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Summary. The article deals with parameterized families of sets. When treated in a
similar way as sets (due to systematic overloading notation used for sets) they are called many
sorted sets. For instancexiindX are two many-sorted sets (with the same set of indires
then relatiorx € X is defined a¥ic % € X.

I was prompted by a remark in a paper by Tarlecki and Wirsing: “Throughout the paper
we deal with many-sorted sets, functions, relations etc. ... We feel free to use any standard
set-theoretic notation without explicit use of indices’ [6, p. 97]. The aim of this work was to
check the feasibility of such approach in Mizar. It works.

Let us observe some peculiarities:

- empty set (i.e. the many sorted set with empty set of indices) belongs to itself (theorem
133),

- we get two different inclusionX C Y iff Vig/X CYi andX C Y iff Vyxe X = x€Y
equivalent only for sets that yield non empty values.

Therefore the care is advised.

MML Identifier: PBOOLE.

WWW: http://mizar.org/JFM/Vol5/pboole.html

The articles([8],[[9],[10],2],[7],[3], 1], [5], and[4] provide the notation and terminology for this
paper.

1. PRELIMINARIES

In this papel, e are sets.
Let f be a function. Let us observe thits empty yielding if and only if:

(Def. 1) For every such thaf € domf holdsf (i) is empty.

Let us note that there exists a function which is empty yielding.
We now state two propositions:

(1) For every functiorf such thatf is non-empty holds rn§ has non empty elements.
(2) For every functiorf holdsf is empty yielding ifff = 0 or rngf = {0}.

In the sequel denotes a set.
Let us considel. A function is called a many sorted set indexed hify

(Def. 3f] domit=1.

1 The definition (Def. 2) has been removed.

1 © Association of Mizar Users
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In the sequek, X, Y, Z,V are many sorted sets indexedIby
The schem&uratowski Functiordeals with a sed and a unary functof yielding a set, and
states that:
There exists a many sorted deindexed by4 such that for everg such thae € 4
holdsf(e) € ¥ (e)
provided the parameters satisfy the following condition:
e For everyesuch thae € 4 holds 7 (e) # 0.
Let us considel, X, Y. The predicat&X €Y is defined by:

(Def. 4) For everyi such thai € | holdsX(i) € Y(i).
The predicateX C Y is defined by:
(Def. 5) For every such thai € | holdsX(i) CY(i).

Let us note that the predicaxeC Y is reflexive.
Let| be a non empty set and I¥, Y be many sorted sets indexed hyLet us note that the
predicateX €Y is antisymmetric.
The schemé®Separatiordeals with a sefd, a many sorted seB indexed by4, and a binary
predicate?, and states that:
There exists a many sorted sétndexed by4 such that for every seif i € 4, then
for everye holdse € X(i) iff e B(i) and?P]i,€]
for all values of the parameters.
The following proposition is true

(3) Iffor everyi such thai € | holdsX(i) =Y(i), thenX =Y.

Let us considel. The functorQ, yields a many sorted set indexed lbgnd is defined by:
(Def.6) 0 =1+—0.

Let us consideiX, Y. The functorX UY yields a many sorted set indexed bgnd is defined as
follows:

(Def. 7)  For eveny such that € | holds(XUY)(i) = X(i)UY(i).

Let us observe that the funct®ruY is commutative and idempotent. The func¥onY yielding a
many sorted set indexed bys defined by:

(Def. 8) For every such thaf € | holds(XNY)(i) = X(i)NY(i).

Let us observe that the funct¥mY is commutative and idempotent. The funcxoX Y yielding a
many sorted set indexed Ibys defined by:

(Def. 9) For every such thaf € | holds(X\Y)(i) = X(i)\ Y(i).
We say thaiX overlapsy if and only if:
(Def. 10) For every such thaf € | holdsX(i) meetsy (i).
Let us note that the predicaXeoverlapsy is symmetric. We say that missesy if and only if:
(Def. 11) For every such thai € | holdsX (i) missesy (i).

Let us note that the predica¥emissesy is symmetric. We introduc® meetsY as an antonym of
X missesy.

Let us considel, X, Y. The functorX-Y yielding a many sorted set indexed bis defined as
follows:

(Def. 12) X=Y = (X\Y)U(Y\X).

Let us observe that the funct¥Y is commutative.
The following propositions are true:
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(4) For everyi such thai € | holds(X=Y)(i) = X(i)=Y(i).

(5) Foreveryi such thai € | holdsQ; (i) = 0.

(6) If for everyi such thai € | holdsX(i) = 0, thenX = 0.

(7) IfxeXorxeY,thenxe XUY.

(8) xeXnYiff xe XandxeY.

