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Some Properties of Real Numbers

Operations: min, max, square, and square rogt
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Summary. We define the following operations on real numbensc(x,y), min(x,y),
X2, v/X. We prove basic properties of introduced operations. A number of auxiliary theorems
absent in[[2] and [3] is proved.

MML Identifier: SQUARE_ 1.

WWW: http://mizar.org/JFM/Voll/square_1.html

The articlesl[4],[[6],1],[5], and 3] provide the notation and terminology for this paper.
In this papel, b, X, y, zdenote real numbers.
The following propositions are true:
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If1 <x, thenl <1

If x<vy, then O<y—x.

Ifx <y, then 0<y—x.

If 0 <xand 0<y,then 0<x-y.

If x< 0 andy <0, then 0< x-y.

If 0 < xand 0<y, then 0< Xx-y.

If x < 0 andy < 0, then 0< X-V.

If 0 <xandy <0, thenx-y <O0.

If 0 < xandy < 0O, thenx-y < 0.

IfO<x-y then0< xand O<yorx<0andy<O0.
If0< x-y, then O< xand O< yorx < 0 andy < 0.

If 0 <aand 0< b, then 0< &.

(29F] 150 < x, theny—x<y.
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1 The proposition (1) has been removed

2 The propositions (3)—-(10) have been removed
3 The propositions (13)—(18) have been removed.
4 The proposition (28) has been removed.
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The schem®ealContinuityconcerns two unary predicat@s Q, and states that:
There existz such that for alk, y such thatP[x] andQ]y] holdsx < zandz<y
provided the following condition is met:
e For allx, y such thatP[x] andQJy] holdsx <'y.
Let us considek, y. The functor mirx,y) yields a real number and is defined by:

X, if x<vy,
y, otherwise.

(Def. 1) minx,y) = {

Let us observe that the functor nliqy) is commutative and idempotent. The functor rhay)
yielding a real number is defined as follows:

X, if y <X,
y, otherwise.

(Def. 2) maxx,y) = {

Let us notice that the functor méxy) is commutative and idempotent.
Letx, y be elements oR. Then mir(x,y) is an element oR. Then maxx,y) is an element of
R.

The following propositions are true:
(34E| min(x,y) = w
(35) min(x,y) < x.
38 min(x,y) = x or min(x,y) =y.
(39) x<yandx < ziff x<min(y,2).
(40) min(x, min(y,z)) = min(min(x,y), z).
(45@ max(x,y) = XY
(46) x< maxx,y).
(49F] max(x,y) = x or max(x,y) =
(50) y<xandz<xiff max(y,z) <x
(51) maxx,maxy,z)) = maxmaxx,y),z).
(53F] min(x,y) +max(x,y) = x+v.
(54) maxx,min(x,y)) = Xx.

(55) min(x,max(x,y)) =
(56) min(x,maxy,z)) = maxmin(x,y), min(x, z)).
(57) maxx,min(y,z)) = min(max(x,y), maxx, z)).

Let us considexr. The functon? is defined as follows:
(Def. 3) X2 =x-x.

Let us considexr. Note thate is real.
Let x be an element dR. Thenx? is an element oR.
We now state a number of propositions:

5 The propositions (30)—(33) have been removed.

6 The propositions (36) and (37) have been removed.
7 The propositions (41)-(44) have been removed.

8 The propositions (47) and (48) have been removed.
9 The proposition (52) has been removed.
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(6909 12=1.
(60) *=0.
(61) a®=(-a)
(62) |aj*>=a’.
(63) (

(64) (

(65) (

(66) (a—1)?=(a?—2-a)+ 1L
67) (

(68) (

(69) (3°=%.
(70) Ifa?—b?#0, thengly = 20

(71) Ifa®—b?#0, thengly = 240,

(72) o<a?

(73) Ifa?=0,thena=0.

(74) 1f0+# a, then O< &

(75) lf0<aanda< 1,thena? < a.
(76) If1<a, thena< a’

(77) IfOo<xandx <y, thenx® <y
(78) If0<xandx <y, thenx® < y°.

Let us considea. Let us assume that9Q a. The functor,/a yielding a real number is defined
as follows:

(Def. 4) 0< . /aandy/a =a.

Letabe an element dk. Then,/ais an element oR.
Next we state a number of propositions:

@2 vo=o.

(83) Vvi=1.

(84) 1<2.

(85) V4=2.

(86) v2<2.

89 1fo<a thenvaZ=a
(90) Ifa<O0,thenva?=—a.

10 The proposition (58) has been removed.
11 The propositions (79)—(81) have been removed.
12 The propositions (87) and (88) have been removed.
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(91) Vva2=|a.

(92) If0<aand,/a=0,thena=0.

(93) If0<a,then0< /a

(94) IfO<xandx <y, then/x < A.

(95) IfO<xandx <y, then/x < /.

(96) If0<xandO<yand/x= /Y, thenx=y.
(97) If0<aandO0<b,thenva-b=/a-vh.
(98) If0<a-b,thenva-b=/]al-\/|b].

(99) If0<aand0<b,then/& = %‘

&
(100) 170< &, then,/3 = %

1_ 1
(101) Ifo<a, then\/;_ 3.
(102) If0<a, then2 = %
(103) If0<a, then%1 =a

(104) If0<aand 0< b, then(y/a—+vb)-(v/a+vb)=a—h.

1 _ ya-vb
(105) If0<aandO0<banda## b, then /b= ab -

1 _ Javb
(106) If0O<bandb<a, then\/é+\/5_ b

T

1 _ Vatvb
(107) If0<aandO<banda##b, thenm =

1 _ Jatvb
(108) If0<bandb<a, then\/é_\/B_ b
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