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Summary. This article is a continuation of [11]. Some basic theorems about families
of sets in a topological space have been proved. Following redefinitions have been made:
singleton of a set as a family in the topological space and results of boolean operations on
families as a family of the topological space. Notion of a family of complements of sets and a
closed (open) family have been also introduced. Next some theorems refer to subspaces in a
topological space: some facts about types in a subspace, theorems about open and closed sets
and families in a subspace. A notion of restriction of a family has been also introduced and
basic properties of this notion have been proved. The last part of the article is about mappings.
There are proved necessary and sufficient conditions for a mapping to be continuous. A notion
of homeomorphism has been defined next. Theorems about homeomorphisms of topological
spaces have been also proved.
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The articles([8],[[4],[[9],[10],[T2], 3], [[1], [5], [6], and[[[7] provide the notation and terminology for
this paper.

For simplicity, we follow the rulesx is a set,T is a topological structure; is a topological
spacepP, Q are subsets of, M, N are subsets of, F, G are families of subsets @f, W is a family
of subsets 051, andA is a subspace df.

One can prove the following propositions:

(1) For every 1-sorted structufieand for every familyF of subsets ol holdsF C 29T,

(3H LetT be a 1-sorted structurk, be a family of subsets &f, andX be a set. IX C F, then
X is a family of subsets of .

(SE] For every non empty 1-sorted structdreand for every family= of subsets off such that
F is a cover ofT holdsF # 0.

(6) For every 1-sorted structufieand for all familiesF, G of subsets off holds|JF \ UG C
U(F\G).

(9E] For every 1-sorted structufieand for every familyF of subsets off holds(F€)¢ =F.
(10) For every 1-sorted structufeand for every family= of subsets o holdsF # 0iff F¢#£ 0.

1 The proposition (2) has been removed.
2 The proposition (4) has been removed.
3 The propositions (7) and (8) have been removed.
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(11) For every 1-sorted structufeand for every familyF of subsets o such thaf # 0 holds

N(FS) = (UF)-

(12) For every 1-sorted structufeand for every familyF of subsets off such thaf = 0 holds

U(F9) = (NF)°

(13) LetT be a 1-sorted structure afidbe a family of subsets of. ThenF¢ is finite if and
only if F is finite.

Let T be a topological structure and Iletbe a family of subsets of. We say thafF is open if
and only if:

(Def. 1) For every subs@ of T such thaP € F holdsP is open.
We say thaf is closed if and only if:
(Def. 2) For every subsétof T such thaP € F holdsP is closed.
We now state a number of propositions:
(16ff] F is closed iffF¢ is open.
(17) FisopeniffFCis closed.
(18) If F C GandGis open, therfF is open.
(19) If F C GandGis closed, thef is closed.
(20) If F is open ands is open, therr UG is open.
(21) If Fis open, therr NG s open.
(22) IfF is open, therr \ G is open.
(23) If Fisclosed ands is closed, their UG is closed.
(24) IfF is closed, thefr NGis closed.
(25) IfF isclosed, therr \ Gis closed.
(26) If W is open, thehJW is open.
(27) If W is open and finite, thef|W is open.
(28) If W is closed and finite, theg W is closed.
(29) If W is closed, thef\W is closed.
(31E] Every family of subsets oA is a family of subsets of .

(832) For every subsd of A holdsB is open iff there exists a subgetof T such thatC is open
andCNQp=B.

(33) If Qis open, then for every subsef A such thaP = Q holdsP is open.

(34) If Qis closed, then for every subgeof A such thaP = Q holdsP is closed.

(35) If Fis open, then for every familg of subsets oA such thaiG = F holdsG is open.
(36) If Fis closed, then for every familg of subsets of such thatG = F holdsG is closed.
(38f] MNNis a subset of [N.

4 The propositions (14) and (15) have been removed.
5 The proposition (30) has been removed.
6 The proposition (37) has been removed.
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Let T be a topological structure, 1€ be a subset of, and letF be a family of subsets oF.
The functorF [P yielding a family of subsets of [P is defined as follows:

(Def. 3) For every subs&® of T [P holdsQ € F [P iff there exists a subs&® of T such thaRc F

andRNP=Q.

The following propositions are true:
(40)] If F C G, thenF M C G|M.
(41) IfQeF, thenQNM € F[M.
(42) IfQCUF,thenQNM C U(FIM).
(43) If M CUF, thenM = J(F |M).
(44) U(FIM) CUF.
(45) ItM CU(FIM), thenM C UF.
(46) If F is finite, thenF [M is finite.
(47) IfFis open, ther [M is open.
(48) If Fis closed, ther [M is closed.

(49) LetF be a family of subsets oA. Supposd- is open. Then there exists a famiy
of subsets off such thatG is open and for every subsAf of T such thatA; = Qa holds
F =GJA.

