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Summary. In this paper, we define join and meet operations between partitions. The
properties of these operations are proved. Then we introduce the correspondence between
partitions and equivalence relations which preserve join and meet operations. The properties
of these relationships are proved.

MML Identifier: PARTITI.
WWW: http://mizar.org/JFM/Voll0/partitl.html

The articles|[[10], [[B6], [[1], (4], [T2R], [T4], [I5], 171, [[2], [[3], [[8], and[[®] provide the notation and
terminology for this paper.

1. PRELIMINARIES

For simplicity, we adopt the following rule¥ is a non empty se®y, P, are partitions of, A, B
are subsets of, i is a natural number, andy, xi, X2, 2o, X, V, d, t, §, S are sets.
Next we state the proposition

(1) fXePandV € PLandX CV, thenX =V.

Let us considef;, S,. We introduces; € S, andS, 3 S as synonyms 0§ is finer thanS,.
The following four propositions are true:

@ Us\{op)=Us:.

(4) For all partitionsPy, P, of Y such thafy; > P, andP, 3 Py holdsP, C P.
(5) For all partitionsP;, P, of Y such thaP; P, andP, 3 P; holdsP; = P,.
(7E] For all partitionsPy, P, of Y such thaP, 3 P, holdsP; is coarser thai..

Let us consideY, let P, be a partition ofY, and letb be a set. We say thétis a dependent set
of Py if and only if:

(Def. 1) There exists a s&such thaB C P, andB # 0 andb = | JB.

Let us consideV, let P;, P, be partitions ofY, and letb be a set. We say thétis a minimal
dependent set ¢ andP; if and only if the conditions (Def. 2) are satisfied.

1 The proposition (2) has been removed.
2 The proposition (6) has been removed.
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(Def. 2)(i) bis a dependent set & and a dependent set Bf, and

(i) for every setd such thatd C b andd is a dependent set & and a dependent set B
holdsd = b.

Next we state several propositions:

(8) For all partitiongP;, P, of Y such thaP; 3 P, and for every seb such thab € P; holdsb
is a dependent set 8.

(9) For every partitiorP; of Y holdsY is a dependent set &%.

(10) LetF be a family of subsets of. Suppose Interse@dt) # 0 and for everyX such that
X € F holdsX is a dependent set . Then Interse¢F ) is a dependent set &%.

(11) LetXp, X1 be subsets of. SupposeX is a dependent set & andX; is a dependent set
of P andXp meetsX;. ThenXpNX; is a dependent set &%.

(12) For every subseX of Y such thatX is a dependent set ¢ andX # Y holds X® is a
dependent set d¥;.

(13) For every elementof Y there exists a subs&t of Y such thaty € X andX is a minimal
dependent set ¢ andP..

(14) For every partitior? of Y and for every element of Y there exists a subsétof Y such
thaty € AandAe P.

LetY be a non empty set. One can check that every partitidhisfhon empty.
LetY be a set. The functor PARTITIONS) is defined by:

(Def. 3) For every set holdsx € PARTITIONS(Y) iff xis a partition ofY.
LetY be a set. Observe that PARTITIORS is non empty.

2. JOIN AND MEET OPERATION BETWEEN PARTITIONS
Let us considel and letP;, P, be partitions ofY. The functorP; A P, yielding a patrtition ofY is
defined as follows:
(DEf. 4) PPAP,=PinP \ {0}

Let us notice that the functdéh A P, is commutative.
We now state three propositions:

(15) For every partitior’, of Y holdsPy APy = Py.
(16) For all partitiong;, P>, P; of Y holdsPy AP, APs = PL AP, APs.
(17) For all partitiong?;, P, of Y holdsP; 3 PL A P..

Let us consideY and letPy, P, be partitions off. The functorP; v P, yielding a partition ofY
is defined as follows:

(Def. 5) For evend holdsd € P, v P, iff d is a minimal dependent set Bf andP;.

