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Summary. In this paper, we define join and meet operations between partitions. The
properties of these operations are proved. Then we introduce the correspondence between
partitions and equivalence relations which preserve join and meet operations. The properties
of these relationships are proved.
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The articles [10], [6], [11], [1], [12], [4], [5], [7], [2], [3], [8], and [9] provide the notation and
terminology for this paper.

1. PRELIMINARIES

For simplicity, we adopt the following rules:Y is a non empty set,P1, P2 are partitions ofY, A, B
are subsets ofY, i is a natural number, andx, y, x1, x2, z0, X, V, d, t, S1, S2 are sets.

Next we state the proposition

(1) If X ∈ P1 andV ∈ P1 andX ⊆V, thenX = V.

Let us considerS1, S2. We introduceS1 b S2 andS2 c S1 as synonyms ofS1 is finer thanS2.
The following four propositions are true:

(3)1
⋃

(S1\{ /0}) =
⋃

S1.

(4) For all partitionsP1, P2 of Y such thatP1 c P2 andP2 c P1 holdsP2 ⊆ P1.

(5) For all partitionsP1, P2 of Y such thatP1 c P2 andP2 c P1 holdsP1 = P2.

(7)2 For all partitionsP1, P2 of Y such thatP1 c P2 holdsP1 is coarser thanP2.

Let us considerY, let P1 be a partition ofY, and letb be a set. We say thatb is a dependent set
of P1 if and only if:

(Def. 1) There exists a setB such thatB⊆ P1 andB 6= /0 andb =
⋃

B.

Let us considerY, let P1, P2 be partitions ofY, and letb be a set. We say thatb is a minimal
dependent set ofP1 andP2 if and only if the conditions (Def. 2) are satisfied.

1 The proposition (2) has been removed.
2 The proposition (6) has been removed.
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(Def. 2)(i) b is a dependent set ofP1 and a dependent set ofP2, and

(ii) for every setd such thatd ⊆ b andd is a dependent set ofP1 and a dependent set ofP2

holdsd = b.

Next we state several propositions:

(8) For all partitionsP1, P2 of Y such thatP1 c P2 and for every setb such thatb∈ P1 holdsb
is a dependent set ofP2.

(9) For every partitionP1 of Y holdsY is a dependent set ofP1.

(10) Let F be a family of subsets ofY. Suppose Intersect(F) 6= /0 and for everyX such that
X ∈ F holdsX is a dependent set ofP1. Then Intersect(F) is a dependent set ofP1.

(11) LetX0, X1 be subsets ofY. SupposeX0 is a dependent set ofP1 andX1 is a dependent set
of P1 andX0 meetsX1. ThenX0∩X1 is a dependent set ofP1.

(12) For every subsetX of Y such thatX is a dependent set ofP1 andX 6= Y holdsXc is a
dependent set ofP1.

(13) For every elementy of Y there exists a subsetX of Y such thaty∈ X andX is a minimal
dependent set ofP1 andP2.

(14) For every partitionP of Y and for every elementy of Y there exists a subsetA of Y such
thaty∈ A andA∈ P.

Let Y be a non empty set. One can check that every partition ofY is non empty.
Let Y be a set. The functor PARTITIONS(Y) is defined by:

(Def. 3) For every setx holdsx∈ PARTITIONS(Y) iff x is a partition ofY.

Let Y be a set. Observe that PARTITIONS(Y) is non empty.

2. JOIN AND MEET OPERATION BETWEEN PARTITIONS

Let us considerY and letP1, P2 be partitions ofY. The functorP1∧P2 yielding a partition ofY is
defined as follows:

(Def. 4) P1∧P2 = P1 eP2\{ /0}.
Let us notice that the functorP1∧P2 is commutative.

We now state three propositions:

(15) For every partitionP1 of Y holdsP1∧P1 = P1.

(16) For all partitionsP1, P2, P3 of Y holdsP1∧P2∧P3 = P1∧P2∧P3.

(17) For all partitionsP1, P2 of Y holdsP1 c P1∧P2.

Let us considerY and letP1, P2 be partitions ofY. The functorP1∨P2 yielding a partition ofY
is defined as follows:

(Def. 5) For everyd holdsd ∈ P1∨P2 iff d is a minimal dependent set ofP1 andP2.

Let us note that the functorP1∨P2 is commutative.
We now state four propositions:

(19)3 For all partitionsP1, P2 of Y holdsP1 b P1∨P2.

(20) For every partitionP1 of Y holdsP1∨P1 = P1.

