partially supported by the Office of Naval Research Grant NO0014-95-1-1336.
1 The propositions (1) and (2) have been removed.
2 The propositions (6) and (7) have been removed.
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(10) LetX be a set anlf be a subset ofé ThenyY is lower if and only if for all setx, y such
thatx C yandy € Y holdsx e Y.

(11) LetX be a setand be a subset of@ ThenY is upper if and only if for all setg, y such
thatx C yandy C X andx €Y holdsy €Y.

(12) LetX be a set and be a lower subset of’éZ ThenY is directed if and only if for all sets
X, ysuch thak € Y andy € Y holdsxuUy €Y.

(13) LetX be a set and be an upper subset 022 ThenY is filtered if and only if for all sets
X, ysuch thak € Y andy € Y holdsxnye.

(14) LetX be a set and be a non empty lower subset oéZThenY is directed if and only if
for every finite familyZ of subsets oK such thaZ C Y holds{JZ €.

(15) LetX be a set and be a non empty upper subset cé‘.ZThenY is filtered if and only if
for every finite familyZ of subsets oK such thaZ C Y holds Intersed¢®) €Y.

2. PRIME IDEALS AND FILTERS

LetL be a poset with g.l.b.'s and léte an ideal of.. We say that is prime if and only if:
(Def. 1) For all elements, y of L such thaxy | holdsxe |l oryel.
One can prove the following proposition

(16) LetL be a poset with g.l.b.’s andbe an ideal of.. Thenl is prime if and only if for every
finite non empty subse of L such that inA € | there exists an elemeabf L such thab € A
andacel.

LetL be a lattice. Note that there exists an ideal afhich is prime.
The following proposition is true

(17) LetLy, L be lattices. Suppose the relational structuré pf= the relational structure of
L. Letx be a set. Ik is a prime ideal of 1, thenx is a prime ideal of,.

LetL be a poset with l.u.b.’s and It be a filter ofL. We say thaF is prime if and only if:
(Def. 2) For all elements, y of L such thaklUy € F holdsxe F ory e F.

One can prove the following proposition

(18) LetL be a poset with l.u.b.’s anfel be a filter ofL. ThenF is prime if and only if for every
finite non empty subsek of L such that sup € F there exists an elemeatof L such that
acAandacF.

LetL be a lattice. Observe that there exists a filtek @fhich is prime.
One can prove the following propositions:

(19) LetLs, Ly be lattices. Suppose the relational structuré pf= the relational structure of
Lo. Letx be a set. Ik is a prime filter ofL1, thenx is a prime filter ofL_,.

(20) LetL be a lattice anat be a set. Ther s a prime ideal of. if and only if x is a prime filter
of L°P,

(21) LetL be a lattice and be a set. Theris a prime filter ofL if and only if x is a prime ideal
of LOP.

(22) LetL be a poset with g.l.b.’s aridbe an ideal of.. Thenl is prime if and only if one of the
following conditions is satisfied:
(i) Iis afilter ofL, or
(i) 1°=0.
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(23) For every latticd and for every ideal of L holdsl is prime iff | € PRIME({lds(L),C)).

(24) LetL be a Boolean lattice ard be a filter ofL. ThenF is prime if and only if for every
elementa of L holdsae F or—-a€F.

(25) LetX be a set ané be a filter of %_ ThenF is prime if and only if for every subse of
X holdsAe F orX\AeF.

Let L be a non empty poset and letbe a filter ofL. We say thaF is ultra if and only if:
(Def. 3) F is proper and for every filteB of L such thaF C G holdsF = G or G = the carrier ol_.

LetL be a non empty poset. One can check that every filterwlhich is ultra is also proper.
One can prove the following propositions:

(26) For every Boolean lattide and for every filtef of L holdsF is proper and prime iff is
ultra.

(27) LetL be a distributive latticd, be an ideal of., andF be a filter ofL. Supposé misses-.
Then there exists an ideBlof L such thaP is prime and C P andP missed-.

(28) LetL be a distributive latticel, be an ideal oL, andx be an element df. If x ¢ I, then
there exists an ide& of L such thaP is prime and C P andx ¢ P.

(29) LetL be a distributive latticd, be an ideal of., andF be a filter ofL. Suppose missed-.
Then there exists a filtd? of L such thaP is prime and= C P andl missesP.

(30) LetL be anon trivial Boolean lattice arklbe a proper filter of.. Then there exists a filter
G of L such that C G andGis ultra.

3. CLUSTER POINTS OF A FILTER OF SETS

Let T be a topological space and et x be sets. We say thatis a cluster point of, T if and only
if:
(Def. 4) For every subset of T such thatA is open anck € A and for every seB such thaB € F
holdsA meetsB.
We say thak is a convergence point &, T if and only if:
(Def. 5) For every subsé& of T such thatA is open anc € A holdsA € F.

