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Summary. This article contains a definition & reflex of a topological space as a
quotient space which i§ and fulfils the condition that every continuous miafrom a topo-
logical spacel into SbeingT; space can be considered as a superposition of two continuous
maps: the first fronT onto itsT; reflex and the last frori; reflex of T into S.

MML Identifier: T_1TOPSP.

WWW: http://mizar.orq/JFM/Voll0/t_ltopsp.html

The articles|[9], [[4], [[11], [[1R], [12], [[3], [[6], [[7], [8], [5], [1], and[[10] provide the notation and
terminology for this paper.

In this papeiX is a non empty set and is a set.

One can prove the following four propositions:

(ZH Let T be a non empty topological spadkepe a non empty partition of the carrier of
andy be a subset of the decomposition spacé.cfhen (the projection ontd) ~1(y) = Uy.

(3) For every non empty set and for every partitiors of X and for every subse§ of Sholds

US\UA=U(S\A).

(4) For every non empty set and for every subset of X and for every partitiors of X such
thatA € SholdsJ(S\ {A}) = X\ A.

(5) LetT be a non empty topological spac&be a non empty partition of the carrier of A
be a subset of the decomposition spac&andB be a subset of . If B=JA, thenAis
closed iffB is closed.

Let X be a non empty set, letbe an element aX, and letS; be a partition ofX. The functor
EqClas$x, S ) yields a subset ok and is defined by:

(Def. 1) xe€ EqClas$x,S;) and EqClas, S1) € S.

Next we state two propositions:

(6) For all partitionsS;, S of X such that for every elementof X holds EqClas, S1) =
EqClas$x,S) holdsS; = S,.

(7) For every non empty set holds{X} is a partition ofX.
Let X be a set. Family class of is defined by:
(Def.2) It 22",

Let X be a set and lgt be a family class oK. We say thafF if and only if:

1 The proposition (1) has been removed.
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(Def. 3) For every seBsuch thaSe F holdsSis a partition ofX.

Let X be a set. Note that there exists a family clasX efhich

let X be a set. A partition family oK is a family class oK.
Let X be a non empty set. One can check that there exists a partitdnvich is non empty.

We now state the proposition

(8) For every seK and for every partitiorp of X holds{p} is a partition family ofX.

Let X be a set. Note that there exists a partition famil)Xofhich is non empty.
One can prove the following two propositions:

(9) For every partitiors; of X and for all elementg, y of X such that EqClagg,S;) meets
EqClassy, S1) holds EqClas, S;) = EqClassy, S1).
(10) LetAbe a setX be a non empty set, ar8ibe a partition oX. If A € S, then there exists
an elemenk of X such thatA = EqClas$x, S).
LetX be a non empty set and Etbe a non empty partition family of. The functor Intersectiof
yielding a non empty partition of is defined by:
(Def. 4) For every elememtof X holds EqClas, Intersectiorr ) = (N {EqClas$x, S); Sranges over
partitions ofX: Se F}.

In the sequeT denotes a non empty topological space.
We now state the proposition

(11) {A;Aranges over partitions of the carrier 8f A is closed is a partition family of the
carrier of T.

Let us consideil. The functor ClosedPartitiofisyields a non empty partition family of the
carrier of T and is defined as follows:
(Def. 5) ClosedPartitioris = {A; Aranges over partitions of the carrierbf Ais closed.
Let T be a non empty topological space. The fundipreflexT yields a topological space and
is defined by:
(Def. 6) Ty-reflexT = the decomposition space of Intersection ClosedPartifions

Let us considel . Note thatT;-reflexT is strict and non empty.
Next we state the proposition

(12) For every non empty topological spaténoldsT;-reflexT is Tj.
Let us considell . Observe that;-reflexT is T;.

Let T be a non empty topological space. The fundpreflectT yields a continuous map from
T into T1-reflexT and is defined by:

(Def. 7) Ty-reflectT = the projection onto Intersection ClosedPartitibns

Next we state four propositions:

(13) LetT, Ty be non empty topological spaces ahde a continuous map from into Tj.
Supposédy is T;. Then
() {f~({z});zranges over elements ®f: z< rngf} is a partition of the carrier of, and
(i) for every subsef of T such that € {f~1({z});zranges over elements f: z< rngf}
holdsA is closed.
(14) Let T, T1 be non empty topological spaces arfidbe a continuous map fronT
into T;. SupposeT; is T;. Let given w and x be an element offT. If w=
EqClassx, Intersection ClosedPartitioitg, thenw C f~1({f(x)}).



ONt; REFLEX OF TOPOLOGICAL SPACE 3

(15) LetT, Ty be non empty topological spaces ahde a continuous map from into Tj.
Supposel; is T;. Let givenw. Supposew < the carrier ofTy-reflexT. Then there exists an
elementz of T; such thaz € rgf andw C f~1({z}).

(16) LetT, T1 be non empty topological spaces afde a continuous map from into Tj.
Suppose€T; is T;. Then there exists a continuous miafrom Ty-reflexT into Ty such that
f = h-Ty-reflectT.

Let T, Sbe non empty topological spaces andfidie a continuous map frof into S. The
functorT;-reflexf yielding a continuous map frofy-reflexT into T;-reflexSis defined by:

(Def. 8) Ty-reflectS- f = Ty-reflexf - Ty-reflectT.
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