(50) There exists a functioh such that donfi = F and rngf = F [P and for everyx such that
x € F and for everyQ such thaQ = x holds f (x) = QNP.

(51) LetT be a 1-sorted structur&be a non empty 1-sorted structure, anlde a map fronT
into S. Then domf = Qt and rngf C Qs.

(52) LetT be a 1-sorted structur&be a non empty 1-sorted structure, ande a map fronT
into S. Thenf~1(Qs) = Qr.

(54 Let T be a 1-sorted structur&be a non empty 1-sorted structufehe a map fronT into
S, andH be a family of subsets & Then(~1f)°H is a family of subsets of .

For simplicity, we follow the rulesS, V are hon empty topological structurefsis a map from
T into S gis a map fronSintoV, H is a family of subsets df, andP; is a subset o8,
The following propositions are true:

(55) f is continuous iff for everyP; such thaP; is open holdsf ~1(Py) is open.

(56) LetT be atopological spac&be a non empty topological space, ahtdle a map fronT
into S. Thenf is continuous if and only if for every subset of Sholdsf-1(Py) C f~%(Py).

(57) LetT be atopological spac&be a non empty topological space, aintle a map fronT
into S. Thenf is continuous if and only if for every subsetof T holdsf°P C f°P.

(58) If f is continuous and is continuous, theg- f is continuous.
(59) If f is continuous and is open, then for everff such thaF = (~1f)°H holdsF is open.

(60) LetT, Sbe topological structured,be a map fronT into S, andH be a family of subsets
of S Supposef is continuous andH is closed. LetF be a family of subsets of. If
F = (71f)°H, thenF is closed.

" The proposition (39) has been removed.
8 The proposition (53) has been removed.
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Let T, She 1-sorted structures and febe a map fronT into S Let us assume that rrig= Qs
andf is one-to-one. The functor UNKNOWN) yielding a map fronSinto T is defined by:
(Def. 4) UNKNOWN(f) = f=1.
We introducef ~! as a synonym of UNKNOWK).
Next we state several propositions:

(62 LetT be a 1-sorted structur8be a non empty 1-sorted structure, a@nble a map fronT
into S If rng f = Qs andf is one-to-one, then dofi—1) = Qs and rng f~1) = Q.

(63) LetT, She 1-sorted structures arfdbe a map fromrl into S. If rngf = Qs andf is
one-to-one, theri ~1 is one-to-one.

(64) LetT be a 1-sorted structur&be a non empty 1-sorted structure, ande a map fronT
into S. If rng f = Qs and f is one-to-one, thenf ~1)~1 = f.

(65) LetT, Sbe 1-sorted structures arfdbe a map fronT into S. If rngf = Qs and f is
one-to-one, theri~1- f = idgoms and f - f =1 = idng.

(66) LetT be a 1-sorted structurg,V be non empty 1-sorted structurdshe a map fronT into
S, andg be a map fronBinto V. Suppose dorfi = Qt and rngf = Qs and f is one-to-one
and dong = Qs and rngy = Qy andg is one-to-one. The(g- f)~t=f-1.g71.

(67) LetT, Sbe 1-sorted structured, be a map fromr into S andP be a subset of. If
rgf = Qsandf is one-to-one, them°P = (f~1)~1(P).
(68) LetT, Sbe 1-sorted structured, be a map fronil into S, andP; be a subset 08. If
rmgf = Qsandf is one-to-one, thefi—1(P) = (f~1)°P;.
LetS T be topological structures and lebe a map fronginto T. We say thaff is homeomor-
phism if and only if;
(Def. 5) domf = Qgand rngf = Qt andf is one-to-one and continuous afd! is continuous.

We introducef is a homeomorphism as a synonymfas homeomaorphism.
One can prove the following three propositions:

(70@ If fis a homeomorphism, theit! is a homeomorphism.

(71) LetT, S V be non empty topological structures,be a map fronT into S, andg be a
map fromSinto V. If f is a homeomorphism anglis a homeomorphism, theg- f is a
homeomorphism.

(72) fis a homeomorphism if and only if the following conditions are satisfied:

(i) domf=Qr,
(i) rngf=Qs,

(i) f is one-to-one, and

(iv) for everyP holdsP is closed iff f°P is closed.

For simplicity, we adopt the following conventioif;, Sare non empty topological spacésis

a subset of, Py is a subset 0§, andf is a map fronil into S.
The following propositions are true:

(73) fis a homeomorphism iff dorh= Qt and rngf = Qs and f is one-to-one and for every
P; holds f _1(ﬁ1) = ffl(Pl).

(74) fis a homeomorphism iff dorh= Qt and rngf = Qs and f is one-to-one and for every
P holds f°P = f°P.

9 The proposition (61) has been removed.
10 The proposition (69) has been removed.
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