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The articles[[8],[[5], [[12],[114],14], [¥], [15],1[3], [[1], 6], [[9], [10], [11], 2], and [13] provide the
notation and terminology for this paper.

1. AUXILIARY FACTS ABOUT ORDER SORTED SETS

In this papex is a set andR is a non empty poset.
One can prove the following two propositions:

(1) For all order sorted seb$, Y of RholdsXNY is an order sorted set &

(2) For all order sorted seb$, Y of RholdsX UY is an order sorted set &

Let Rbe a non empty poset and Mtbe an order sorted set Bf A many sorted subset indexed
by M is said to be an Order sorted subseMoiff:

(Def. 1) Itis an order sorted set Bf
Let Rbe a non empty poset and Mtbe a non-empty order sorted setfOne can verify that

there exists an Order sorted subseWoivhich is non-empty.

2. CONSTANTS OF ANORDER SORTED ALGEBRA

Let Sbe an order sorted signature andUgtbe an order sorted algebra&fA many sorted subset
indexed by the sorts afg is said to be an OSSubsetldy if:

(Def. 2) lItis an order sorted set &f

Let Sbe an order sorted signature. One can verify that there exists an order sorted alggbra of
which is monotone, strict, and non-empty.

Let Sbe an order sorted signature andJgtbe a non-empty order sorted algebrssoNote that
there exists an OSSubsetldf which is non-empty.

One can prove the following proposition

1This work was done during author’s research visit in Bialystok, funded by the CALCULEMUS grant
HPRN-CT-2000-00102.
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(3) For every non void strict non empty many sorted signafgrevith constant operations
holds OSSigi® has constant operations.

One can check that there exists an order sorted signature which is strict and has constant opera-
tions.

3. SUBALGEBRAS OF AN ORDER SORTED ALGEBRA

The following proposition is true

(4) LetShe an order sorted signature ddglbe an order sorted algebra &f Then(the sorts
of Up, the characteristics dfy) is order-sorted.

Let Sbe an order sorted signature andUgtbe an order sorted algebra &f Note that there
exists a subalgebra bk which is order-sorted.

Let Sbe an order sorted signature andUgtbe an order sorted algebra®fAn OSSubAlgebra
of Ug is an order-sorted subalgebraldy.

Let Sbe an order sorted signature andJgtbe an order sorted algebra®fOne can verify that
there exists an OSSubAlgebraldf which is strict.

Let Sbe an order sorted signature andUgtbe a non-empty order sorted algebre&BoOne can
check that there exists an OSSubAlgebrégivhich is non-empty and strict.
Next we state the proposition

(5) LetShbe an order sorted signatutéy be an order sorted algebragfandU; be an algebra
overS. ThenU; is an OSSubAlgebra &fq if and only if the following conditions are satisfied:

(i) the sorts olJ; are an OSSubset bk, and

(i) for every OSSubsdB of Ug such thaB = the sorts ofJ; holdsB is operations closed and
the characteristics ¢d; = OpergUo, B).

We adopt the following rulesS; is an order sorted signatur@y is an order sorted algebra of
S, ands, s1, S are sort symbols df;.

Let us conside§;, Op, s. The functor OSConstan®y,s) yielding a subset of (the sorts of
Op)(s) is defined by:

(Def. 3) OSConstant®p,s) = J{ConstantfOp,s;) : s < S}.
One can prove the following proposition

(11@ Constant80p,s) C OSConstan{®yp, s).

Let us considef5; and letM be a many sorted set indexed by the carrieGpf The functor
OSCIM yielding an order sorted set &f is defined by:

(Def. 4) For every sort symbalof S holds(OSCIM)(s) = U{M(s1) : s1 < s}.
The following propositions are true:
(12) For every many sorted detindexed by the carrier &b holdsM C OSCIM.

(13) LetM be a many sorted set indexed by the carrieg;oindA be an order sorted set &f.
If M C A then OSCM C A

(14) For every order sorted signatiBand for every order sorted s§tof Sholds OSCK = X.

Let us considet;, Og. The functor OSConstan® yielding an OSSubset @ is defined by:
(Def. 5) For every sort symbalof S; holds(OSConstant®p)(s) = OSConstan{®y, s).

1 The propositions (6)—-(10) have been removed.
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We now state several propositions:

(15) Constant®p) C OSConstantSy.

(16) For every OSSubsatof Op such that Constant®p) C A holds OSConstan@, C A.
(17) For every OSSubsatof Op holds OSConstan@, = OSClConstan{®yp).

(18) For every OSSubAlgebid; of Op holds OSConstan@, is an OSSubset @;.

(19) LetSbe an order sorted signature with constant operati®nbe a non-empty order sorted
algebra ofS, andO; be a non-empty OSSubAlgebra®p. Then OSConstan® is a non-
empty OSSubset @d;.

4, ORDERSORTED SUBSETS OF ANORDER SORTED ALGEBRA
The following proposition is true

(20) Letl be a setM be a many sorted set indexedIlhyandx be a set. Theris a many sorted
subset indexed by if and only ifx € [](2M).