(21) For all partitionsP1, P3 of Y such thatP1 b P3 andx∈ P3 andz0 ∈ P1 andt ∈ x andt ∈ z0

holdsz0 ⊆ x.

(22) For all partitionsP1, P2 of Y such thatx ∈ P1∨P2 andz0 ∈ P1 andt ∈ x andt ∈ z0 holds
z0 ⊆ x.

3 The proposition (18) has been removed.
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3. PARTITIONS AND EQUIVALENCE RELATIONS

The following proposition is true

(23) LetP1 be a partition ofY. Then there exists an equivalence relationR1 of Y such that for
all x, y holds〈〈x, y〉〉 ∈ R1 if and only if there existsA such thatA∈ P1 andx∈ A andy∈ A.

Let us considerY and letP1 be a partition ofY. The functor≡(P1) yields an equivalence relation
of Y and is defined by:

(Def. 6) For all setsx1, x2 holds〈〈x1, x2〉〉 ∈ ≡(P1) iff there existsA such thatA∈ P1 andx1 ∈ A and
x2 ∈ A.

Let us considerY. The functor Rel(Y) yielding a function is defined by:

(Def. 7) domRel(Y) = PARTITIONS(Y) and for everyx such thatx∈PARTITIONS(Y) there exists
P1 such thatP1 = x and(Rel(Y))(x) =≡(P1).

We now state a number of propositions:

(24) For all partitionsP1, P2 of Y holdsP1 b P2 iff ≡(P1) ⊆≡(P2).

(25) LetP1, P2 be partitions ofY, p0, x, y be sets, andf be a finite sequence of elements ofY.
Suppose thatp0 ⊆Y andx∈ p0 and f (1) = x and f (len f ) = y and 1≤ len f and for every
i such that 1≤ i and i < len f there exist setsp2, p3, u such thatp2 ∈ P1 and p3 ∈ P2 and
f (i) ∈ p2 andu ∈ p2 andu ∈ p3 and f (i + 1) ∈ p3 and p0 is a dependent set ofP1 and a
dependent set ofP2. Theny∈ p0.

(26) LetR2, R3 be equivalence relations ofY, f be a finite sequence of elements ofY, andx, y
be sets. Suppose that

(i) x∈Y,

(ii) y∈Y,

(iii) f (1) = x,

(iv) f (len f ) = y,

(v) 1≤ len f , and

(vi) for every i such that 1≤ i and i < len f there exists a setu such thatu ∈ Y and 〈〈 f (i),
u〉〉 ∈ R2∪R3 and〈〈u, f (i +1)〉〉 ∈ R2∪R3.

Then〈〈x, y〉〉 ∈ R2tR3.

(27) For all partitionsP1, P2 of Y holds≡P1∨P2 =≡(P1)t≡(P2).

(28) For all partitionsP1, P2 of Y holds≡P1∧P2 =≡(P1)∩≡(P2).

(29) For all partitionsP1, P2 of Y such that≡(P1) =≡(P2) holdsP1 = P2.

(30) For all partitionsP1, P2, P3 of Y holdsP1∨P2∨P3 = P1∨P2∨P3.

(31) For all partitionsP1, P2 of Y holdsP1∧P1∨P2 = P1.

(32) For all partitionsP1, P2 of Y holdsP1∨P1∧P2 = P1.

(33) For all partitionsP1, P2, P3 of Y such thatP1 b P3 andP2 b P3 holdsP1∨P2 b P3.

(34) For all partitionsP1, P2, P3 of Y such thatP1 c P3 andP2 c P3 holdsP1∧P2 c P3.

Let us considerY. We introduceI (Y) as a synonym of SmallestPartition(Y).
Let us considerY. The functorO(Y) yields a partition ofY and is defined as follows:

(Def. 9)4 O(Y) = {Y}.
4 The definition (Def. 8) has been removed.
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Next we state several propositions:

(35) I (Y) = {B :
∨

x:set (B = {x} ∧ x∈Y)}.

(36) For every partitionP1 of Y holdsO(Y) c P1 andP1 c I (Y).

(37) ≡O(Y) = ∇Y.

(38) ≡I (Y) = idY.

(39) I (Y) b O(Y).

(40) For every partitionP1 of Y holdsO(Y)∨P1 = O(Y) andO(Y)∧P1 = P1.

(41) For every partitionP1 of Y holdsI (Y)∨P1 = P1 andI (Y)∧P1 = I (Y).
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