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Summary. In the paper the construction of a category of partially ordered sets is
shown: in the second section according[to [6] and in the third section according to the defi-
nition given in [17]. Some of useful notions such as monotone map and the set of monotone
maps between relational structures are given.

MML Identifier: ORDERS_ 3.

WWW: http://mizar.orqg/JFM/Vol8/orders_3.html

The articles[[1B],[[8],[119],[120],122] [T4] [12],[[14],[[1],[[7].[[3], 110 ], [[21] [112] [118] [16] [[9].[[15],
[16], [5], [10], and [17] provide the notation and terminology for this paper.

1. PRELIMINARIES

Let |1 be a relational structure. We say thats discrete if and only if:
(Def. 1) The internal relation df, = idie carrier ofl; -

Let us note that there exists a poset which is strict, discrete, and non empty and there exists a
poset which is strict, discrete, and empty.

Observe that0,idp) is empty. LetP be an empty relational structure. Note that the internal
relation ofP is empty.

Let us note that every relational structure which is empty is also discrete.

Let P be a relational structure and llgetbe a subset dP. We say that; is disconnected if and
only if the condition (Def. 2) is satisfied.

(Def. 2) There exist subsefs B of P such that

() A#0,
(i) B#0,
(i) 1y =AUB,

(iv) AmissesB, and
(v) theinternal relation oP = (the internal relation oP) | AU (the internal relation oP) |?B.

We introducd is connected as an antonymlgfis disconnected.
Letl; be a relational structure. We say thats disconnected if and only if:

(Def. 3) Q) is disconnected.

We introducd is connected as an antonymlgfis disconnected.
In the sequeT is a non empty relational structure aad an element of .
One can prove the following propositions:
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(1) For every discrete non empty relational structdieand for all elementg, y of D1 holds
x<yiff x=y.

(2) Forevery binary relatioR and for every sed such thaRis an order in{a} holdsR=id ;.

(3) If T isreflexive and2t = {a}, thenT is discrete.

In the sequed is a set.
Next we state two propositions:

(4) If Qr ={a}, thenT is connected.

(5) For every discrete non empty po$t such that there exist elemerasb of D1 such that
a # b holdsD; is disconnected.

Let us observe that there exists a non empty poset which is strict and connected and there exists
a non empty poset which is strict, disconnected, and discrete.

2. ON THE CATEGORY OFPOSETS

Letl; be a set. We say thét is poset-membered if and only if:
(Def. 4) For every set such that € |1 holdsais a non empty poset.

Let us observe that there exists a set which is non empty and poset-membered.

A set of posets is a poset-membered set.

Let P be a non empty set of posets. We see that the eleméhisod non empty poset.

LetL,, L, be relational structures and lebe a map fronk; into L. We say thaff is monotone
if and only if:

(Def. 5) For all elements, y of L; such that <y and for all elements, b of L, such that = f(x)
andb = f(y) holdsa <hb.

In the sequeP denotes a non empty set of posets AnB denote elements ¢.
Let A, B be relational structures. The funcBg is defined by the condition (Def. 6).

(Def.6) ae Bé if and only if there exists a mapfrom Ainto B such that= f andf € (the carrier
of B)the carrier ofA gnd f is monotone.

We now state two propositions:

(6) For all non empty relational structur@sB, C and for all functionsf, g such thatf ¢ Bé
andg € CB holdsg- f € C2.

(7) idthe carrier ofT € Tg-

Let us consideT. Observe thaTST is non empty.
Let X be a set. The functor C&¥f) yielding a set is defined by:

(Def. 7) ae Carn(X) iff there exists a 1-sorted structussuch thas € X anda = the carrier ofs.

Let us consideP. Observe that CafP) is non empty.
Next we state four propositions:

(8) For every 1-sorted structuffeholds Car({ f}) = {the carrier off }.
(9) For all 1-sorted structurefs g holds Car({ f,g}) = {the carrier off, the carrier ofy}.
(10) BZ C FuncsCarP).

(11) For all relational structures, B holdsB2 C (the carrier ofg)™e carrier oA,
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Let A, B be non empty posets. Note tm@ is functional.
Let P be a non empty set of posets. The functor PO8®atields a strict category with triple-
like morphisms and is defined by the conditions (Def. 8).

(Def. 8)(i) The objects of POSCd) = P,

(i)  for all elementsa, b of P and for every elementt of Funcs Car(P) such thatf € b2 holds
({a, b), f) is @a morphism of POSCER),

(iiiy  for every morphismm of POSCatP) there exist elements, b of P and there exists an
elementf of Funcs CarfP) such tham= ((a, b), f) andf € b2, and

(iv)  for all morphismsmy, m, of POSCatP) and for all elementsy, ap, ag of P and for all
elementsf;, f, of Funcs CarfP) such thatmy = ((a1, az), f1) andmp = ({(az, az), f2) holds
mp-my = ((ag, ag), f2- f1).

3. ON THE ALTERNATIVE CATEGORY OFPOSETS

In this article we present several logical schemes. The schdét@atExdeals with a non empty set
A4 and a binary functoff yielding a functional set, and states that:
There exists a strict category struct@such that
(i) the carrier ofC = 4, and
(i) forall elements, j of 4 holds (the arrows o) (i, j) = ¥ (i, j) and for all ele-
mentd, j, kof 4 holds (the composition @&)(i, j, k) = FuncComg¥ (i, j), F (j,k))
provided the parameters meet the following requirement:
e For all elements, j, k of 2 and for all functionsf, g such thatf € 7 (i, j) and
ge #(j,k) holdsg- f € #(i,k).
The schemdltCatUniqgdeals with a non empty set and a binary functoff yielding a func-
tional set, and states that:
LetCy, C; be strict category structures. Suppose that
(i) the carrier ofC; = 4,
(i) forall elementg, j of 4 holds (the arrows dE3)(i, j) = # (i, j) and for all ele-
mentsd, j, kof 4 holds (the composition @&:)(i, j, k) = FuncComgZ (i, j), F (j,k)),
(i)  the carrier ofC, = 4, and
(iv) forallelements, j of 4 holds (the arrows dE;)(i, j) = # (i, j) and for all ele-
ments, j, kof 4 holds (the composition @) (i, j, k) = FuncComp¥ (i, j), ¥ (j.k)).
ThenC1 =C
for all values of the parameters.
Let P be a non empty set of posets. The functor POSAltayielding a strict category struc-
ture is defined by the conditions (Def. 9).

(Def. 9)(i) The carrier of POSAItC&P) = P, and
(i) forall elements, j of P holds (the arrows of POSAIC@)) (i, j) = jiS and for all elements
i, j, kof P holds (the composition of POSAItG&))(i, j, k) = FuncCompj. k. ).
Let P be a non empty set of posets. Observe that POSAIRG transitive and non empty.

Let P be a non empty set of posets. Note that POSAItgis associative and has units.
We now state the proposition

(12) Letoy, 02 be objects of POSAItCHP) andA, B be elements oP. If 0, = A ando, = B,
then <01702> C (the carrier OB)the carrier ofA_
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