Let us note that the functé® Vv P, is commutative.
We now state four propositions:

(19 For all partitionsPy, P, of Y holdsP, € P, vV P,.
(20) For every partitior?, of Y holdsP; v P, = Py.

(21) For all partitiond;, P; of Y such that?; € P; andx € P3 andz € P, andt € x andt € z
holdszy C x.

(22) For all partitionsP;, P, of Y such thatx € P; vV P, andz € P; andt € x andt € 7y holds
Zp C X.

3 The proposition (18) has been removed.
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3. PARTITIONS AND EQUIVALENCE RELATIONS
The following proposition is true

(23) LetP; be a partition ofY. Then there exists an equivalence relatiynof Y such that for
all x, y holds(x, y) € Ry if and only if there exist#\ such thatA € P; andx € Aandy € A.

Let us consideY and letP, be a partition of. The functor=p,) yields an equivalence relation
of Y and is defined by:

(Def. 6) For all setsq, xz holds(xy, x2) € =p,) iff there existsA such thatA € P, andx; € Aand
X2 € A

Let us consideY. The functor RelY) yielding a function is defined by:

(Def. 7) domRelY)=PARTITIONS(Y) and for everyi such thak € PARTITIONS(Y) there exists
P1 such thaPy = x and(Rel(Y))(x) = =p,).

We now state a number of propositions:
(24) For all partitions;, P, of Y holdsPy, € P, iff =p) C =p,)-

(25) LetPy, P, be partitions ofY, po, X, y be sets, and be a finite sequence of elementsYof
Suppose thapy CY andx € pp and f(1) = xandf(lenf) =y and 1< lenf and for every
i such that 1I<i andi < lenf there exist setg,, ps, u such thatp, € P; and ps € P, and
f(i) € pp andu e pp andu € ps and f(i+ 1) € ps and pp is a dependent set ¢ and a
dependent set ¢b. Theny € pg.

(26) LetRy, R3 be equivalence relations #f f be a finite sequence of elementsYgfandx, y
be sets. Suppose that

(i xeY,
(i) yey,
(i) (1) =x,

(iv) f(lenf)=y,
(v) 1<lenf,and

(vi) for everyi such that I< i andi < lenf there exists a set such thatu € Y and {f(i),
u) € RRURzand{u, f(i+1)) € RRURs.

Then{x, y) € R:URs.

(27) For all partitions;, P, of Y holds=p,vp, = =p) U=(p,).
(28) For all partitions;, P> of Y holds=p, \p, = =p,) N =p)-
(29) For all partitions;, P; of Y such thatsp,) = =(p,) holdsP, = P».

(30) For all partitiong;, P>, P; of Y holdsP, VP, VPs =P VP Vv Ps.

(31) For all partitiond?;, P, of Y holdsPL APV P, = Py

(32) For all partitiond?;, P, of Y holdsP, VPL AP, = Py.

(33) For all partitiond?;, P>, P; of Y such that;, € P; andP, € P; holdsP, vV P, € Ps.
(34) For all partitiond;, P>, P; of Y such that;, 3 P; andP,  P; holdsP, AP, 5 Ps.

Let us consideY. We introducel (Y) as a synonym of SmallestPartitiof) .
Let us consideY. The functorO(Y) yields a partition off and is defined as follows:

(Def. 9] o(Y) = {Y}.

4 The definition (Def. 8) has been removed.
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Next we state several propositions:

(385) I(Y) ={B:Vyset(B={x} A x€Y)}.

(36) For every partitio?, of Y holdsO(Y) P andP; 3 1(Y).
(87) =ow)="0v.

(38) =) =idy.

(39) I(Y)e€ O(Y).

(40) For every partitio?, of Y holdsO(Y) vV Py = O(Y) andO(Y) APy = Pi.

(41) For every partitiof?, of Y holds1(Y) VP =PrandI(Y)APL = I(Y).
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