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Summary. Quite a number of lemmas for the Jordan curve theorem, as yet in the case
of the special polygonal curves, have been proved. By “special” we mean, that it is a polygonal
curve with edges parallel to axes and actually the lemmas have been proved, mostly, for the
triangulations i.e. for finite sequences that define the curve. Moreover some of the results deal
only with a special case:

- finite sequences are clockwise oriented,
- the first member of the sequence is the member with the lowest ordinate among those
with the highest abscissa (N-miy wheref is a finite sequence, in the Mizar jargon).

In the change of the orientation one has to reverse the sequence (the operation introduced in
[6]) and to change the second restriction one has to rotate the sequence (the operation intro-
duced in[[19]). The goal of the paper is to prove, mostly simple, facts about the relationship
between properties and attributes of the finite sequence and its rotation (similar results about
reversing had been proved inl [6]). Some of them deal with recounting parameters, others
with properties that are invariant under the rotation. We prove also that the finite sequence is
either clockwise oriented or it is such after reversing. Everything is proved for the so called
standard finite sequences, which means that if a point belongs to it then every point with the
same abscissa or with the same ordinate, that belongs to the polygon, belongs also to the finite
sequence. It does not seem that this requirement causes serious technical obstacles.

MML Identifier: REVROT_1.
WWW: http://mizar.org/JFM/Volll/revrot_1.html

The articles[[17],[[22],[[2],[[15],[[1],[14],1[3],[[5], 9], [21], [10], (6], [[18], [156],(17], 8], [11], [12],
[13], [18], [20], and [14] provide the notation and terminology for this paper.

1. PRELIMINARIES

For simplicity, we use the following convention:k, m, n are natural numberg) is a non empty
set,pis an element oD, andf is a finite sequence of elementsf

Let Sbe a non trivial 1-sorted structure. One can verify that the carri&ighon trivial.

Let D be a non empty set and Iéthe a finite sequence of elementdhfLet us observe that

is constant if and only if:
(Def. 1) For alln, msuch than € domf andm & domf holds f, = fy,.
We now state three propositions:

(1) LetD be a non empty set arfdbe a finite sequence of elementdbfif f yields fiens just
once, therfigns «P f =lenf.

(2) Forevery non empty sétand for every finite sequendeof elements oD holdsfjent = 0.
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(3) For every non empty s& and for every non empty finite sequentef elements oD
holds fiens € rngf.

Let D be a non empty set, Idtbe a finite sequence of elementsyfand lety be a set. Let us
observe thaf yieldsy just once if and only if:

(Def. 2) There exists a s&tsuch thak € domf andy = fyx and for every set such thatz € domf
andz+# x holdsf, # .

One can prove the following propositions:

(4) LetD be a non empty set arfdbe a finite sequence of elementdbfif f yields fiens just
once, thenf —: fignt = f.

(5) LetD be a non empty set arfdbe a finite sequence of elementdnflf f yields fiens just
once, thenf :— fient = (fient)-

6) 1<len(f:—p).

(7) LetD be a non empty sep be an element dd, andf be a finite sequence of elements of
D. If pergf, thenlerff:— p) < lenf.

(8) For every non empty s& and for every circular non empty finite sequerfcef elements
of D holds Reyf) is circular.

2. ABOUT THE ROTATION

In the sequeD denotes a non empty sgtdenotes an element B, andf denotes a finite sequence
of elements oD.
Next we state several propositions:

(9) If perngfand 1<iandi <len(f:—p), then(f O p)i = fi_r1)4pept-
(10) Ifperngfandp«r f <iandi <lenf,thenfi = (f O p)ii1)—pert-
(11) If perngf,then(f O p)ient:—p) = fient-
(12) Ifperngfandlerif:—p) <iandi <lenf,then(f O p)i = fi pof)—rient-
(13) Ifperngfandi<iandi <p«r f,thenfi=(f O p)irient)—pot-
(14) len(f © p) =lenf.
(15) dom(f © p) = domf.
(16) LetD be a non empty sef;, be a circular finite sequence of elementdDgfand p be an

element oD. If for everyi such that k< i andi < lenf holdsf; # f1, then(f © p) © f1 = f.

