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Summary. We define here: mode Relation as a set of pairs, the domain, the codomain,
and the field of relation; the empty and the identity relations, the composition of relations,
the image and the inverse image of a set under a relation. Two predicates, S, amdi
three functionsy, N and\ are redefined. Basic facts about the above mentioned notions are

presented.

MML Identifier: RELAT 1.

WWW: http://mizar.org/JFM/Voll/relat_1.html

The articlesl[2] and ]1] provide the notation and terminology for this paper.
In this papeA, X, Y, Y1, Y2, 4, b, ¢, d, Xy, zare sets.
Letl; be a set. We say thét is relation-like if and only if:

(Def. 1) Ifx € I1, then there exisy, zsuch thak = (y, z).

Let us note that there exists a set which is relation-like and empty.
A binary relation is a relation-like set.

In the sequeP, P, P>, Q, R, Sdenote binary relations.

We now state four propositions:

(3l 1f ACR thenAis relation-like.
(4) {{x,y)} is relation-like.

(5) {{a b),{c,d)} is relation-like.
(6) [X,Y]isrelation-like.

The schem&el Existenceleals with sets7, B and a binary predicat®, and states that:
There exists a binary relatidR such that for alk, y holds{x, y} € Riff x€ 4 and

y € Band?P[x,y]
for all values of the parameters.
Let us consideP, R. Let us observe th& = Rif and only if:

(Def. 2) For alla, bholds{a, b) € Piff {a,b) e R
Let us consideP, R. One can verify the following observations:
x PNRis relation-like,

+ PURIs relation-like, and

1 The propositions (1) and (2) have been removed.
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P\ Ris relation-like.

Let us consideP, R. Let us observe th& C Rif and only if:

(Def. 3)

For alla, b such that{a, b) € P holds(a, b) € R.

The following two propositions are true:

(9F XnNRis a binary relation.

(10)

R\ X is a binary relation.

Let us consideR. The functor donR yields a set and is defined by:

(Def. 4) x e domRiff there existsy such that{x, y) € R.

Next we state three propositions:

(13f] dom(PUR) = domPUdomR.

(14)
(15)

domPNR) C domPNdomR.
domP\ domR C dom(P\ R).

Let us consideR. The functor rndr yields a set and is defined as follows:

(Def. 5) y e rngRiff there existsx such thatx, y) € R

The following propositions are true:

(18@] If x e domR, then there existg such thaty € rngR.

(19)
(20)
(21)
(22)
(23)
(24)
(25)
(26)
(27)
(28)

If y € rngR, then there exists such thaxk € domR.

If (X, y} € R thenx € domR andy € rngR.

RC [domR, rngR].

RN[domR, rngR] =R

If R={{x, y)}, then donR= {x} and rndR = {y}.

If R={{a, b), (x, y)}, then donR= {a,x} and rndqR = {b,y}.
If P C R then donP C domR and rnd® C rngR.

mygPUR) =rngPUrngR.

mgPNR) C rngPNrngR.

rngP\ rngR C rng(P\ R).

Let us consideR. The functor fielR yields a set and is defined by:

(Def. 6)

fieldR = domRUrngR.

The following propositions are true:

(29)
(30)
(1)

domR C fieldRand rngR C fieldR.
If (a, b) € R, thena ¢ fieldRandb < fieldR.
If P C R, then fieldP C fieldR.

2 The propositions (7) and (8) have been removed.
3 The propositions (11) and (12) have been removed.
4 The propositions (16) and (17) have been removed.
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(32) IfR={{x y)}, then fieldR= {x,y}.
(33) fieldPUR) = fieldPUfieldR.
(34) fieldPNR) C fieldPNfieldR.
Let us consideR. The functorR~ yields a binary relation and is defined as follows:
(Def. 7) ({x,y) e R7iff {y,X) eR.

Let us note that the functd®™ is involutive.
We now state several propositions:

@37f] rgR=dom(R~) and donR = rg(R~).

(38) fieldR=field(R~).

(39) (PNR)” =P~NR".

(40) (PUR)~ =P~ UR".

