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Summary. In the first part of the article we introduce the following operations:XOn
that yields the set of all ordinals which belong to theXgttim X that yields the set of all limit
ordinals which belong tX, and infX and supX that yield the minimal ordinal belonging to
X and the minimal ordinal greater than all ordinals belongin toespectively. The second
part of the article starts with schemes that can be used to justify the correctness of definitions
based on the transfinite induction (seé [1][dr [4]). The schemes are used to define addition,
product and power of ordinal numbers. The operations of limes inferior and limes superior of
sequences of ordinals are defined and the concepts of limit of ordinal sequence and increasing
and continuous sequence are introduced.

MML Identifier: ORDINAL?2.

WWW: http://mizar.org/JFM/Voll/ordinal2.html

The articlesl[6],[3],[71,18],12], [1], and[5] provide the notation and terminology for this paper.
For simplicity, we follow the rulesA, A1, Ay, B, C, D are ordinal numbers{, Y are setsxis a
set,L is a transfinite sequence, afids a function.
The schem@®rdinal Ind concerns a unary predicate and states that:
For everyA holdsP[A]
provided the following conditions are met:
° T[m,
e For everyA such thatP|A] holdsP[succA], and
e For everyA such thatA # 0 andA is a limit ordinal number and for eveBsuch that
B € Aholds?[B] holdsP[A].
One can prove the following propositions:

(1) ACBIiff succAC sucd.

(2) UsuccAA=A.

(3) SucA C 2°.

(4) 0is alimit ordinal number.

(5) UACA.

Let us consideL. The functor lagt yields a set and is defined as follows:
(Def. 1) last =L(JdomL).

We now state the proposition

(7] 1f domL = succA, then last. = L(A).

1 The proposition (6) has been removed.

1 © Association of Mizar Users


http://mizar.org/JFM/Vol1/ordinal2.html

SEQUENCES OF ORDINAL NUMBERS 2

Let us consideK. The functor OX yielding a set is defined by:
(Def. 2) xe OnX iff xe X andx is an ordinal number.
The functor LimX yielding a set is defined as follows:
(Def. 3) xe LimXiff xe X and there existd such thakk = A andA is a limit ordinal number.
Next we state several propositions:
(9f] onx cx.
(10) OPA=A.
(11) If X CY, then OrX C OnY.
(A3F LimxcX.
(14) X CY, thenLimX CLimY.
(15) LimX C OnX.
(16) For evenD there existd such thaD € A andA s a limit ordinal number.

(17) If for everyx such thak € X holdsx is an ordinal number, thgi X is an ordinal number.

The non empty ordinal numbéris defined by:
(Def. 4) 1= sucd.
The setwis defined by the conditions (Def. 5).

(Def. 5)()) 0€ w,
(i)  wis alimit ordinal number,
(i)  wis ordinal, and
(iv) for everyAsuch that) € AandAis a limit ordinal number holde C A.

Let us note thato is non empty and ordinal.
Let us consideK. The functor iniX yields an ordinal number and is defined by:

(Def. 6) infX = OnX.
The functor sui yields an ordinal number and is defined by:
(Def. 7) OnX C supX and for everyA such that OX C A holds suX C A.

Next we state a number of propositions:

(19@ 0 € wandw is a limit ordinal number and for ever such thatd € A andA is a limit
ordinal number holdsy C A.

(22F] 1f Ae X, theninfXx C A

(23) If OnX # 0 and for everyA such thatA € X holdsD C A, thenD C inf X.
(24) IfAeXandX CY,theninfy CinfX.

(25) IfAe X, theninfX € X.

(26) supA=A.

2 The proposition (8) has been removed.

3 The proposition (12) has been removed.

4 The proposition (18) has been removed.

5 The propositions (20) and (21) have been removed.



SEQUENCES OF ORDINAL NUMBERS 3

(27) If A€ X, thenA € supX.

(28) If for everyA such thatA € X holdsA € D, then supX C D.
(29) If A€ supX, then there existB such thaB € X andA C B.
(30) If X CY,then suX C supyY.

(31) sudA} =succA.

(32) infX C supX.

The schemd&S Lambdaleals with an ordinal numbet and a unary functof yielding a set,
and states that:
There existd such that dorh = 7 and for everyA such thatA € 4 holdsL(A) =
F(A)
for all values of the parameters.
Let us considerf. We say thaf is ordinal yielding if and only if;

(Def. 8) There existé such that rng C A.

