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The articles [20], [8], [22], [17], [23], [24], [7], [10], [6], [18], [14], [19], [1], [21], [2], [3], [4],
[13], [9], [15], [5], [16], and [12] provide the notation and terminology for this paper.

1. THE LATTICE OF SUBSETS

The following propositions are true:

(3)1 For every complete latticeL and for all setsX, Y such thatX ⊆Y holds
⊔

L X ≤
⊔

LY and
d−eLX ≥ d−eLY.

(4) For every setX holds the carrier of 2X⊆ = 2X.

(5) For every bounded antisymmetric non empty relational structureL holds L is trivial iff
>L =⊥L.

Let X be a set. Note that 2X
⊆ is Boolean.

Let X be a non empty set. Note that 2X
⊆ is non trivial.

One can prove the following proposition

(8)2 For every lower-bounded non empty posetL and for every filterF of L holdsF is proper
iff ⊥L /∈ F.

One can check that there exists a lattice which is non trivial, Boolean, and strict.
Let X be a set. Observe that there exists a family of subsets ofX which is finite and non empty.
Let Sbe a 1-sorted structure. One can check that there exists a family of subsets ofSwhich is

finite and non empty.
Let L be a non trivial upper-bounded non empty poset. Note that there exists a filter ofL which

is proper.
We now state several propositions:

(9) For every setX and for every elementa of 2X
⊆ holds¬a = X \a.

1This work has been partially supported by the Office of Naval Research Grant N00014-95-1-1336.
1 The propositions (1) and (2) have been removed.
2 The propositions (6) and (7) have been removed.
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(10) LetX be a set andY be a subset of 2X⊆. ThenY is lower if and only if for all setsx, y such
thatx⊆ y andy∈Y holdsx∈Y.

(11) LetX be a set andY be a subset of 2X⊆. ThenY is upper if and only if for all setsx, y such
thatx⊆ y andy⊆ X andx∈Y holdsy∈Y.

(12) LetX be a set andY be a lower subset of 2X
⊆. ThenY is directed if and only if for all sets

x, y such thatx∈Y andy∈Y holdsx∪y∈Y.

(13) LetX be a set andY be an upper subset of 2X
⊆. ThenY is filtered if and only if for all sets

x, y such thatx∈Y andy∈Y holdsx∩y∈Y.

(14) LetX be a set andY be a non empty lower subset of 2X
⊆. ThenY is directed if and only if

for every finite familyZ of subsets ofX such thatZ⊆Y holds
⋃

Z ∈Y.

(15) LetX be a set andY be a non empty upper subset of 2X
⊆. ThenY is filtered if and only if

for every finite familyZ of subsets ofX such thatZ⊆Y holds Intersect(Z) ∈Y.

2. PRIME IDEALS AND FILTERS

Let L be a poset with g.l.b.’s and letI be an ideal ofL. We say thatI is prime if and only if:

(Def. 1) For all elementsx, y of L such thatxuy∈ I holdsx∈ I or y∈ I .

One can prove the following proposition

(16) LetL be a poset with g.l.b.’s andI be an ideal ofL. ThenI is prime if and only if for every
finite non empty subsetA of L such that infA∈ I there exists an elementa of L such thata∈A
anda∈ I .

Let L be a lattice. Note that there exists an ideal ofL which is prime.
The following proposition is true

(17) Let L1, L2 be lattices. Suppose the relational structure ofL1 = the relational structure of
L2. Let x be a set. Ifx is a prime ideal ofL1, thenx is a prime ideal ofL2.

Let L be a poset with l.u.b.’s and letF be a filter ofL. We say thatF is prime if and only if:

(Def. 2) For all elementsx, y of L such thatxty∈ F holdsx∈ F or y∈ F.

One can prove the following proposition

(18) LetL be a poset with l.u.b.’s andF be a filter ofL. ThenF is prime if and only if for every
finite non empty subsetA of L such that supA ∈ F there exists an elementa of L such that
a∈ A anda∈ F.

