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Summary. This article contains definitions and theorems concerning basic properties
of following objects: - a field of subsets of given nhonempty set; - a sequence of subsets of
given nonempty set; - a-field of subsets of given nonempty set and events fromatfisld;

- a probability i.e.c-additive normed measure defined on previously introduzéidld; - a
o-field generated by family of subsets of given set; - family of Borel Sets.

MML Identifier: PROB_1.

WWW: http://mizar.org/JFM/Voll/prob_1.html

The articles|[8], [[4], [[11], [[10], [T1R], (2], (3], [T1], [[9], [[6], [[5], and[l7] provide the notation and
terminology for this paper.

For simplicity, we use the following conventio®; denotes a non empty set, Y, Z, p, X, ¥,
z denote setd) denotes a subset @, f denotes a functionn, n denote natural numbers, ro
denote real numbers, asgdenotes a sequence of real numbers.

The following two propositions are true:

(ZH For allr, ro such that G< r holdsry, —r <ro.

(3) Forallr, s; such that there existssuch that for everyn such than < mholdss;(m) =r
holdss; is convergent and lirsy =r.

Let X be a set and ldt be a family of subsets of. We say that; is closed for complement
operator if and only if:

(Def. 1) For every subsé of X such thatA € I holdsA° € 1.

Let X be a set. One can verify that there exists a family of subse¥which is non empty,
closed for complement operator, anetlosed.

Let X be a set. A field of subsets #fis a non empty closed for complement operateslosed
family of subsets oK.

In the sequeF is a field of subsets of.

One can prove the following propositions:

(4) For all subset#, B of X holds{A,B} is a family of subsets oX.
(6F] There exists a subsatof X such that € F.
(9F For all setsA, B such thatA € F andB e F holdsAUB ¢ F.

1 The proposition (1) has been removed.
2 The proposition (5) has been removed.
3 The propositions (7) and (8) have been removed.
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(10) DOeF.

(11) XeF.

(12) For all subset8, B of X such thatA € F andB € F holdsA\ B € F.

(13) For all set#, B holdsA\ B missesB and ifA € F andB € F, then(A\B)UB € F.
(14) {0,X} is afield of subsets oX.

(15) 2Xis afield of subsets oX.

(16) {0,X} CF andF C 2.

(18@ For everyp such thatp € [N, {X} ] there exisk, y such that{x, y) = p and for allx, y, z
such that{x, y) € [N, {X} ] and{x, z) € [N, {X}] holdsy =z

(19) There existd such that doni = N and for everyn holds f (n) = X.

Let X be a set. A sequence of subset¥ads a function fromN into 2%,
In the sequel; denotes a sequence of subset®phndA; denotes a sequence of subsetX of
The following two propositions are true:

(Zlﬁ] There exist#\, such that for every holdsAz(n) = X.

(22) For all subsets, B of X there exist#\; such thath,(0) = A and for everyn such thah # 0
holdsAz(n) = B.

Let us consideK, Ay, n. ThenAy(n) is a subset oX.
The following proposition is true

(23) UrngA; is a subset oK.

Let f be a function. The functdy f yielding a set is defined as follows:
(Def. 3@ Uf=Urngf.

Let X be a set and le; be a sequence of subsetxafThenJ Az is a subset oK.
The following two propositions are true:

(25)] x € UA; iff there existsn such thak € Ay(n).
(26) There exists a sequenBe of subsets oK such that for every holdsBj (n) = Ax(n)°.

Let X be a set and led; be a sequence of subsetsxaf The functor Compleme#t yielding a
sequence of subsets Xfis defined by:

(Def. 4) For evenyn holds(Complemen#z)(n) = Az(n)°.

Let X be a set and leA, be a sequence of subsetsXaf The functor Intersectiofy, yields a
subset oX and is defined as follows:

(Def. 5) Intersectior, = (|JComplemen#y,)C.

One can prove the following three propositions:

(29 X € Intersectiom; iff for every n holdsx € Ax(n).

4 The proposition (17) has been removed.

5 The proposition (20) has been removed.

6 The definition (Def. 2) has been removed.

7 The proposition (24) has been removed.

8 The propositions (27) and (28) have been removed.
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(30) Forall subseta, B of X such tha#,(0) = Aand for everyn such thah # 0 holdsAy(n) =B
holds IntersectioA, = ANB.

(81) ComplementComplemeftss = A;.
Let us consideK, Ay. We say tha#\; is non-increasing if and only if:
(Def. 6) For alln, msuch than < mholdsAx(m) C Ax(n).
We say tha#y; is non-decreasing if and only if:
(Def. 7) For alln, msuch than < mholdsAz(n) C Ax(m).

Let X be a set. A non empty family of subsetsXfis said to be a-field of subsets oK if it
satisfies the conditions (Def. 8).

(Def. 8)(i) For every sequenck, of subsets ofX such that for everyr holds Ay(n) € it holds
Intersectio, € it, and

(i) for every subsef of X such thatA € it holdsA° € it.

