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Summary. Let X be a topological spaceX is said to beTp-space(or Kolmogorov
space provided for every pair of distinct pointg y € X there exists an open subsetXf
containing exactly one of these points (see [L], [9], [5]). Such spaces and subspaces were
investigated in Mizar formalism in_[8]. A Kolmogorov subspaggof a topological spac¥
is said to bemaximalprovided for every Kolmogorov subspa¥eof X if Xg is subspace of
then the topological structures 6fandXg are the same.

M.H. Stone proved in [11] that every topological space can be made into a Kolmogorov
space by identifying points with the same closure (see also [12]). The purpose is to generalize
the Stone result, using Mizar System. It is shown here thatin(&yvery topological space
X there exists a maximal Kolmogorov subspageXX, and (2)every maximal Kolmogorov
subspace X of X is a continuous retract of X Moreover,if r : X — Xg is a continuous
retraction of X onto a maximal Kolmogorov subspageoXX, then r1(x) = MaxADSet(x)
for any point x of X belonging tog{whereMaxADSe{x) is a unique maximal anti-discrete
subset of X containing ¢see [[7] for the precise definition of the set MaxAD&gL. The
retractionr from the last theorem is defined uniquely, and it is denoted in the text by “Stone-
retraction”. It has the following two remarkable propertiess open, i.e., sends open sets in
X to open sets iXg, andr is closed, i.e., sends closed setXito closed sets iXg.

These results may be obtained by the methods described by R.H. Waireh in [16].

MML Identifier: TSP_2.

WWW: http://mizar.org/JFM/Vol6/tsp_2.html

The articles[[1B],14],115],[[1[7],[12],13],[[10],118],[1141,[16],L17], and |8] provide the notation and
terminology for this paper.

1. MAXIMAL Tp-SUBSETS

Let X be a non empty topological space andAdte a subset oX. Let us observe tha& is Ty if and
only if;

(Def. 1) For all points, b of X such thatae Aandb € A holds ifa# b, then MaxADSeta) misses
MaxADSetb).

Let X be a non empty topological space andAdte a subset oX. Let us observe thatis Ty if
and only if:

(Def. 2) For every poin& of X such that € A holdsAnMaxADSe(a) = {a}.
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Let X be a non empty topological space andAdte a subset oX. Let us observe thatis Ty if
and only if:

(Def. 3) For every poina of X such that € A there exists a subsBtof X such thaD is maximal
anti-discrete andN D = {a}.

LetY be a topological structure and lgtbe a subset of. We say that; is maximalTy if and
only if:

(Def. 4) 11 is Tp and for every subsé of Y such thaD is Top andl; C D holdsl; = D.

We now state the proposition

(1) LetYp, Y1 be topological structure8g be a subset dfy, andD; be a subset of;. Suppose
the topological structure &f = the topological structure & andDg = D1. If Dg is maximal
To, thenD4 is maximalTy.

Let X be a non empty topological space andMebe a subset oX. Let us observe thatl is
maximalT if and only if:

(Def. 5) M is Top and MaxADSetM) = the carrier ofX.

In the sequeK denotes a non empty topological space.
We now state several propositions:

(2) For every subseé¥l of X such thaM is maximalTy holdsM is dense.

(3) For every subsei of X such thatA is open and closed holdsAfis maximalTy, thenAis
not proper.

(4) For every empty subsétof X holdsA is not maximalTp.

(5) LetM be a subset oK. SupposeéM is maximalTy. Let A be a subset oX. If Ais closed,
thenA = MaxADSe{M NA).

(6) LetM be a subset oK. SupposeM is maximalTy. Let A be a subset oX. If A is open,
thenA = MaxADSe(M NA).

(7) For every subse¥l of X such thatM is maximalTy and for every subsei of X holds
A= MaxADSetMNA).

(8) For every subse¥l of X such thatM is maximalTy and for every subsei of X holds
IntA = MaxADSe{M NIntA).