(9) IfxeXandX CY,thenxeY.
(10) Ifxe X andx e, thenX overlapsy.
(11) If X overlapsY, then there exists such thak € X andx €Y.
(12) IfxeX\Y,thenxe X.

2. LATTICE PROPERTIES OFMANY SORTED SETS
We now state the proposition
(13) XCX.
Let us considel, X, Y. Let us observe that =Y if and only if:
(Def. 13) X CY andY C X.
We now state a number of propositions:
(15F] 1f X CY andY C Z, thenX C Z.
(16) X CXUY andY C XUY.
(17) XNY CXandXnYCY.
(18) IfXCZandY CZ, thenXUY C Z.
(19) IfzC XandZCY,thenZC XnNY.
(20) X CY,thenXuzZzCYuZandZuX C ZUY.
(21) X CY,thenXNZCYNZandZNX CZNY.
(22) IfXCYandZCV,thenXUZCYUV.
(23) IfXCYandZCV,thenXNnZCYnNV.
(24) IfX CY,thenXUY =Y andYUX =Y.
(25) IfXCY,thenXNY =XandYnNX =X.
(26) XNY CXUZ.
(27) 1fX CZ thenXUYNZ = (XUY)NZ.
(28) X=Yuziff Y C X andz C X and for every such thaty CV andZ CV holdsX C V.
(29) X=YnNZiff XCY andX C Z and for every such thav CY andV C Z holdsV C X.
B4f] (XuYy)uz=Xxu(YUuz).
(35) (XNY)NZ=XN(YNZ).

2 The proposition (14) has been removed.
3 The propositions (30)—(33) have been removed.
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(36) XN(XUY)=Xand(XuY)nX =XandXN(YUX)=Xand(YUX)NX =X.
(B7) XuXnY=XandXNnYuX=XandXuYNX=XandYNXuUX=X.
(38) XN(YUZ)=XNYUXNZ.

(39) XuYNzZ=XUY)Nn(XuzZ)andYNZuX=(YUX)N(ZUX).

(40) EXNYUXNZ=X,thenX CYUZ.

(41) If (XUY)N(XUZ)=X,thenYNnZC X.

(42) XNYUYNZUZNX=(XUY)N(YUZ)N(ZUX).

(43) IfXUY CZ,thenX CZandY CZ.

(44) IfXCYNZ, thenX CY andX C Z.

(45) (XuY)UuzZ=XuzZu(YUZ)andXu(YUZ)=(XUY)U(XUZ).
(46) (XNY)NZ=XNZN(YNZ)andXN(YNZ)=(XNY)N(XNZ).
47) XUXUY)=XUY andXUYUY = XUY.

(48) XN (XNY)=XNYandXNYNY =XnNY.

3. THE EMPTY MANY SORTED SET

Next we state several propositions:

(49) 0 CX.

(50) 1fX C 0, thenX =0.

(51) IfXCYandX CZandYNZ=0,thenX =0.

(52) IfXCYandYNZ=0,thenXNZ=0.

(653) XUQ =Xandg UX =X.

(54) IfXUY =0, thenX =0, andY =0;.

(55) XNO =0 and0, NX =0.

(56) IfX CYUZandXNZ=0,thenX CY.

(57) IfY C XandXnY =0, thenY =0.

4. THE DIFFERENCE AND THESYMMETRIC DIFFERENCE

One can prove the following propositions:

(58) X\Y =0 iff XCY.

(59) IfXCY,thenX\ZCY\Z.

(60) IfX CY, thenZ\Y CZ\X.

(61) IfXCYandZCV, thenX\V CY\Z

(62) X\YCX.

(63) IfXCY\X,thenX=0.

(64) X\X=0.
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X\ 0 =X.

0\X=0.

X\ (XUY) =0 andX \ (YUX) =0.

XN (Y\Z)=XNY\Z

(X\Y)NY =0 andY N (X\Y)=0,.

X\ (Y\Z) = (X\Y)uXNZ.
(X\Y)UXNY =X andXNYU(X\Y)=X.
If X C Y, thenY = XU (Y \ X) andY = (Y \ X) UX.
XU(Y\X)=XUY and(Y\X)UX =Y UX.
X\ (X\Y)=XnNY.
X\YNZ=(X\Y)U(X\2).

X\XNY =X\YandX\YNX=X\Y.
XNY =0 iff X\Y =X.
(XUY)\Z=(X\Z)U(Y\2).
X\Y\Z=X\(YUuZ).
XNY\Z=(X\2Z)N(Y\2).

(XUY)\Y =X\VY.

IfXCYUZ, thenX\Y CZandX\ZCY.
(XUY)\XNY = (X\Y)U(Y\X).
X\Y\Y=X\Y.

X\ (YUZ) = (X\Y)N(X\2).

IFX\Y =Y\X, thenX =Y.
XN(Y\Z)=XNY\XNZ.