One can prove the following two propositions:

(832) LetShbe a non empty set. Thedis ao-field of subsets oK if and only if the following
conditions are satisfied:

() sc2X,

(i) for every sequencéd, of subsets ofX such that for everyn holds Ay(n) € S holds
Intersectiol, € S, and

(iiiy  for every subsef of X such thatA € SholdsA® € S.
(35F] If Y is ac-field of subsets oX, thenY is a field of subsets oX.

Let X be a set. Note that evegyfield of subsets oK is N-closed and closed for complement
operator.

In the seque$; is ac-field of subsets 00; andS; is ao-field of subsets oK.

We now state several propositions:

(38@ There exists a subsAtof X such thatA € S.

(41E For all subset#\, B of X suchthalA € S, andB € S, holdsAUB € S.
42) 0cS.

(43) Xe$S.

(44) For all subsets, B of X such thaiA € S, andB € $; holdsA\B € $.

Let X be a set and Ie%, be ao-field of subsets oK. A sequence of subsets ¥fis said to be a
sequence of subsets 8f if:

(Def. 9) For evenynholds itn) € S.
Next we state the proposition
(46 For every sequenac; of subsets of, holds| JA; € .
Let X be a set and Igt be ao-field of subsets oK. A subset ofX is called an event df if:

(Def. 10) IteF.

9 The propositions (33) and (34) have been removed.
10 The propositions (36) and (37) have been removed.
11 The propositions (39) and (40) have been removed.
12 The proposition (45) has been removed.
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Next we state several propositions:

(4819 If xe S, thenx s an event 0.

(49) For all event®\, B of S holdsANB is an event 0f,.
(50) For every evenA of S holdsAC is an event ofS.
(51) Forall event®\, B of $ holdsAUB is an event 0f,.
(52) 0is an event 05,.

(53) Xisan event ofs.

(54) For all event#\, B of S; holdsA\ B is an event of,.

Let us consideK, . One can verify that there exists an evenBpfvhich is empty.
Let us consideK, $. The functorQ(SQ) yields an event 0% and is defined as follows:

(Def. 11) Qg = X.

Let us consideK, S and letA, B be events of5,. ThenANB is an event of5,. ThenAUB is
an event of5,. ThenA\ B is an event 05,.
The following two propositions are true:

(57@ A1 is a sequence of subsetsSfiff for every n holdsA;(n) is an event of5;.

(58) If A; is a sequence of subsetsSf then| JA; is an event of5;.

In the sequeh, B are events 0§ andA; is a sequence of subsetsSf
Next we state the proposition

(59) There exists such that donf = S and for everyD such thaD € S; holds if p € D, then
f(D)=1andifp¢ D, thenf(D)=0.

In the sequeP denotes a function fror§; into R.
The following two propositions are true:

(60) There exist® such that for ever{p such thaD € S; holds if p € D, thenP(D) = 1 and if
p ¢ D, thenP(D) = 0.

(GZE P- A is a sequence of real numbers.

Let us consideDs, S, A1, P. ThenP- A; is a sequence of real numbers.

Let us conside®,, S, P, A. ThenP(A) is a real number.

Let us consideO;, S;. A function fromS; into R is said to be a probability o8; if it satisfies

the conditions (Def. 13).
(Def. liﬂi) For everyA holds 0< it(A),

(i) it(0y) =1,

(i)  forall A, B such thatA missesB holds it AUB) = it(A) +it(B), and

(iv) for every A; such thatA; is non-increasing holds iy is convergent and liffit - A;) =

it(Intersectiory).

In the sequeP denotes a probability of;.
Next we state a number of propositions:

13 The proposition (47) has been removed.

14 The propositions (55) and (56) have been removed.
15 The proposition (61) has been removed.

16 The definition (Def. 12) has been removed.
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(64§ P(0) =

669 P(Q

(67) P(Qs) \A)+P(A) =1

(68) P(Qs)\A) =1—-P(A).

(69) If AC B, thenP(B\ A) = P(B) — P(A).
(70) IfAC B, thenP(A) < P(B).

(72) ) <
(72) P(AUB) =P(A)+P(B\A).
P(A) +P(B\ ANB).

(74) P(AUB) =

P(A
(

(73) P(AUB) =
( (P(A) +P(B)) — P(ANB).
P(

(75) P(AUB) < P(A)+P(B).

In the sequeD denotes a subset &
We now state the proposition

(76) X1 is ao-field of subsets 00;.

Let us conside; and letX be a subset of 2. The functora(X) yielding ac-field of subsets
of Oy is defined by:

(Def. 14) X C o(X) and for everyZ such thatX C Z and Z is a o-field of subsets 0fO; holds
o(X)CZ.

Let us consider. The functor HI(r) yielding a subset dR is defined by:
(Def. 15) HL(r) = {r1;r1 ranges over elements Bf ry <r}.

The subset Halflines of*2is defined as follows:
(Def. 16) Halflines={D:\, D=HL(r)}.

The o-field the Borel sets of subsets&fis defined by:
(Def. 17) The Borel sets- o(Halflines).
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