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1. INJECTIVE SPACES
The following propositions are true:

(1) For every poinp of the Sierpiski space such that= 0 holds{ p} is closed.
(2) For every poinp of the Sierphski space such thgt= 1 holds{p} is non closed.

Let us observe that the Siefski space is noif;.

Let us note that every top-lattice which is complete and Scott is also discernible.
Let us mention that there existdgspace which is injective and strict.

Let us note that there exists a top-lattice which is complete, Scott, and strict.
The following propositions are true:

(3) Letl be anon empty set arfidbe a Scott topological augmentation[@fl — Zlg). Then
the carrier ofT = the carrier off](I — the Sierphski spacg

(4) LetLs, L be complete lattice§; be a Scott topological augmentationlaf T, be a Scott
topological augmentation df,, h be a map fron; into L,, andH be a map fronT; into To.
If h=H andh is isomorphic, thetd is a homeomorphism.

(5) LetLs, Lo be complete latticesl; be a Scott topological augmentationlof, and T, be
a Scott topological augmentation b$. If L; andL, are isomorphic, theff; and T, are
homeomorphic.

(6) LetS T be non empty topological spacesSiis injective andSandT are homeomorphic,
thenT is injective.

(7) LetLy, Lo be complete latticed; be a Scott topological augmentationlaf, andT, be a
Scott topological augmentation b$. If Ly andL, are isomorphic andl is injective, thenTl,
is injective.

Let X, Y be non empty topological spaces. Let us observeXhata topological retract of if
and only if:
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(Def. 1) There exists a continuous mafrom X into Y and there exists a continuous nrajpomY
into X such thar - ¢ = idx.

Next we state several propositions:

(8) LetS T, X,Y be non empty topological spaces. Suppose that
(i) the topological structure & = the topological structure df,
(i) the topological structure ok = the topological structure of, and
(i)  Sis atopological retract oX.
ThenT is a topological retract of .

(9) LetT, S, S be non empty topological structures. Supp8sandS,; are homeomorphic
and$, is a topological retract of . ThenS; is a topological retract of .

(10) LetS T be non empty topological spaces. Supp®sis injective andSis a topological
retract of T. ThenSis injective.

(11) LetJ be an injective non empty topological space &k a non empty topological space.
If Jis a subspace of, thenJ is a topological retract of .

(12) For every complete continuous latticéolds every Scott topological augmentatioriaé
injective.

LetL be a complete continuous lattice. Note that every topological augmentatiowlith is
Scott is also injective.

Let T be an injective non empty topological space. Note that the topological structiirésof
injective.

2. SPECIALIZATION ORDER

Let T be a topological structure. The funct@ yields a strict FR-structure and is defined by the
conditions (Def. 2).

(Def. 2)(i) The topological structure @T = the topological structure &f, and

(i) for all elementsx, y of QT holdsx < y iff there exists a subsét of T such thaty = {y}
andxeY.

Let T be an empty topological structure. Observe tatis empty.

Let T be a non empty topological structure. One can check®Tats non empty.
Let T be a topological space. One can check fatis topological space-like.
Let T be a topological structure. Note th@aT is reflexive.

Let T be a topological structure. Observe thEE is transitive.

LetT be aTp-space. One can verify th&XT is antisymmetric.

We now state four propositions:

(13) LetS T be topological spaces. Suppose the topological structug=othe topological
structure ofT. ThenQS= QT.

(14) LetM be a non empty set and be a non empty topological space. Then the relational
structure ofQ [1(M —— T) = the relational structure qfi(M — QT).

(15) For every Scott complete top-latti&doldsQS = the FR-structure of.

(16) LetL be a complete lattice anfl be a Scott topological augmentation lof Then the
relational structure o2S = the relational structure df.

Let Sbe a Scott complete top-lattice. Observe Q&tis complete.
We now state four propositions:
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(17) LetT be a non empty topological space gle a non empty subspacedf ThenQSis
a full relational substructure @T.

(18) LetS T be topological spacekbe a map fronsinto T, andg be a map fronSinto QT.
If h=gandhis a homeomorphism, thapis isomorphic.

(19) For all topological spaces T such thatSandT are homeomorphic hold@SandQT are
isomorphic.

(20) For every injectivAp-spacel holdsQT is a complete continuous lattice.

Let T be an injectivelp-space. Note thd®T is complete and continuous.
The following proposition is true

(21) For all non empty topological spacksY holds every continuous map fro@X into QY
is monotone.

Let X, Y be non empty topological spaces. Note that every map ffotminto QY which is
continuous is also monotone.

The following proposition is true

(22) For every non empty topological spatend for every elementof QT holds{x} = |x.

Let T be a non empty topological space andXéie an element oT. Note that{x} is non
empty, lower, and directed arjat is closed.
One can prove the following proposition

(23) For every topological spa¢eholds every open subset QX is upper.

Let T be atopological space. Observe that every subs@flofvhich is open is also upper.