(41) (P\R)"=P"\R".
Let us consideP, R. The functorP - Ryielding a binary relation is defined as follows:

(Def. 8) (x,y) € P-Riff there existsz such that{x, z) € Pand(z y) € R.

One can prove the following propositions:

(44f] dom(P-R) C domP.

(45) mgP-R) CrngR.

(46) If rngR C domP, then donfR- P) = domR.

(47) IfdomP C rngR, then rndR- P) = rngP.

(48) IfPCR thenQ-PC QR

(49) IfPCQ,thenP-RCQ R

(50) IfPCRandQC S thenP-QCR-S

(51) P-(RUQ)=P-RUP-Q.

(52) P-(RNQ)C (P-R)N(P-Q).

(53) P-R\P-QCP-(R\Q).

54) (P-R"=R"-P~.

(65) (P-R)-Q=P-(R-Q).

Let us mention that every set which is empty is also relation-like.

Let us observe thdlis relation-like.

Let us observe that there exists a binary relation which is non empty.

Let f be a non empty binary relation. One can check that iasmon empty and rn§is non
empty.

Next we state three propositions:

(56) Ifforall x, y holds(x,y) ¢ R, thenR=0.

5 The propositions (35) and (36) have been removed.
6 The propositions (42) and (43) have been removed.
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(60f] domd =0 and rng) = 0.
(62f] 0-R=0andrR-0=0.

Let X be an empty set. Observe that d&ns empty and rniX is empty. Let us consideR.
Note thatX - Ris empty andR- X is empty.
The following four propositions are true:

(63) R0=0-R

(64) If domR=0orrngR=0,thenR=0.
(65) domR=0iffrngR=0.

(66) 0~ =0.

Let X be an empty set. One can verify that is empty.
The following proposition is true

(67) If rngRmisses dor®, thenR-P = 0.

Let R be a binary relation. We say thRtis non-empty if and only if:
(Def.9) 0¢rgR
Let us consideK. The functor i¢ yields a binary relation and is defined as follows:
(Def. 10) {x,y) €idx iff xe X andx =Y.

The following propositions are true:

(71f] dom(idx) = X and rndidx) = X.

(72) (idx)~ =idx.

(73) If for everyx such thak € X holds(x, x) € R thenidk C R

(74) {x,y) €idx -Riff xe X and{x,y) e R

(75) (x,y) eR-idy iff ye Y and(x,y) e R

(76) R-idx CRandidk-RCR

(77) IfdomRC X, thenid-R=R

(78) idjomr-R=R.

(79) IfrngRCY, thenR-idy =R

(80) R-idmgr=R.

(81) idy=0.

(82) IfdomR=X and rng? C X andP, - R= idgomp, andR- P = idx, thenP = P».
Let us consideR, X. The functoR[X yielding a binary relation is defined by:

(Def. 11) (x,y) € RIXiff xe X and{x,y) € R

One can prove the following propositions:

7 The propositions (57)-(59) have been removed.
8 The proposition (61) has been removed.
9 The propositions (68)—(70) have been removed.
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8619 xc dom(RIX) iff x € X andx € domR.
(87) dom(R[X) C X.
(88) RIXCR
(89) dom(R[X) C domR.
(90) domR[X) =domRnNX.
(91) If X € domR, then doniR[X) = X.
(92) (RIX)-PCR-P
(93) P-(RIX)CP-R
(94) RIX =idx R
(95) RIX =0iff domR missesX.
(96) RIX=RN[X,rngR].
(97) IfdomRC X, thenR[X =R
(98) RfdomR=R.
(99) rmgRIX) C rngR.
(100) RIX]Y =R}(XNY).
(101) RIX[X =RJX.
(102) 1fX CY, thenRIX]Y = RJX.
(103) IfY C X, thenR[X|Y =R]Y.
(104) IfX CY, thenRIX C R}Y.
(105) IfP C R, thenP[X C RIX.
(106) IfP C RandX CY, thenP[X CR]Y.
(107) RJ}(XUY)=RIXUR]Y.
(108) RI(XNY) = (RIX)N(RJY).
(109) RJ(X\Y)=RIX\RY.
(110) R[0= 0.
(111) O[X = 0.
(112) (P-R)[X = (P|X)-R.
Let us consideY, R. The functory [Ryields a binary relation and is defined by:
(Def. 12) (x,y) € Y|RIiff ye Y and(x,y) € R.
We now state a number of propositions:
(115f] yermg(YIR) iff y € Y andy € rngR.
(116) mgY[R) CY.
(117) YIRCR