3. ROTATING CIRCULAR ONES

In the sequef denotes a circular finite sequence of elemen®.of
Next we state two propositions:

(17) Ifperngfandlerif:—p) <iandi <lenf,then(f O p)i = fi pof)—rient-
(18) Ifperngfand1<iandi <p«f f,thenfi=(f O p)itient)—peot-

Let D be a non trivial set. Observe that there exists a finite sequence of eleméntghach is
non constant and circular.

Let D be a non trivial set, lep be an element db, and letf be a non constant circular finite
sequence of elements bf One can check thdt pis non constant.
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4. FINITE SEQUENCE ON THEPLANE
The following proposition is true
(19) For every non empty natural numisenolds Qg # 1.REALN.

Letn be a non empty natural number. One can verify thais non trivial.
In the sequef, g denote finite sequences of elementféf
The following four propositions are true:

(20) Ifrngf C rngg, then rngX-coordinat¢f) C rngX-coordinatég).

) € )
(21) Ifrngf =rngg, then rng<-coordinatéf) = rngX-coordinatég).
(22) Ifrngf Crngg, then rngy-coordinatéf) C rngY-coordinatég).
)

(23) Ifrngf = rngg, then rngy -coordinaté¢f) = rngY -coordinatég).

5. ROTATING FINITE SEQUENCE ON THEPLANE

In the sequep denotes a point UE% and f denotes a finite sequence of elementféf

Let p be a point ofE2 and letf be a special circular finite sequence of elementsfOne can
check thatf ¢ pis special.

Next we state several propositions:

(24) Ifperngfand 1<iandi <len(f:—p),thens(f O p,i)=L(f,(i—"1)+pr f).
(25) Ifperngfandp«r f <iandi <lenf, thent(f,i)=L(fOp,([i—"p«rf)+1).

(26) For every circular finite sequendeof elements of£2 holds In¢X-coordinatéf)) =
Inc(X-coordinatéf © p)).

(27) For every circular finite sequendeof elements of£2 holds IngY-coordinatéf)) =
Inc(Y -coordinatéf © p)).

(28) For every non empty circular finite sequerfcef elements ofE% holds the Go-board of
f © p=the Go-board of.

(29) For every non constant standard special circular sequehalels Reyf O p) = Rev(f) ©
p.

6. ROTATING CIRCULAR ONES (ON THE PLANE)

In the sequef denotes a circular finite sequence of eIemenl@%f
The following propositions are true:

(30) For every circular s.c.c. finite sequentef elements of‘E% such that lerf > 4 holds
L(f,lenf —1)nL(f,1)={f1}.
(31) Ifperngfandlerf:—p) <iandi <lenf,thent(f O p,i)=L(f,(i+p<pf)—'lenf).
Let p be a point 0f£$ and letf be a circular s.c.c. finite sequence of eIement@%)fOne can
check thatf O pis s.c.c..
Let p be a point off;% and letf be a non constant standard special circular sequence. Observe

thatf O pis unfolded.
One can prove the following propositions:

(32) Ifperngfandil<iandi <p«rf,thent(f,i)=L(fOp,(i+lenf)—" prf).
(33) L(fOp)=L(f).
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(34) LetGbe a Go-board. Thehis a sequence which elements belonGtiband only if f © p

is a sequence which elements belongto

Let p be a point of‘B% and letf be a standard non empty circular finite sequence of elements of

2. Note thatf © pis standard.

Next we state three propositions:

(35) Letf be a non constant standard special circular sequence andggiketi p € rngf and

1 <kandk < p«r f, then leftcel( f,k) = leftcell(f © p,(k+lenf)—"p«p f).

(36) For every non constant standard special circular sequetgdds LeftCompf © p) =

LeftComp(f).

(37) For every non constant standard special circular sequiehcéds RightCompf O p) =

RightComg f).

7. THE ORIENTATION

Let p be a point ofE% and letf be a clockwise oriented non constant standard special circular
sequence. Observe that) pis clockwise oriented.

Next we state the proposition

(38) Letf be a non constant standard special circular sequence. fTiseclockwise oriented
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or Re\ f) is clockwise oriented.
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