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Summary. In this text we present unpublished results by Eugeniusz Kusak and Wo-
jciech Lediczuk. They contain an axiomatic description of the class of all spated ),
whereV is a vector space over a field &:V xV — F is a bilinear symmetric form i.e.
&(x,y) =&(y,x) andx Lg yiff £(x,y) =0forx, y € V. They also contain an effective construc-
tion of bilinear symmetric forng for given orthogonal spacg/; 1) such thatl=1;. The
basic tool used in this method is the notion of orthogonal projectiarbJx) for a,b,x € V.

We should stress the fact that axioms of orthogonal and symplectic spaces differ only by one
axiom, namelyx L y+€ez&y | z4+ex=z L x+¢y. Fore = —1 we get the axiom on three per-
pendiculars characterizing orthogonal geometry. &~er+1 we get the axiom characterizing
symplectic geometry - seel[5].

MML Identifier: ORTSP_1.

WWW: http://mizar.org/JFM/Voll/ortsp_1.html

The articlesl[6],[3],8], [1], [2], [7], [4], [9], and([5] provide the notation and terminology for this
paper.

In this papefF is a field.

Let us consideF and letl; be an Abelian add-associative right zeroed right complementable
non empty simplectic structure over We say that; is orthogonality space-like if and only if the
condition (Def. 2) is satisfied.

(Def. ZE] Leta, b, ¢, d, x be elements off, andl be an element df. Then
() if a# 0,y andb # 0,y andc # 0,,) andd # O, then there exists an elememf I3
such thatp Y aandp / bandp / candp / d,
(i) if alb thenl-aLlb,
(i) if bLaandc L a thenb+c L a,
(iv) if b £ a, then there exists an elemdadf F such thak—k-b L a, and
(v) ifalb-candblc—a thencl a—b.

Let us consideF. Observe that there exists an Abelian add-associative right zeroed right com-
plementable non empty simplectic structure dvarhich is orthogonality space-like, vector space-
like, and strict.

Let us consideF. An orthogonality space ovért is an orthogonality space-like vector space-
like Abelian add-associative right zeroed right complementable non empty simplectic structure over
F.

1Supported by RPBP.1I1-24.C6.
1 The definition (Def. 1) has been removed.
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We use the following conventior8is an orthogonality space ovEr, a, b, ¢, d, p, g, X, y, zare
elements of5, andk, | are elements df.
We now state a number of propositions:

(117 osLa

(12) IfaLlb, thenb L a

(13) Ifatbandc+a.l b, thenc £ b.

(14) Ifb faandc L a thenb+c £ a

(15) Ifb faandl # 0O, thenl-b faandb L I-a

(16) IfaL b, then—aLhb.

(19F 1fa—b 1 danda—c L d,thenb—c L d.

(20) Ifbfaandx—k-b 1l aandx—I-b_1 a thenk=1.

(21) IfaLlaandb L b, thena+b L a—h.

(22) If 1 + 1 # O and there exista such that # Os, then there existb such thab / b.

Let us consideF, S a, b, x. Let us assume thét/ a. The functor Ja, b, x) yielding an element
of F is defined as follows:

(Def. 6 For every elementof F such thak—1-b 1 aholds Ja,b,x) =1.
The following propositions are true:
(24f] 1f b £ a thenx—J(a,b,x)-b L a
(25) Ifb La, then Jab,l-x)=1-Ja b,x).
(26) Ifb L a, then Jab,x+y) =J(ab,x)+Jab,y).
(27) Ifb faandl # O, then Ja,l -b,x) =171-J(a b,x).
(28) Ifb faandl # 0O, then Jl -a,b,x) = J(a,b,x).
(29) Ifbraandp L a,then Ja,b+ p,c) =J(ab,c)and Ja,b,c+ p) = J(a,b,c).
(30) Ifbfaandp L bandp L c,thenJa+ p,b,c)=J(ab,c).
(31) Ifbtaandc—b L a thenJab,c)=1f.
(32) Ifb ta, thenJab,b)=1f.
(33) Ifb ta, thenx_ L aiff J(a,b,x) = Of.
(34) Ifb faandq / a thenJab,p)-Jab,q)~t=Jaq,p).
(385) Ifb faandc / a then Ja,b,c)=Ja,c,b)~ .
(36) Ifb faandb L c+a, then Jab,c)=—-J(c,b,a).
(387) Ifatbandc /b, then Jc,b,a)=Jb,ac)~t-Jab,c).
(38) If pLaandp txandqgtaandq tx thenJa,q,p)-Jp,ax) =JIq,axX)- IXd,Pp).

2 The propositions (1)-(10) have been removed.

3 The propositions (17) and (18) have been removed.
4 The definitions (Def. 3)—(Def. 5) have been removed.
5 The proposition (23) has been removed.
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(39) Ifptaandp txandg taandq/fxandb / a then Ja,b,p)-Jp,ax) - -Ix p,y) =
‘](aa ba q) : ‘J(qa a, X) ! J(X7 q, y)

(40) Ifa ) pandx £ pandy [ p,then Ip,a,x)-Jx p,y) = Jp,ay) -y, p,X).

Let us consideF, S X, Y, a, b. Let us assume thét / a. The functorx-5 Yy yields an element
of F and is defined as follows:

(Def. 7)())  For everyq such thaty £ aandq £ x holdsx-apy = J(a,b,q) - J(qg,a,X) - J(X,0,y) if
there existgp such thatp Y aandp [ x,

(i)  X-apy=Of if for every pholdsp Laor p L x.
We now state several propositions:

(43f] 1f b L aandx = 0s, thenx-apy = Of.

(44) Ifb fa thenxapy=0riff y L x.

(45) IfbtLa thenx-apy=Y-apX

(46) Ifb La thenx-ap(l-y) =1 -X-apVy.

(47) IfbLa thenx-ap(Y+2) =X-apY+X-apZ
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6 The propositions (41) and (42) have been removed.
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