Let us observe that there exists a transfinite sequence which is ordinal yielding.

A sequence of ordinal numbers is an ordinal yielding transfinite sequence.

Let us consideA. One can check that every transfinite sequence of elememtdgsobrdinal
yielding.

LetL be a sequence of ordinal numbers and let us congidiote that[A is ordinal yielding.

In the sequel; is a sequence of ordinal numbers.

We now state the proposition

(34@ If A€ domfy, thenfsi(A) is an ordinal number.

Let f be a sequence of ordinal numbers andalé&e an ordinal number. Observe thdg) is
ordinal.
Now we present a number of schemes. The sche®é.ambdaleals with an ordinal number
A and a unary functof yielding an ordinal number, and states that:
There exists1 such that donf; = 4 and for everyA such thatA € 4 holds f1(A) =
FAN
for all values of the parameters.
The schemd&'S Unigldeals with an ordinal numbet, a setB, a binary functor? yielding a
set, a binary functog yielding a set, a transfinite sequencCeand a transfinite sequende, and
states that:

C=9D
provided the parameters meet the following conditions:
e domC= A4,

o If 0 4,thenC(0) = B,

e For everyA such that suca € 4 holdsC(succA) = F (A, C(A)),

e For everyAsuch thath € 4 andA # 0 andA s a limit ordinal number holdg(A) =
G(ACIA),
domD = 4,

If 0 € 4, thenD(0) = B,
For everyA such that suca € 4 holdsD(succA) = F (A, D(A)), and
For everyA such thaA € 4 andA # 0 andAis a limit ordinal number hold®(A) =
G(ADIA).
The schem&'S Existldeals with an ordinal numbet, a setB, a binary functorf yielding a

set, and a binary functa§ yielding a set, and states that:
There existd. such that

(i) domL=214,

6 The proposition (33) has been removed.
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(i) if 0e A4, thenL(0) =3B,
(iii)  for every A such that suc € 4 holdsL(succA) = F(A,L(A)), and
(iv) for everyA such thatA € 4 andA # 0 andAis a limit ordinal number holds
L(A) = G(ALIA)
for all values of the parameters.

The schemd'S Resulteals with a transfinite sequende a unary functorf yielding a set, an
ordinal numberB, a setC, a binary functorg yielding a set, and a binary functgf yielding a set,
and states that:

For everyA such thatA € dom4 holds4(A) = F (A)
provided the parameters meet the following conditions:

e Let givenA, x. Thenx = F(A) if and only if there existd such thatx = lastL
and dont = succA andL(0) = ¢ and for everyC such that suc€ € succA holds
L(succC) = G(C,L(C)) and for everyC such thaC € succA andC # 0 andC is a
limit ordinal number hold$.(C) = #(C,L|C),
domA4 = B,

If 0 € B, then4(0) = C,

For everyA such that suca € B holds 4(succA) = G(A, 4(A)), and

For everyA such thaiA € B andA = 0 andA is a limit ordinal number hold$l(A) =
H(AAA).

The schemd 'S Defdeals with an ordinal numbet, a setB, a binary functorf yielding a set,
and a binary functog yielding a set, and states that:

(i) There exisi, L such thak = lastL and donl. = suce4 andL(0) = B and for
everyC such that suc€ € succ4 holdsL(succC) = F(C,L(C)) and for everyC such
thatC € succ4 andC # 0 andC is a limit ordinal number holds(C) = G(C,L|C),
and

(i) for all setsxy, x2 such that there exists such thatx; = lastL and doniL =
succq andL(0) = B and for everyC such that suc€ € succq holdsL(sucdC) =
F(C,L(C)) and for everyC such thaC € succq andC # 0 andC is a limit ordinal
number holds.(C) = G(C,L|C) and there existk such thak, = lastL and doniL =
suceq andL(0) = B and for everyC such that sudC € succq holdsL(succC) =
F(C,L(C)) and for everyC such thaC € succq andC # 0 andC is a limit ordinal
number hold4.(C) = G(C,L|C) holdsx; = X,

for all values of the parameters.