Let X be a non empty topological space andNebe a subset oX. Let us observe thatl is
maximalTy if and only if:

(Def. 6) For every poink of X there exists a poirdg of X such tha € M andM N MaxADSe{x) =
{a}.

One can prove the following two propositions:

(9) For every subsék of X such thatA is Tp there exists a subskt of X such thatA C M and
M is maximalTg.

(10) There exists a subset¥fwhich is maximalTp.
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2. MAXIMAL KOLMOGOROV SUBSPACES

LetY be a non empty topological structure andllebe a subspace df. We say that; is maximal
To if and only if:

(Def. 7) For every subset of Y such thatA = the carrier ofl; holdsA is maximalT.

We now state the proposition

(11) LetY be a non empty topological structuik,be a subspace of, andA be a subset of.
SupposeA = the carrier ofYy. ThenA is maximalTy if and only if Yy is maximalT.

LetY be a non empty topological structure. Observe that every non empty subspaediah
is maximalT is alsoTy and every non empty subspaceYofvhich is nonTy is also non maximal
To.

Let X be a non empty topological space and{gbe a hon empty subspaceXfLet us observe
thatXp is maximalTp if and only if the conditions (Def. 8) are satisfied.

(Def. 8)(i) Xois To, and

(i) for every Tog non empty subspacg of X such thaiXg is a subspace ofy holds the topo-
logical structure ofy = the topological structure of.

In the sequek is a non empty topological space.
The following proposition is true

(12) LetAg be a non empty subset &f. Supposeég is maximalTy. Then there exists a strict
non empty subspac§ of X such thatXy is maximalTy andAgy = the carrier ofXp.

Let X be a hon empty topological space. One can verify the following observations:
x every subspace of which is maximalTy is also dense,
x every subspace of which is non dense is also non maxinig)
x every subspace of which is open and maximdy, is also non proper,
x every subspace of which is open and proper is also non maxirmgl
x every subspace of which is proper and maximdy, is also non open,
x every subspace of which is closed and maximd} is also non proper,
x every subspace of which is closed and proper is also nhon maxiffgland
x every subspace of which is proper and maximdy, is also non closed.

Next we state the proposition

(13) LetYp be aTp non empty subspace of. Then there exists a strict subspageof X such
thatYy is a subspace ofy andXg is maximalTp.

Let X be a non empty topological space. One can check that there exists a subsyaceictf
is maximalTp, strict, and non empty.

Let X be a non empty topological space. A maximal Kolmogorov subspaXei®t maximal
To subspace oX.

The following four propositions are true:

(14) LetXp be a maximal Kolmogorov subspaceXfG be a subset ok, andGg be a subset of
Xo. Supposésg = G. ThenGyg is open if and only if the following conditions are satisfied:

(i) MaxADSet(G) is open, and
(i) Gp=MaxADSe{G)Nthe carrier ofXo.
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(15) LetXp be a maximal Kolmogorov subspaceXfndG be a subset oX. ThenG is open if
and only if the following conditions are satisfied:

(i) G=MaxADSe(G), and
(i) there exists a subs&y of Xy such thaGg is open andsy = Gnthe carrier ofXg.
(16) LetXp be a maximal Kolmogorov subspaceXfF be a subset oX, andF, be a subset of
Xo. Supposédy = F. Thenky is closed if and only if the following conditions are satisfied:
(i) MaxADSetF) is closed, and
(i) Fo=MaxADSe(F)Nthe carrier 0.
(17) LetXp be a maximal Kolmogorov subspaceXfindF be a subset oK. ThenF is closed
if and only if the following conditions are satisfied:
(i) F =MaxADSe(F), and
(i) there exists a subsé& of Xy such thaty is closed andry = F Nthe carrier ofXg.

3. STONE RETRACTION MAPPING THEOREMS

In the sequelX is a non empty topological space aKg is a non empty maximal Kolmogorov
subspace oX.
Next we state several propositions:

(18) Letr be a map fromX into Xo andM be a subset oK. SupposeM = the carrier ofXo.
Suppose that for every poiabf X holdsM "MaxADSe{a) = {r(a)}. Thenr is a continuous
map fromX into Xp.