LetRbe a non empty poset and Mtbe an order sorted set Bf The functor OSbod¥ yielding
a set is defined by:

(Def. 6) For every set holdsx € OSbooM iff x is an Order sorted subset lgf.

Let S be an order sorted signature, ldy be an order sorted algebra 8f and letA be an
OSSubset of)y. The functor OSSubSaoftyielding a set is defined by:

(Def. 7) OSSubSohk = {x;x ranges over elements of SubSGAE x is an order sorted set &.

One can prove the following propositions:

(21) For every OSSubsatof O holds OSSubSoA C SubSortA).
(22) For every OSSubsgétof Og holds the sorts 00g € OSSubSorA.

Let us considef;, Og and letA be an OSSubset @y. One can verify that OSSubSérts non
empty.
Let us considet;, Og. The functor OSSubSafy yielding a set is defined by:

(Def. 8) 0OSSubSofd, = {x;x ranges over elements of SubS¢@s): X is an order sorted set of
si).

Next we state the proposition

(23) For every OSSubsétof Og holds OSSubSoA C OSSubSor®p.

Let us considef;, Op. Observe that OSSubS@g is non empty.
Let us conside;, Og and lete be an element of OSSubSay. The functor®e yielding an
OSSubset 00g is defined as follows:

(Def.9) @e=e
We now state two propositions:

(24) For all OSSubsets, B of Op holds B € OSSubSorA iff B is operations closed and
OSConstant®q C BandA C B.

(25) For every OSSubs8tof Og holdsB € OSSubSoi®y iff B is operations closed.

Let us consideB;, Og, let Abe an OSSubset @y, and lets be an element d&;. The functor
OSSubSoftA, s) yielding a set is defined by:
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(Def. 10) For every set holdsx € OSSubSoft, s) iff there exists an OSSubsBtof Oy such that
B € OSSubSorA andx = B(s).

We now state three propositions:

(26) For every OSSubsét of Og and for all sort symbols;, s, of § such thats; < s, holds
OSSubSoffA,s;) is coarser than OSSubSEkt s ).

(27) For every OSSubsét of Oy and for every sort symbd of S; holds OSSubSofA,s) C
SubSortA,s).

(28) For every OSSubsétof Op and for every sort symbalof S; holds (the sorts 0Dp)(s) €
OSSubSofA,s).

Let us considef, Og, let A be an OSSubset @y, and lets be a sort symbol 0§;,. One can
verify that OSSubSofA, s) is non empty.

Let us conside;, Og and letA be an OSSubset @y. The functor OSMSubSao#tyielding an
OSSubset 00y is defined by:

(Def. 11) For every sort symbslof S; holds(OSMSubSord)(s) = (N OSSubSof, s).

Let us considef;, Op. Note that there exists an OSSubseOgfwhich is operations closed.
We now state several propositions:

(29) For every OSSubsgétof Og holds OSConstan@, UA C OSMSubSorA.

(30) For every OSSubsef of Op such that OSConstar® U A is non-empty holds
OSMSubSorA is non-empty.

(31) Letobe an operation symbol &, Abe an OSSubset @y, andB be an OSSubset .
If B € OSSubSor, then((OSMSubSor#)#-the arity ofS;)(0) C (B - the arity ofS;)(0).

(32) Leto be an operation symbol &, A be an OSSubset @, andB be an OSSubset @p.
SupposeB € OSSubSor. Then rgDen(o,Op) [ ((OSMSubSord)# - the arity ofS;)(0)) C
(B-the result sort 05;)(0).

(33) Leto be an operation symbol d& and A be an OSSubset ddy. Then rngDen(o,
Op) [ ((OSMSubSord) - the arity 0fS;)(0)) € (OSMSubSorA - the result sort 08;)(0).

(34) For every OSSubseA of Op holds OSMSubSoA is operations closed ané C
OSMSubSorA.

Let us considefs, Og and letA be an OSSubset @)y. One can verify that OSMSubSdris
operations closed.

5. OPERATIONS ONSUBALGEBRAS OF AN ORDER SORTED ALGEBRA

Let us considef;, Op and letA be an operations closed OSSubseDgf One can verify tha©g[A
is order-sorted.

Let us considef;, Op and letOs, O, be OSSubAlgebras @y. One can check th&; N O, is
order-sorted.

Let us considefs;, Op and letA be an OSSubset @y. The functor OSGeA yields a strict
OSSubAlgebra 0©g and is defined by the conditions (Def. 13).

(Def. 13f[i) Ais an OSSubset of OSGAnand

(i) for every OSSubAlgebr®; of Op such thatA is an OSSubset @d; holds OSGeR is an
OSSubAlgebra 00;.

One can prove the following propositions:

2 The definition (Def. 12) has been removed.
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(35) For every OSSubsed of Oy holds OSGeA = Oy OSMSubSorA and the sorts of
OSGerA = OSMSubSorA.