10 The propositions (83)—(85) have been removed.
11 The propositions (113) and (114) have been removed.
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(118) rndYIR) C rngR.
(119) rndY|R) =rngRNY.
(120) IfY CrngR thenrndY[R) =Y.
(121) (YIR)-PCR-P.
(122) P-(Y|R)CP-R
(123) Y[R=R-idy.
(124) YIR=RnN[}domR, Y.
(125) IfrngRCY,thenYR=R
(126) mMgRIR=R.
(127) Y[(XIR) = (YNX)[R
(128) Y[(YIR)=Y|R
(129) 1fX CY, thenY [(X|R) = X|R.
(130) IfY C X, thenY[(X|R) =Y[R.
(131) IfX CY,thenX[RC Y[R
(132) 1fP, C Py, thenY [PL C Y[Ps.
(133) 1P, C P, andY; C Yo, thenYs [Py C Yz [Pa.
(134) (XUY)IR=X[RUY|R
(135) (XNY)IR= (XIR)N(YR).
(136) (X\Y)IR=X[R\Y[R
(137) O/R=0.
(138) Y[0=0.
(139) Y[(P-R)=P-(Y|R).
(140) (YIR)IX =YI[(RIX).

Let us consideR, X. The functorR°X yielding a set is defined as follows:

(Def. 13) y e R°X iff there existsx such thafx, y) € Randx € X.
One can prove the following propositions:
(143E y € R°X iff there existsx such thak € domR and(x, y} € Randx € X.
(144) RPX CrngR
(145) R°X = R°(domRNX).
(146) RRdomR=rngR.
(147) R°X C R°domR.
(148) rmgRIX) = R°X.
(149) RO=0.

12 The propositions (141) and (142) have been removed.
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(150) 0°X =0.
(151) R°X = 0iff domR missesX.
(152) IfX#£0andX C domR, thenR°X £ 0.
(153) R°(XUY)=R°XURY.
(154) R°(XNY) CRXNRY.
(155) RX\RY CR(X\Y).
(156) IfX CY, thenR°X C RY.
(157) IfP CR thenP°X C R°X.
(158) IfP C RandX CY,thenP°X C R°Y.
(159) (P-R)°X = R°P°X.
(160) rmdP-R) =R rngP.
(161) (RIX)°Y CRY.
(1639 domRNX C (R*)°R°X.
Let us consideR, Y. The functorR~1(Y) yielding a set is defined as follows:
(Def. 14) x € R7(Y) iff there existsy such that{x, y) € Randy € Y.
Next we state a number of propositions:
(166@ x € R7L(Y) iff there existsy such thay € rngRand(x, y) € Randy € .
(167) R71(Y) C domR.

(168) RL(Y)=R(mgRNY).
(169) R 1(rngR) = domR.
(170) R 1Y) CR (rngR).
(171) R (0)=o0.

(172) o i(y)=0.

(173) R(Y) = 0iff rng Rmissesy.

(174) IfY #0andY C rngR, thenR(Y) # 0.
(175) RYXUY) =R YX)UR(Y).

(176) R1(XNY)C R Y(X)NRL(Y).

177) R X)\RHY) SRHX\Y).

(178) 1fX CY,thenR1(X) C RL(Y).

(179) IfPC R, thenP~1(Y) CRL(Y).

(180) IfP CRandX CY,thenP~1(X) C R 1(Y).
(181) (P-RY(Y) =P HR(Y)).

(182) don{P-R)=P~1(domR).

(183) rmgRNY C (R7)"YRL(Y)).

13 The proposition (162) has been removed.
14 The propositions (164) and (165) have been removed.
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