Let | be a non empty set, 1§, T be non empty relational structures, Mtbe a net inT,
and leti be an element of. Let us assume that the carrier bfC the carrier ofS. The functor
commutéN, i, S) yields a strict net irSand is defined by the conditions (Def. 3).

(Def. 3)(i) The relational structure of commykg i, S) = the relational structure df, and
(i)  the mapping of commutdN,i,S) = (commutéthe mapping oN))(i).

Next we state two propositions:

(24) LetX, Y be non empty topological spacédd,be a net inlX — QY], i be an element of
N, andx be a point ofX. Then (the mapping of commufé, x, QY))(i) = (the mapping of
N) () (x).

(25) LetX,Y be non empty topological spaceé be an eventually-directed net [ — QY],
andx be a point ofX. Then commutéN, x, QY) is eventually-directed.

Let X, Y be non empty topological spaces, \ebe an eventually-directed net[X — QY], and
let x be a point ofX. Note that commui@N, x, QY) is eventually-directed.

Let X, Y be non empty topological spaces. Note that every ngt in QY] is function yielding.
We now state the proposition

(26) LetX be a non empty topological spacébe aTp-space, andN be a net inX — QY].

Suppose that for every poirtof X holds sup commutél, x, QY) exists. Then sup rng(the
mapping ofN) exists in(QY)the carrier ofX
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3. MONOTONECONVERGENCETOPOLOGICAL SPACES

Let T be a non empty topological space. We say th& monotone convergence if and only if the
condition (Def. 4) is satisfied.

(Def. 4) LetD be a non empty directed subset®Tt. Then suD exists inQT and for every open
subseV of T such that sup €V holdsD meetsV.

Next we state the proposition

(27) LetS T be non empty topological spaces. Suppose the topological struct@e- de
topological structure of andSis monotone convergence. Th&ris monotone convergence.

One can check that evefiy-space which is trivial is also monotone convergence.
Let us observe that there exists a topological space which is strict, trivial, and non empty.
The following two propositions are true:

(28) LetSbe a monotone convergenggspace and be aTp-space. [fSandT are homeomor-
phic, thenT is monotone convergence.

(29) Every Scott complete top-lattice is monotone convergence.

Let L be a complete lattice. One can verify that every Scott topological augmentatlors of
monotone convergence.

Let L be a complete lattice and I&be a Scott topological augmentation laf Note that the
topological structure oBis monotone convergence.

We now state the proposition

(30) For every monotone convergenigespaceX holdsQX is up-complete.

Let X be a monotone convergentgspace. Note thddX is up-complete.
The following three propositions are true:

(81) LetX be a monotone convergence non empty topological spacé&ldrelan eventually-
directed prenet oveRX. Then supN exists.

(832) LetX be a monotone convergence non empty topological spacé&ldrelan eventually-
directed net iQX. Then suN € Lim N.

(33) For every monotone convergence non empty topological spda®ds every eventually-
directed net im2X is convergent.

Let X be a monotone convergence non empty topological space. One can check that every
eventually-directed net if2X is convergent.
We now state two propositions:

(34) LetX be a non empty topological space. Suppose that for every eventually-directdd net
in QX holds supN exists and sulN € Lim N. ThenX is monotone convergence.

(85) LetX be a monotone convergence non empty topological spac¥ aediTp-space. Then
every continuous map frof2X into QY is directed-sups-preserving.

Let X be a monotone convergence non empty topological space a¥icbkeraTy-space. Note
that every map fron@2X into QY which is continuous is also directed-sups-preserving.
One can prove the following four propositions:

(36) LetT be a monotone convergentgspace andR be aTp-space. IRis a topological retract
of T, thenRis monotone convergence.

(37) LetT be an injectivelp-space an&be a Scott topological augmentation®@T. Then the
topological structure o= the topological structure of.
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(38) Every injectivelp-space is compact, locally-compact, and sober.

(39) Every injectiveTp-space is monotone convergence.

Let us note that everJp-space which is injective is also monotone convergence.
We now state four propositions:

(40) LetX be a non empty topological spadépe a monotone convergenggspaceN be a
netin[X — QY], andf, g be maps fronX into QY. Suppose that

H f= L (qvme carier orx) rng (the mapping oN),
(i) sup rng(the mapping dfl) exists in(QY)the carer oX ' ang
(i) g€ rng(the mapping oN).
Theng < f.
(41) LetX be a non empty topological spadebe a monotone convergentgspaceN be a net
in [X — QY], x be a point ofX, and f be a map fronX into QY. Suppose for every poiratof

X holds commutgN, a, QY is eventually-directed anfi= | | qy ne carier orx) 'ng (the mapping
of N). Thenf(x) = supcommutéN, x, QY).

(42) LetX be a non empty topological spacé,be a monotone convergendg-space, and
N be a net in)X — QY]. Suppose that for every poirtof X holds commutéN,x, QY) is
eventually-directed. The|g|((QY)me carer orx) INY (the mapping oN) is a continuous map from
XintoY.

(43) LetX be a non empty topological space antie a monotone convergentgspace. Then
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[X — QY] is a directed-sups-inheriting relational substructuref )the carier oiX
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