The schemd'S Result@eals with a unary functof yielding a set, a set, a binary functorGg

yielding a set, and a binary functgf yielding a set, and states that:
F(0)=A4
provided the following requirement is met:

e Let givenA, x. Thenx = F(A) if and only if there existd such thatx = lastL
and doni = succA andL(0) = A4 and for everyC such that suc€ € succA holds
L(sucC) = G(C,L(C)) and for everyC such thaC € succA andC # 0 andC is a
limit ordinal number hold$.(C) = #(C,L|C).

The schem@S Result8eals with a sef1, a binary functorf yielding a set, a binary functay
yielding a set, and a unary functéf yielding a set, and states that:

For everyA holdsH (succA) = F (A, H(A))
provided the parameters satisfy the following condition:

e Let givenA, x. Thenx= #H(A) if and only if there existd such thatx = lastL
and donik = succA andL(0) = 4 and for everyC such that suc€ € succA holds
L(succC) = F(C,L(C)) and for evenyC such thaC € succA andC # 0 andC is a
limit ordinal number hold$.(C) = G(C,L|C).

The schemél'S Resultldeals with a transfinite sequencge an ordinal numberB, a unary
functor ¥ yielding a set, a saf, a binary functorg yielding a set, and a binary functgf yielding
a set, and states that:

F(B) = H(B,4)
provided the following conditions are satisfied:

e Let givenA, x. Thenx= F(A) if and only if there existd such thatx = lastL

and donL = succA andL(0) = ¢ and for everyC such that suc€ € succA holds
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L(sucC) = G(C,L(C)) and for everyC such thaC € succA andC # 0 andC is a
limit ordinal number hold$.(C) = #(C,L|C),

e B+ 0andBis a limit ordinal number,

e domA =B, and

e For everyA such thatA € B holds 4(A) = F(A).

The schem®S Existdeals with an ordinal numbet, an ordinal numbef3, a binary functorf

yielding an ordinal number, and a binary functpryielding an ordinal number, and states that:
There exists; such that
(i) domf, =24,
(i) if 0e 4,thenfy(0) = B,
(iii)  for every A such that suca € 4 holds f1(succA) = F (A, f1(A)), and
(iv) for everyA such thatA € 4 andA # 0 andAis a limit ordinal number holds
fi(A) = G(A f1]A)
for all values of the parameters.

The schem®S Resulteals with a sequenc® of ordinal numbers, a unary functgr yielding
an ordinal number, an ordinal numbg an ordinal numbe(C, a binary functorG yielding an
ordinal number, and a binary functéf yielding an ordinal number, and states that:

For everyA such thatA € dom4 holds4(A) = F (A)
provided the parameters satisfy the following conditions:

e LetgivenA, B. ThenB = F(A) if and only if there existsf; such thaB = lastf;
and domf; = succA and f1(0) = € and for evenC such that suc€ € succA holds
fi(sucdC) = G(C, f1(C)) and for evenyC such thatC € succA andC # 0 andC is a
limit ordinal number holds;(C) = #(C, f1|C),
domA4 = B,

If 0 € B, then4(0) = C,

For everyA such that suca € B holds 4(succA) = G(A, 4(A)), and

For everyA such thatA € B andA £ 0 andA is a limit ordinal number holdgl(A) =
H(AAA).

The schem®S Defdeals with an ordinal numbet, an ordinal numbef, a binary functorf

yielding an ordinal number, and a binary functpryielding an ordinal number, and states that:

(i) There exist, f; such thaf = lastf; and domf; = succ4 and fy(0) = B and

for everyC such that suc€ € succ4 holds f1(sucdC) = ¥ (C, f1(C)) and for every
C such thatC € succq andC # 0 andC is a limit ordinal number hold$;(C) =
G(C, f1]C), and
(i)  for all A;, A such that there existf such thatA; = lastf; and domf; =
succq and f1(0) = B and for everyC such that sud€ € succ4 holds f1(suceC) =
F(C, f1(C)) and for everyC such thatC € succq andC # 0 andC is a limit or-
dinal number holdsf;1(C) = G(C, f1]C) and there existd; such thatA; = lastf;
and dont; = suceq and f1(0) = B and for evenC such that suc€ € succ4 holds
fi(sucdC) = F(C, f1(C)) and for evenyC such thatC € succq andC # 0 andC is a
limit ordinal number holds1(C) = G(C, f1[C) holdsA; = Az

for all values of the parameters.