Let X be a non empty set. Note that there exists a filteré)which is ultra.
One can prove the following propositions:

(31) LetT be anon empty topological spagebe an ultra filter of £ camer o andp be a set.
Thenpis a cluster point of, T if and only if p is a convergence point &f, T.

(32) LetT be a non empty topological space agg/ be elements ofthe topology ofT, C).
Supposx < y. Let F be a proper filter of 2‘* carier ofT - Sypposex € F. Then there exists an
elementp of T such thatp € y andpis a cluster point of, T.

(33) LetT be a non empty topological space agg/ be elements ofthe topology ofT, C).
Suppos < y. Let F be an ultra filter of ge carier off - Syppose € F. Then there exists an
elementp of T such thatp € y andp is a convergence point &f, T.

(34) LetT be a non empty topological space and/ be elements ofthe topology ofT, C).
Suppose that
(i) xCy. and

(i) for every ultra filterF of 2ihe carer o gch that € F there exists an elemeptof T such
thatp € yandp is a convergence point &f, T.

Thenx < y.



PRIME IDEALS AND FILTERS 4

(35) LetT be a non empty topological spadebe a prebasis of, andx, y be elements ofthe
topology of T, C). Suppose C y. Thenx < y if and only if for every subset of B such that
y C UF there exists a finite subsétof F such thax C | JG.

(36) LetL be a distributive complete lattice ardy be elements of. Thenx < y if and only if
for every prime ideaP of L such thay < supP holdsx € P.

(37) For every latticé and for every elemert of L such thatp is prime holds| p is prime.

4. PSEUDO PRIME ELEMENTS

Let L be a lattice and lep be an element df. We say thap is pseudoprime if and only if:
(Def. 6) There exists a prime ideBlof L such thatp = supP.
Next we state several propositions:
(38) For every latticé and for every elemeriof L such thapis prime holdsp is pseudoprime.

(39) LetL be a continuous lattice anulbe an element df. Suppose is pseudoprime. LeA
be a finite non empty subset bf If inf A < p, then there exists an elemembf L such that

acAanda<p.
(40) LetL be a continuous lattice amulbe an element df. Suppose that

(i) p## TLorTLisnotcompact, and

(i)  for every finite non empty subsétof L such that inA < p there exists an elemeatof L
such thaa e Aanda < p.

ThenTfininfs((| p)°) misses|p.

(41) LetL be a continuous lattice. Suppo$e is compact. Then

(i) for every finite non empty subsétof L such that inA <« T there exists an elemeatof
Lsuchthame Aanda< T, and

(i)  Tfininfs((L(TL))¢) meetsl(TL).
(42) LetL be a continuous lattice argbe an element df. Supposéfininfs((|p)®) misses|p.

Let A be a finite non empty subset bf If inf A < p, then there exists an elemembf L such
thatac Aanda < p.

(43) LetL be adistributive continuous lattice apdbe an element df. If {fininfs((| p)®) misses
{p, thenpis pseudoprime.

Let L be a non empty relational structure andRdbe a binary relation on the carrier bf We
say thatR is multiplicative if and only if:

(Def. 7) For all elements, x, y of L such that{a, x) € Rand(a, y) € Rholds{a, xMy) € R.

LetL be a lower-bounded sup-semilattice,Rdbe an auxiliary binary relation dn, and letx be
an element of.. Observe thafx is upper.
Next we state several propositions:

(44) LetL be a lower-bounded lattice aRibe an auxiliary binary relation ob. ThenR is
multiplicative if and only if for every elementof L holds{x s filtered.

(45) LetL be a lower-bounded lattice aRibe an auxiliary binary relation ob. ThenR is
multiplicative if and only if for all elements, b, X, y of L such thafa, x) € Rand(b,y) € R
holds{arb, xny) e R

(46) LetL be a lower-bounded lattice aRibe an auxiliary binary relation ob. ThenR is
multiplicative if and only if for every full relational substructu&of L, L] such that the
carrier ofS= R holdsSis meet-inheriting.
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(47) LetL be a lower-bounded lattice aRibe an auxiliary binary relation ob. ThenR is
multiplicative if and only if|R is meet-preserving.

(48) LetL be a continuous lower-bounded lattice. Suppase is multiplicative. Letp be
an element of.. Thenp is pseudoprime if and only if for all elemenés b of L such that
anb<« pholdsa<porb<p.

(49) LetL be a continuous lower-bounded lattice. Suppasgeis multiplicative. Letp be an
element ofL. If pis pseudoprime, thepis prime.

(50) LetL be a distributive continuous lower-bounded lattice. Suppose that for every elpment
of L such thatp is pseudoprime holdg is prime. Then is multiplicative.
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