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The articles [12], [2], [9], [3], [7], [1], [6], [5], [11], [10], [4], and [8] provide the notation and
terminology for this paper.

For simplicity, we adopt the following convention:a, b, c, d denote real numbers,m, n, m1, m2

denote natural numbers,k, l denote integers, andp denotes a rational number.
We now state three propositions:

(1) If there existsmsuch thatn = 2·m, then(−a)n = an.

(2) If there existsmsuch thatn = 2·m+1, then(−a)n =−an.

(3) If a≥ 0 or there existsm such thatn = 2·m, thenan≥ 0.

Let us considern and leta be a real number. The functorn
√

a yielding a real number is defined
by:

(Def. 1)(i) n
√

a = rootn(a) if a≥ 0 andn≥ 1,

(ii) n
√

a =−(rootn(−a)) if a < 0 and there existsm such thatn = 2·m+1.

Let us considern and leta be a real number. Thenn
√

a is a real number.
Next we state a number of propositions:

(5)1 If n≥ 1 anda≥ 0 or there existsmsuch thatn = 2·m+1, then n
√

an = a and n
√

an = a.

(6) If n≥ 1, then n
√

0 = 0.

(7) If n≥ 1, then n
√

1 = 1.

(8) If a≥ 0 andn≥ 1, then n
√

a≥ 0.

(9) If there existsmsuch thatn = 2·m+1, then n
√
−1 =−1.

(10) 1
√

a = a.

(11) If there existsmsuch thatn = 2·m+1, then n
√

a =− n
√
−a.

1Supported by RPBP.III-24.C8.
1 The proposition (4) has been removed.
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(12) If n≥ 1 anda≥ 0 andb≥ 0 or there existsmsuch thatn= 2·m+1, then n
√

a·b= n
√

a· n
√

b.

(13) If a > 0 andn≥ 1 ora 6= 0 and there existsm such thatn = 2·m+1, then n
√

1
a = 1

n√a.

(14) If a≥ 0 andb > 0 andn≥ 1 or b 6= 0 and there existsm such thatn = 2 ·m+ 1, then
n
√a

b =
n√a
n√b

.

(15) If a≥ 0 andn≥ 1 andm≥ 1 or there existm1, m2 such thatn= 2·m1+1 andm= 2·m2+1,
then n

√
m
√

a = n·m√a.

(16) If a≥ 0 andn≥ 1 andm≥ 1 or there existm1, m2 such thatn= 2·m1+1 andm= 2·m2+1,
then n

√
a· m
√

a = n·m√an+m.

(17) If a≤ b and if 0≤ a andn≥ 1 or there existsm such thatn = 2·m+1, then n
√

a≤ n
√

b.

(18) If a < b and ifa≥ 0 andn≥ 1 or there existsm such thatn = 2·m+1, then n
√

a < n
√

b.

(19) If a≥ 1 andn≥ 1, then n
√

a≥ 1 anda≥ n
√

a.

(20) If a≤−1 and there existsm such thatn = 2·m+1, then n
√

a≤−1 anda≤ n
√

a.

(21) If a≥ 0 anda < 1 andn≥ 1, thena≤ n
√

a and n
√

a < 1.

(22) If a >−1 anda≤ 0 and there existsmsuch thatn = 2·m+1, thena≥ n
√

a and n
√

a >−1.

(23) If a > 0 andn≥ 1, then n
√

a−1≤ a−1
n .

(24) Lets be a sequence of real numbers and givena. Supposea > 0 and for everyn such that
n≥ 1 holdss(n) = n

√
a. Thens is convergent and lims= 1.

Let a, b be real numbers. The functorab yielding a real number is defined as follows:

(Def. 2)(i) ab = ab
R if a > 0,

(ii) ab = 0 if a = 0 andb > 0,

(iii) ab = 1 if a = 0 andb = 0,

(iv) there existsk such thatk = b andab = ak
Z if a < 0 andb is an integer.

Let a, b be real numbers. Thenab is a real number.
We now state a number of propositions:

(29)2 a0 = 1.

(30) a1 = a.

(31) 1a = 1.

(32) If a > 0, thenab+c = ab ·ac.

(33) If a > 0, thena−c = 1
ac .

(34) If a > 0, thenab−c = ab

ac .

(35) If a > 0 andb > 0, then(a·b)c = ac ·bc.

(36) If a > 0 andb > 0, then(a
b)c = ac

bc .

(37) If a > 0, then(1
a)b = a−b.

(38) If a > 0, then(ab)c = ab·c.

(39) If a > 0, thenab > 0.

2 The propositions (25)–(28) have been removed.
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(40) If a > 1 andb > 0, thenab > 1.

(41) If a > 1 andb < 0, thenab < 1.

(42) If a > 0 anda < b andc > 0, thenac < bc.

(43) If a > 0 anda < b andc < 0, thenac > bc.

(44) If a < b andc > 1, thenca < cb.

(45) If a < b andc > 0 andc < 1, thenca > cb.

(46) If a 6= 0, thenan = an.

(47) If n≥ 1, thenan = an.

(48) If a 6= 0, thenan = an.

(49) If n≥ 1, thenan = an.

(50) If a 6= 0, thenak = ak
Z.

(51) If a > 0, thenap = ap
Q.

(52) If a≥ 0 andn≥ 1, thena
1
n = n

√
a.

(53) a2 = a2.

(54) If a 6= 0 and there existsl such thatk = 2· l , then(−a)k = ak.

(55) If a 6= 0 and there existsl such thatk = 2· l +1, then(−a)k =−ak.

(56) If −1 < a, then(1+a)n≥ 1+n·a.

(57) If a > 0 anda 6= 1 andc 6= d, thenac 6= ad.

Let a, b be real numbers. Let us assume thata > 0 anda 6= 1 andb > 0. The functor logab
yielding a real number is defined by:

(Def. 3) aloga b = b.

Let a, b be real numbers. Then logab is a real number.
We now state several propositions:

(59)3 If a > 0 anda 6= 1, then loga1 = 0.

(60) If a > 0 anda 6= 1, then logaa = 1.

(61) If a > 0 anda 6= 1 andb > 0 andc > 0, then logab+ logac = loga(b·c).

(62) If a > 0 anda 6= 1 andb > 0 andc > 0, then logab− logac = loga(
b
c).

(63) If a > 0 anda 6= 1 andb > 0, then loga(b
c) = c· logab.

(64) If a > 0 anda 6= 1 andb > 0 andb 6= 1 andc > 0, then logac = logab· logbc.

(65) If a > 1 andb > 0 andc > b, then logac > logab.

(66) If a > 0 anda < 1 andb > 0 andc > b, then logac < logab.

(67) For every sequencesof real numbers such that for everyn holdss(n) = (1+ 1
n+1)n+1 holds

s is convergent.

The real numbere is defined as follows:

(Def. 4) For every sequencesof real numbers such that for everyn holdss(n) = (1+ 1
n+1)n+1 holds

e= lim s.

e is a real number.
3 The proposition (58) has been removed.
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