IfX\Y CZ thenX CYUZ.

X\Y C X=Y.

91f] X-0, =X and0,~X = X.

(92)

X=X =0.

(94f] Xuy =(X=Y)uxny.

(95)
(96)
(97)
(98)
(99)

X=Y = (XUY)\XNY.

(X=Y)\Z = (X\ (YUZ)U(Y\ (XUZ)).
X\ (Y=2) = (X\ (YUZ)UXNYNZ.
(X-Y)~Z = X=(Y=2).

IfX\Y CZandY\X CZ, thenX-Y C Z.

4 The proposition (90) has been removed.
5 The proposition (93) has been removed.
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(100) XUY =X=(Y\X).
(101) XNY=X=(X\Y).
(102) X\Y =X-=XnNY.
(103) Y\X=X=(XUY).
(104) XUY =X-Y=XNY.
(105) XNY =X=Y=(XUY).

5. MEETING AND OVERLAPPING
Next we state a number of propositions:

(106) If X overlapsY or X overlapszZ, thenX overlapsy UZ.
(108@] If X overlapsy andY C Z, thenX overlapsZ.

(109) If X overlapsYy andX C Z, thenZ overlapsy.

(110) IfX CY andZ CV andX overlapsZ, thenY overlapsv.
(111) If X overlapsYy NZ, thenX overlapsY andX overlapsZ.
(112) If X overlapsZ andX CV, thenX overlapsZznV.

(113) If X overlapsY \ Z, thenX overlapsy.

(114) IfY does not overla@, thenXNY does not overlaX N Z.
(115) If X overlapsY \ Z, thenY overlapsX \ Z.

(116) If X meetsy andY C Z, thenX meetsZ.

(118)] Y missesX\Y.

(119) XNY missesX\Y.

(120) XNY missesX-Y.

(121) If X missesy, thenXNY =0;.

(122) If X #£ 0y, thenX meetsX.

(123) IfX CY andX C Z andY missesZ, thenX = 0.

(124) IfzuV =XUY andX misse<Z andY misses/, thenX =V andY = Z.
(126f] If X missesy, thenX \Y = X.

(127) IfX missesY, then(XUY)\Y = X.

(128) IfX\Y =X, thenX missesy.

(129) X\Y missesy \ X.

6 The proposition (107) has been removed.
7 The proposition (117) has been removed.
8 The proposition (125) has been removed.
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6. THE SECONDINCLUSION

Let us considel, X, Y. The predicat&X C Y is defined by:
(Def. 14) For every such thak € X holdsx €Y.

Let us note that the predicaXeC Y is reflexive.
The following propositions are true:

(130) IfXCY,thenXCY.
(131) XCX.
(132) IfXCYandYLCZ thenXCZ.

7. NON EMPTY SET OF SORTS
We now state two propositions:
(133) 0p € Op.
(134) For every many sorted s¢tindexed byd holdsX = 0.

In the sequel denotes a non empty set andX, Y denote many sorted sets indexed by
We now state several propositions:

(135) If X overlapsY, thenX meetsy.

(136) Itis not true that there existsuch thak € 0;.
(137) Ifxe XandxeY, thenXnNY #0.

(138) X does not overlap, andQ, does not overlay.
(139) IfXNY =0, thenX does not overlajy.

(140) If X overlapsX, thenX # Q.

8. NONEMPTY AND NON-EMPTY MANY SORTED SETS

We adopt the following ruled: is a set and&, X, Y, Z are many sorted sets indexedlby
Let | be a set and leX be a many sorted set indexed hy Let us observe thaX is empty
yielding if and only if:

(Def. 15) For every such that € | holdsX(i) is empty.
Let us observe that is non-empty if and only if:
(Def. 16) For every such thai € | holdsX(i) is non empty.

Let| be a set. Note that there exists a many sorted set indexed/bigh is empty yielding and
there exists a many sorted set indexed kwhich is non-empty.

Let| be a non empty set. Observe that every many sorted set indeXedtigh is non-empty
is also non empty yielding and every many sorted set indexdddyich is empty yielding is also
non non-empty.

The following propositions are true:

(141) Xis empty yielding iffX = 0.
(142) IfY is empty yielding anK CY, thenX is empty yielding.
(143) If X is non-empty an CY, thenY is non-empty.
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(144) IfXis non-empty anKk C Y, thenX C .

(145) If X is non-empty an& C Y, thenY is non-empty.

In the sequeK denotes a non-empty many sorted set indexel by
Next we state three propositions:

(146) There existg such thak € X.

(147) If for everyx holdsx € X iff x €Y, thenX =Y.

(148) If for everyx holdsx € X iff xe Y andx e Z, thenX =YNZ.

(1
[2]

(3]

(4]

[5]

6]
[7]
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