The schemeS Result@eals with a unary functof yielding an ordinal humber, an ordinal
number.4, a binary functorG yielding an ordinal number, and a binary functér yielding an
ordinal number, and states that:

FO)=4
provided the following condition is satisfied:

e Let givenA, B. ThenB = #(A) if and only if there exists; such thatB = lastf;
and domf; = succA and f1(0) = 4 and for everyC such that sudC € succA holds
fi(sucaC) = G(C, f1(C)) and for everyC such thatC € succA andC # 0 andC is a
limit ordinal number holds;(C) = #(C, f1|C).

The schem®S Result8eals with an ordinal numbet, a binary functorf yielding an ordinal
number, a binary functog yielding an ordinal number, and a unary functryielding an ordinal
number, and states that:

For everyA holds # (succA) = F (A, H(A))
provided the following condition is met:
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e Let givenA, B. ThenB = #(A) if and only if there existsf; such thatB = lastf;
and domf; = succA and f1(0) = 4 and for everyC such that sudC € succA holds
fi(sucaC) = F(C, f1(C)) and for everyC such thaC € succA andC # 0 andC is a
limit ordinal number holds1(C) = G(C, f1|C).

The schem@S Resultldeals with a sequencg of ordinal numbers, an ordinal numbst a
unary functor¥ yielding an ordinal number, an ordinal numk@ra binary functorG yielding an
ordinal number, and a binary functéf yielding an ordinal number, and states that:

F(B) = H(B,4)
provided the parameters meet the following conditions:

e Let givenA, B. ThenB = ¥ (A) if and only if there exists; such thatB = lastf;
and domf; = succA and f1(0) = ¢ and for evenC such that sud€ € succA holds
fi(sucdC) = G(C, f1(C)) and for everyC such thatC € succA andC # 0 andC is a
limit ordinal number holds;(C) = #(C, f1|C),

e B#0andBis a limit ordinal number,

e domA =B, and

e For everyA such thatA € B holds A(A) = F(A).

Let us considet. The functor sup yields an ordinal number and is defined by:

(Def.9) sup. =suprngd-.
The functor inL yields an ordinal number and is defined by:
(Def. 10) infL =infrngL.
The following proposition is true
(35) sup. =suprnd- and infL =infrngL.
Let us considet.. The functor limsup yielding an ordinal number is defined as follows:

(Def. 11) There exist$; such that limsup = inf f; and domf; = domL and for everyA such that
A e domL holds f1(A) = suprndL[(domL\ A)).

The functor liminfL yields an ordinal number and is defined as follows:

(Def. 12) There exist$; such that limint. = supf, and domf; = domL and for everyA such that
A € domL holds f1(A) = infrng(L[(domL\ A)).

Let us consideA, f1. We say tha# is the limit of f; if and only if:

(Def. 13)()) There exist8 such thatB € domf; and for everyC such thaB C C andC € domf;
holdsf1(C) =0if A= 0,

(i) for all B, C such thaB € A andA € C there existD such thaD € domf; and for every
ordinal numbeE such thaD C E andE € domf; holdsB € f1(E) andf1(E) € C, otherwise.

Let us considerf;. Let us assume that there exigtsuch thatA is the limit of f;. The functor
lim f1 yields an ordinal number and is defined by:

(Def. 14) limfq is the limit of f;.
Let us consideA, f1. The functor limy, A yields an ordinal number and is defined as follows:
(Def. 15) limy A= Ilim(f1[A).
LetL be a sequence of ordinal numbers. We saylthatincreasing if and only if:
(Def. 16) For allA, B such thatA € B andB € domL holdsL(A) € L(B).
We say that. is continuous if and only if:

(Def. 17) For allA, B such thatA € domL andA = 0 andA is a limit ordinal number an& = L(A)
holdsB is the limit of LTA.
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Let us consideA, B. The functorA+ B yielding an ordinal number is defined by the condition
(Def. 18).
(Def. 18) There exist$; such that

(i) A+B=lastfy,

(i) domfy =sucd,
(i)  f(0)=A,
(iv) for everyC such that sudC € sucd holds f1(succC) = succfy(C), and

(v) for everyC such thatC € sucd andC # 0 andC is a limit ordinal number hold$;(C) =

sup(f1]C).