(19) Letr be a map fromX into Xo. Suppose that for every poirt of X holdsr(a) €
MaxADSe{a). Thenr is a continuous map from into Xo.

(20) Letr be a continuous map froX into Xo andM be a subset ok. SupposéV = the carrier
of Xo. If for every pointa of X holdsM NnMaxADSe{a) = {r(a)}, thenr is a retraction.

(21) For every continuous mapfrom X into Xp such that for every poira of X holdsr(a) €
MaxADSe{a) holdsr is a retraction.

(22) There exists a continuous map froéfrinto Xo which is a retraction.

(23) Xpis aretract oiX.

Let X be a non empty topological space andXgtbe a non empty maximal Kolmogorov sub-
space ofX. Stone-retraction ok onto Xy is a continuous map frord into Xp and is defined by:

(Def. 9) Stone-retraction of ontoX is a retraction.

One can prove the following propositions:

(24) Letabe a point ofX andb be a point ofX. If a= b, then (Stone-retraction of onto
Xo)~*({b}) = {a}.

(25) For every poina of X and for every poinb of Xy such thata = b holds (Stone-retraction
of X ontoXp) ~1({b}) = MaxADSe(a).

(26) For every subsé& of X and for every subsét of Xg such thaF = E holds (Stone-retraction
of X ontoXp) 1(F) = MaxADSe{E).

Let X be a non empty topological space andXgtbe a non empty maximal Kolmogorov sub-
space ofX. Then Stone-retraction of onto Xp is a continuous map frorX into Xp and it can be
characterized by the condition:
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(Def. 10) LetM be a subset oK. SupposeM = the carrier ofXy. Let a be a point ofX. Then
M NMaxADSe{a) = {(Stone-retraction ok ontoXp)(a)}.

Let X be a non empty topological space andXgtbe a non empty maximal Kolmogorov sub-
space ofX. Then Stone-retraction of onto Xy is a continuous map frorX into Xg and it can be
characterized by the condition:

(Def. 11) For every poina of X holds (Stone-retraction of ontoXp)(a) € MaxADSeta).

We now state two propositions:

(27) For every point of X holds (Stone-retraction of onto Xp) ~*({(Stone-retraction oK
ontoXp)(a)}) = MaxADSet(a).

(28) For every poina of X holds (Stone-retraction of ontoXp)°{a} = (Stone-retraction oX
ontoXp)° MaxADSe(a).

Let X be a non empty topological space andXgtbe a non empty maximal Kolmogorov sub-
space ofX. Then Stone-retraction of onto Xy is a continuous map frorX into Xg and it can be
characterized by the condition:

(Def. 12) LetM be a subset oK. SupposeM = the carrier ofXy. Let A be a subset oK. Then
M N MaxADSe{A) = (Stone-retraction oX ontoXp)°A.

The following propositions are true:

(29) For every subset of X holds (Stone-retraction of onto X)~1((Stone-retraction oK
ontoXp)°A) = MaxADSe(A).

(30) For every subsek of X holds (Stone-retraction of onto Xp)°A = (Stone-retraction oK
ontoXp)° MaxADSe(A).

(31) LetA, Bbe subsets ok. Then (Stone-retraction of ontoXp)°(AUB) = (Stone-retraction
of X ontoXp)°AU (Stone-retraction oK ontoXp)°B.

(32) LetA, Bbe subsets ok. Suppose\ is open oB is open. Then (Stone-retractionXfonto
X0)°(ANB) = (Stone-retraction oK onto Xp)°AN (Stone-retraction oK onto Xp)°B.

(33) LetA, B be subsets aK. Supposé is closed oB is closed. Then (Stone-retractionXf
onto Xp)° (AN B) = (Stone-retraction oK onto Xp)°AN (Stone-retraction oX onto Xp)°B.

(34) For every subsét of X such tha# is open holds (Stone-retractionXfontoXp)°Ais open.

(35) For every subsek of X such thatA is closed holds (Stone-retraction ¥fonto Xp)°A is
closed.
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