Let L be a lattice. Observe that there exists a filter ofL which is prime.
One can prove the following propositions:

(19) Let L1, L2 be lattices. Suppose the relational structure ofL1 = the relational structure of
L2. Let x be a set. Ifx is a prime filter ofL1, thenx is a prime filter ofL2.

(20) LetL be a lattice andx be a set. Thenx is a prime ideal ofL if and only if x is a prime filter
of Lop.

(21) LetL be a lattice andx be a set. Thenx is a prime filter ofL if and only if x is a prime ideal
of Lop.

(22) LetL be a poset with g.l.b.’s andI be an ideal ofL. ThenI is prime if and only if one of the
following conditions is satisfied:

(i) Ic is a filter ofL, or

(ii) Ic = /0.
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(23) For every latticeL and for every idealI of L holdsI is prime iff I ∈ PRIME(〈Ids(L),⊆〉).

(24) LetL be a Boolean lattice andF be a filter ofL. ThenF is prime if and only if for every
elementa of L holdsa∈ F or¬a∈ F.

(25) LetX be a set andF be a filter of 2X⊆. ThenF is prime if and only if for every subsetA of
X holdsA∈ F or X \A∈ F.

Let L be a non empty poset and letF be a filter ofL. We say thatF is ultra if and only if:

(Def. 3) F is proper and for every filterG of L such thatF ⊆G holdsF = G or G= the carrier ofL.

Let L be a non empty poset. One can check that every filter ofL which is ultra is also proper.
One can prove the following propositions:

(26) For every Boolean latticeL and for every filterF of L holdsF is proper and prime iffF is
ultra.

(27) LetL be a distributive lattice,I be an ideal ofL, andF be a filter ofL. SupposeI missesF .
Then there exists an idealP of L such thatP is prime andI ⊆ P andP missesF .

(28) LetL be a distributive lattice,I be an ideal ofL, andx be an element ofL. If x /∈ I , then
there exists an idealP of L such thatP is prime andI ⊆ P andx /∈ P.

(29) LetL be a distributive lattice,I be an ideal ofL, andF be a filter ofL. SupposeI missesF .
Then there exists a filterP of L such thatP is prime andF ⊆ P andI missesP.

(30) LetL be a non trivial Boolean lattice andF be a proper filter ofL. Then there exists a filter
G of L such thatF ⊆G andG is ultra.

3. CLUSTER POINTS OF A FILTER OF SETS

Let T be a topological space and letF , x be sets. We say thatx is a cluster point ofF , T if and only
if:

(Def. 4) For every subsetA of T such thatA is open andx∈ A and for every setB such thatB∈ F
holdsA meetsB.

We say thatx is a convergence point ofF , T if and only if:

(Def. 5) For every subsetA of T such thatA is open andx∈ A holdsA∈ F.

Let X be a non empty set. Note that there exists a filter of 2X
⊆ which is ultra.

One can prove the following propositions:

(31) LetT be a non empty topological space,F be an ultra filter of 2the carrier ofT
⊆ , andp be a set.

Thenp is a cluster point ofF , T if and only if p is a convergence point ofF , T.

(32) Let T be a non empty topological space andx, y be elements of〈the topology ofT, ⊆〉.
Supposex� y. Let F be a proper filter of 2the carrier ofT

⊆ . Supposex∈ F. Then there exists an
elementp of T such thatp∈ y andp is a cluster point ofF , T.

(33) Let T be a non empty topological space andx, y be elements of〈the topology ofT, ⊆〉.
Supposex� y. Let F be an ultra filter of 2the carrier ofT

⊆ . Supposex∈ F. Then there exists an
elementp of T such thatp∈ y andp is a convergence point ofF , T.

(34) Let T be a non empty topological space andx, y be elements of〈the topology ofT, ⊆〉.
Suppose that

(i) x⊆ y, and

(ii) for every ultra filterF of 2the carrier ofT
⊆ such thatx∈ F there exists an elementp of T such

that p∈ y andp is a convergence point ofF , T.