Let us consideA, B. The functorA- B yielding an ordinal number is defined by the condition
(Def. 19).
(Def. 19) There exist$; such that
() A-B=lastfq,
(i) domfy = succA,
(i)  f1(0) =0,
(iv) for everyC such that sud€ € succA holds f1(succC) = f1(C) + B, and
(v) for everyC such thaCC € succA andC # 0 andC is a limit ordinal number hold$; (C) =
Usup(f1]C).

Let us conside”, B. The functorAB yielding an ordinal number is defined by the condition
(Def. 20).

(Def. 20) There exist$; such that

() AB=lastfy,
(i) domfy =sucd,
(i) f(0)=1,

(iv) for everyC such that sudC € sucd holds f1(succC) = A- f1(C), and

(v) for everyC such thatC € sucd andC # 0 andC is a limit ordinal number hold$;(C) =
lim(f]C).

We now state a number of propositions:
44| A+0=A
(45) A+sucdB =sucqA+B).

(46) Suppos® # 0 andB is a limit ordinal number. Let giveri;. If domf; = B and for every
C such thaC € B holds f1(C) = A+C, thenA+ B = supfi.

(47) 0+A=A

(48) A+1=succA

(49) IfAeB,thenC+AeC+B.
(50) IfACB,thenC+ACC+B.
(51) IfACB,thenA+CCB+C.
(52) 0-A=0.

(53) sucB-A=B-A+A.

" The propositions (36)—(43) have been removed.
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(54) Suppos® # 0 andB is a limit ordinal number. Let giver;. If domf; = B and for every
C such tha € B holds f1(C) =C- A, thenB- A = Jsupfj.

(55) A-0=0.

(56) 1-A=AandA-1=A.

(57) IfC#0andAcB,thenA-CcB-C.
(58) If AC B, thenA-CCB-C.

(59) IfAC B, thenC-ACC-B.

(60) A?=1.

(61) ASUCB — A.AB,

(62) Suppos® # 0 andB is a limit ordinal number. Let giveri;. If domf; = B and for every
C such thatC € B holds f1(C) = A®, thenAB = lim fj.

(63) Al=Aand1*=1.
Let A be a set. We say thatis natural if and only if:
(Def. 21) Ac w.
The following proposition is true
(65 For everyA there existB, C such thatB is a limit ordinal number an€ is natural and

A=B+C.

REFERENCES

L

Grzegorz Bancerek. The ordinal numbed®aurnal of Formalized Mathematicd, 1989.http://mizar.org/JFM/Voll/ordinall.
htmll

2

Czestaw Byliski. Functions and their basic propertidsurnal of Formalized Mathematic4, 1989.http://mizar.org/JFM/Voll/
funct_1.html,

3

Czestaw Bylhski. Some basic properties of selsurnal of Formalized Mathematics, 1989 http://mizar.org/JFM/Voll/zfmisc_|
L. htmIl

[4

Kazimierz Kuratowski and Andrzej MostowsKTeoria mnogéci. PTM, Wroctaw, 1952.

5

Beata Padlewska. Families of sefeurnal of Formalized Mathematic$, 1989/http://mizar.org/JFM/Voll/setfam 1.html|

[6

Andrzej Trybulec. Tarski Grothendieck set theodpurnal of Formalized Mathematicé\xiomatics, 1989http://mizar.org/JFM/
Axiomatics/tarski.htmll

7

Zinaida Trybulec. Properties of subsefsurnal of Formalized Mathematics, 1989 http://mizar.org/JFM/Voll/subset_1.htmll

8

Edmund Woronowicz. Relations and their basic propertigsurnal of Formalized Mathematicd, 1989. http://mizar.org/JFM/
Voll/relat_1.html}

Received July 18, 1989

Published January 2, 2004

8 The proposition (64) has been removed.


http://mizar.org/JFM/Vol1/ordinal1.html
http://mizar.org/JFM/Vol1/ordinal1.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/zfmisc_1.html
http://mizar.org/JFM/Vol1/zfmisc_1.html
http://mizar.org/JFM/Vol1/setfam_1.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Vol1/subset_1.html
http://mizar.org/JFM/Vol1/relat_1.html
http://mizar.org/JFM/Vol1/relat_1.html

	sequences of ordinal numbers By grzegorz bancerek