(36) LetSbe a non void non empty many sorted signatuiebe an algebra oves, andA be a
subset ofJp. Then GefA) = Up[ MSSubSortA) and the sorts of GEA) = MSSubSortA).

(37) For every OSSubsétof Og holds the sorts of GEA) C the sorts of OSGeh.
(38) For every OSSubsatof Op holds GelfA) is a subalgebra of OSGén

(39) LetQq be a strict order sorted algebra®fandB be an OSSubset @. If B = the sorts
of Og, then OSGeB = Oy.

(40) For every strict OSSubAlgeb@ of Oy and for every OSSubsBtof Oy such thaB = the
sorts ofO; holds OSGeB = 0.

(41) For every non-empty order sorted algebgeof S; and for every OSSubAlgebtady, of Ugp
holds OSGen OSConstahigNU; = OSGen OSConstaritl.

Let us considef,, letUg be a non-empty order sorted algebreSpfand letU;, U, be OSSub-
Algebras ofUg. The functoiU; LgsU; yielding a strict OSSubAlgebra &fy is defined as follows:

(Def. 14) For every OSSubsatof Ug such thatA = (the sorts ofJ1) U (the sorts ofJ;) holdsU; Lgs
U, = OSGerA.

One can prove the following propositions:

(42) LetUg be a non-empty order sorted algebregpfU; be an OSSubAlgebra &fy, andA, B
be OSSubsets &fy. If B= AUthe sorts ofJ;, then OSGeALl,sU; = OSGerB.

(43) LetUg be a non-empty order sorted algebrsspfU; be an OSSubAlgebra &fy, andB be
an OSSubset dfy. If B = the sorts ofJg, then OSGeBLI,sU; = OSGerB.

(44) For every non-empty order sorted algebgaof S; and for all OSSubAlgebrad;, U, of
Ug holdsUq LigsUs = Uy LigsU1.

(45) For every non-empty order sorted algedgaof S; and for all strict OSSubAlgebras, U,
of Ug holdsU; N (Ul |_|03U2) =U;.

(46) For every non-empty order sorted algeigeof S; and for all strict OSSubAlgebras, U,
of Ug holdsU; NUs UgsUa = Us.

6. THE LATTICE OF SUBALGEBRAS OF AN ORDER SORTED ALGEBRA

Let us considet,;, Oy. The functor OSSuby yields a set and is defined as follows:
(Def. 15) For everx holdsx € OSSulDy iff xis a strict OSSubAlgebra @.

One can prove the following proposition
(47) OSSulD, C Subalgebra®y).

Let S be an order sorted signature andUgtbe an order sorted algebra 8f Observe that
OSSulJg is non empty.

Let us considef;, Og. Then OSSul)g is a subset of Subalgeb(&).

Let us conside®; and letJg be a non-empty order sorted algebr&af The functor OSAlgJoillg
yielding a binary operation on OSSuUb is defined by:

(Def. 16) For all elements, y of OSSuliJy and for all strict OSSubAlgebras;, U, of Ug such that
x = U; andy = Uy holds(OSAlgJoinJo)(x, y) = Uy LigsU>.

Let us conside$; and letJg be a non-empty order sorted algebr&nafThe functor OSAlgMedd
yields a binary operation on OSSupand is defined as follows:
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(Def. 17) For all elements, y of OSSuliJp and for all strict OSSubAlgebrdd;, U, of Ug such that
x = Uy andy = U; holds(OSAlgMeetJp)(x, y) = U1 NU3.

Next we state the proposition

(48) For every non-empty order sorted algebgaof S; and for all elements, y of OSSuliJg
holds(OSAlgMeetJy)(x, y) = (MSAlgMeetUp))(X, ).

In the sequel)p is a non-empty order sorted algebraSpf
Next we state four propositions:

(49) OSAlgJoitJg is commutative.
(50) OSAlgJoiryy is associative.
(51) OSAlgMeelg is commutative.
(52) OSAlgMeeb is associative.

Let us conside®; and letJg be a non-empty order sorted algebr&af The functor OSSubAlLattiddg
yields a strict lattice and is defined as follows:

(Def. 18) OSSubAlLatticely = (OSSultJy, OSAlgJoirlJg, OSAlgMeet)p).

Next we state the proposition
(53) For every non-empty order sorted algedseof S; holds OSSubAlLatticeg is bounded.

Let us conside®; and letJy be a non-empty order sorted algebr&afObserve that OSSubAlLattitk
is bounded.
We now state three propositions:

(54) For every non-empty order sorted algebty of S; holds LossubalLaticel, =
OSGenOSConstarily.

(55) LetUg be a non-empty order sorted algebreSpfandB be an OSSubset &fy. If B = the
sorts ofUp, thenT ossubalLattices, = OSGerB.

(56) For every strict non-empty order sorted algdligaf S; holds T ossupaiLattices, = Uo-
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