Thenx� y.
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(35) LetT be a non empty topological space,B be a prebasis ofT, andx, y be elements of〈the
topology ofT,⊆〉. Supposex⊆ y. Thenx� y if and only if for every subsetF of B such that
y⊆

⋃
F there exists a finite subsetG of F such thatx⊆

⋃
G.

(36) LetL be a distributive complete lattice andx, y be elements ofL. Thenx� y if and only if
for every prime idealP of L such thaty≤ supP holdsx∈ P.

(37) For every latticeL and for every elementp of L such thatp is prime holds↓p is prime.

4. PSEUDO PRIME ELEMENTS

Let L be a lattice and letp be an element ofL. We say thatp is pseudoprime if and only if:

(Def. 6) There exists a prime idealP of L such thatp = supP.

Next we state several propositions:

(38) For every latticeL and for every elementp of L such thatp is prime holdsp is pseudoprime.

(39) LetL be a continuous lattice andp be an element ofL. Supposep is pseudoprime. LetA
be a finite non empty subset ofL. If inf A� p, then there exists an elementa of L such that
a∈ A anda≤ p.

(40) LetL be a continuous lattice andp be an element ofL. Suppose that

(i) p 6=>L or>L is not compact, and

(ii) for every finite non empty subsetA of L such that infA� p there exists an elementa of L
such thata∈ A anda≤ p.

Then↑fininfs((↓p)c) misses↓↓p.

(41) LetL be a continuous lattice. Suppose>L is compact. Then

(i) for every finite non empty subsetA of L such that infA�>L there exists an elementa of
L such thata∈ A anda≤>L, and

(ii) ↑fininfs((↓(>L))c) meets↓↓(>L).

(42) LetL be a continuous lattice andp be an element ofL. Suppose↑fininfs((↓p)c) misses↓↓p.
Let A be a finite non empty subset ofL. If inf A� p, then there exists an elementa of L such
thata∈ A anda≤ p.

(43) LetL be a distributive continuous lattice andp be an element ofL. If ↑fininfs((↓p)c) misses
↓↓p, thenp is pseudoprime.

Let L be a non empty relational structure and letR be a binary relation on the carrier ofL. We
say thatR is multiplicative if and only if:

(Def. 7) For all elementsa, x, y of L such that〈〈a, x〉〉 ∈ Rand〈〈a, y〉〉 ∈ Rholds〈〈a, xuy〉〉 ∈ R.

Let L be a lower-bounded sup-semilattice, letRbe an auxiliary binary relation onL, and letx be
an element ofL. Observe that↑↑Rx is upper.

Next we state several propositions:

(44) Let L be a lower-bounded lattice andR be an auxiliary binary relation onL. ThenR is
multiplicative if and only if for every elementx of L holds↑↑Rx is filtered.

(45) Let L be a lower-bounded lattice andR be an auxiliary binary relation onL. ThenR is
multiplicative if and only if for all elementsa, b, x, y of L such that〈〈a, x〉〉 ∈ R and〈〈b, y〉〉 ∈ R
holds〈〈aub, xuy〉〉 ∈ R.

(46) Let L be a lower-bounded lattice andR be an auxiliary binary relation onL. ThenR is
multiplicative if and only if for every full relational substructureS of [:L, L :] such that the
carrier ofS= RholdsS is meet-inheriting.
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(47) Let L be a lower-bounded lattice andR be an auxiliary binary relation onL. ThenR is
multiplicative if and only if↓↓R is meet-preserving.

(48) Let L be a continuous lower-bounded lattice. Suppose�L is multiplicative. Let p be
an element ofL. Then p is pseudoprime if and only if for all elementsa, b of L such that
aub� p holdsa≤ p or b≤ p.

(49) LetL be a continuous lower-bounded lattice. Suppose�L is multiplicative. Letp be an
element ofL. If p is pseudoprime, thenp is prime.

(50) LetL be a distributive continuous lower-bounded lattice. Suppose that for every elementp
of L such thatp is pseudoprime holdsp is prime. Then�L is multiplicative.
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