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Summary. In this paper, we describe the definition of the first, second, and third
degree algebraic equations and their properties. In Section 1, we defined the simple first-
degree and second-degree (quadratic) equation and discussed the relation between the roots of
each equation and their coefficients. Also, we clarified the form of the root within the range
of real numbers. Furthermore, the extraction of the root using the discriminant of equation is
clarified. In Section 2, we defined the third-degree (cubic) equation and clarified the relation
between the three roots of this equation and its coefficient. Also, the form of these roots for
various conditions is discussed. This solution is known as the Cardano solution.

MML Identifier: POLYEQ_1.
WWW: http://mizar.orq/JFM/Voll2/polyeq_1.html

The articles([1],[[4],[[8], and [2] provide the notation and terminology for this paper.

1. EQUATION OF DEGREE1 AND 2

In this papem, &, a;, a2, ag, b, ', c,c, d, d’, h, p, g, X, X1, X2, X3, U, v, y are real numbers.
Leta, b, x be real numbers. The functor Polglb, x) is defined as follows:

(Def. 1) PolyXab,x) =a-x+b.

Leta, b, x be real numbers. Observe that Pdlgb, x) is real.
Leta, b, x be real numbers. Then Poligl b, x) is a real number.
The following three propositions are true:

b
(1) Ifa#0andPolylab,x) =0, thenx=—3.

(2) Poly10,0,x) =0.

(3) If b#£0,thenitis not true that there existsuch that Poly(0,b,x) = 0.

Leta, b, ¢, x be real numbers. The functor Pol@2b, c, x) is defined as follows:
(Def.2) PolyZa,b,c,x) =a-x>+b-x+c.

Leta, b, ¢, x be real numbers. Note that Po[@2b, c, x) is real.
Leta, b, ¢, x be real numbers. Then Poligb, c,x) is a real number.
Next we state several propositions:

(4) Iffor everyx holds PolyZa,b,c,x) = Poly2(@,b’,c/,x), thena=a andb=b' andc=C'.
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(5) If a# 0 andA(a,b,c) > 0, then for everyx such that Poly@a, b,c,x) = 0 holdsx =
—b++/A(a,b,c) _ —b—/A(ab,c)
—2a  O'X=—>5%z -
b
(6) Ifa#0andA(ab,c) =0 and Poly2a,b,c,x) = 0, thenx = —=.
(7) Ifa#0andA(a,b,c) <0, thenitis nottrue that there existsuch that Poly@a, b, c,x) = 0.
(8) If b# 0 and for every holds Poly20,b,c,x) = 0, thenx = —{.
(9) Poly20,0,0,x) =0.
(10) Ifc+#£0, thenitis not true that there existsuch that Poly@, 0, c,x) = 0.

Leta, X, x1, X2 be real numbers. The functor Quéagdx; , o, X) is defined by:
(Def. 3) Quarda, x1,x2,X) = a- ((X—Xz) - (X—X2)).

Leta, X, x1, X2 be real numbers. Observe that Quarel, X2, x) is real.
Leta, X, X1, X2 be real numbers. Then Qudedxs, X2, X) is a real number.
Next we state the proposition

(11) If a# 0 and for everyx holds PolyZa, b, c,x) = Quarda, xi, X2, X), theng1 = —(x1+X2)
andg = X1 - X2.

2. EQUATION OF DEGREE3

Leta, b, ¢, d, x be real numbers. The functor Polg3b, ¢,d, x) is defined as follows:
(Def. 4) Poly3a,b,c,d,x) =a-x>+b-x?+c-x+d.

Leta, b, ¢, d, x be real numbers. Observe that Pdlgd,c,d,X) is real.
Leta, b, ¢, d, x be real numbers. Then Polgb, c,d, x) is a real number.
The following proposition is true

(12) If for everyx holds Poly3a,b,c,d,x) = Poly3@,b’,c’,d’,x), thena=a andb = b’ and
c=candd=d".

Leta, X, X1, X2, X3 be real numbers. The functor Tai x1, X2, X3,X) is defined by:
(Def. 5)  Tri(a,x1,Xx2,X3,X) =a- ((X—x1) - (X—=X2) - (X—=X3)).

Leta, X, X1, X2, X3 be real numbers. Observe that(&ix1, X, X3, X) is real.
Leta, X, X1, X2, X3 be real numbers. Then Td, x1, X2, X3,X) is a real number.
Next we state a number of propositions:

(13) If a# 0 and for everyx holds Poly3a,b,c,d,x) = Tri(a,x1,%2,X3,X), then g =
—(X1+X2+Xg) and$ = X - X2 + X2 - X3+ X1 - X3 andg = —X1 X2 Xa.
(14) (y+h32=y*+(3-h-y2+3-n?.y)+h’.

(15) Supposa;ﬁ 0 and Poly3a b,c,d,x) = 0. Let givenay, ap, ag, h, y. Suppose/ = X+ 3a
andh= — £ anda; = £ anda, = ¢ andag = . Theny®+ ((3-h+ay) - y?+ (3-h?+2- (& -
h) —|—a2) y) (h3+a1 h2 (az h+a3)) 0.

(16) Suppose # 0 and Poly3a,b,c,d,x) = 0. Let givenay, az, ag, h, y. Suppose/ = x+ %
andh = —2 anda, = 2 anda; = ¢ andag = . Theny®+0-y? + 3%‘;} Y+ (2 ()% +
3-a:-)’d72b»(:) —=0.

-

17) Supposg3+0-y2+%-y+(2-(3%)3+ 3'a‘3f’a§b'°) 0. Let givenp, q. If p= 3%a2b2
andq = 2- (%)% + 3240¢ then Poly31,0,p,q,y) =



[1

[2

[3

[4

]
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(18) If Poly3(1,0, p,q,y) = 0O, then for allu, v such thaty =u+v and 3 v-u+ p = 0 holds
w+v:=—gandu v = (-§)3.

(19) Suppose Poly3,0, p,q,y) = 0. Let givenu, v. Suppose=u-+vand 3v-u+p=0. Then
0 =¢2 e M \/ (g
@ y= -3+ E B -2 T Bpor
@ y={-3-VE @3-V e
(20) If b ;é 0 andA(b c,d) > 0 and Poly30,b,c,d,x) = O, thenx = Z%Ab(b’c’d) or X =
V .

(21) Suppos@# 0 andp= £ andq= g and Poly3a,0,c,d,x) = 0. Let givenu, v. Suppose
Xx=u+vand3v-u+p=0. Then

X—\/ e °3+\/ =\ et (5)3 or

(AJ
I\)
Q)

(i) X—\/ 3°3+\/ 2%&@ or
(iii) x—\/——W+\/ 21 (%)3

(22) If a# 0 andA(a,b,c) > 0 and Poly3a,b,c,0,x) =0, thenx=0 orx = —biy/A@bo o

2-a
—b—y/A(ab,c)
X=—"72a -
(23) Ifa#0andS <0and Poly3a,0,c,0,x) =0, thenx=0o0rx=,/—< orx=—,/—%.
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